Spacetime Constraints Revisited

J. Thomas Ngo Graduate Biophysics Program Harvard University �

Joe Marks Cambridge Research Lab Digital Equipment Corporation y

Abstract

The Spacetime Constraints (SC) paradigm, whereby the animator speci�es what an animated �gure should do but not how to do it, is a very appealing approach to animation. However, the algorithms available for realizing the SC approach are limited. Current techniques are local in nature: they all use some kind of perturbational analysis to re�ne an initial trajectory. We propose a global search algorithm that is capable of generating multiple novel trajectories for SC problems from scratch. The key elements of our search strategy are a method for encoding trajectories as behaviors, and a genetic search algorithm for choosing behavior parameters that is currently implemented on a massively parallel computer. We describe the algorithm and show computed solutions to SC problems for 2D articulated �gures.

CR Categories: I.2.6 [Arti�cial Intelligence]: Learning� parameter learning. I.2.6 [Arti�cial Intelligence]: Problem Solving, Control Methods and Search�heuristic methods. I.3.7 [Computer Graphics]: Three-Dimensional Graphics and Realism� animation. I.6.3 [Simulation and Modeling]: Applications.

Additional Key Words: Genetic algorithms, evolutionary computation, massive parallelism.

1 Introduction

The Spacetime Constraints (SC) formulation was proposed in 1988 by Witkin and Kass as a powerful paradigm for indirectly controlling the physically realistic motion of articulated �gures (�creatures�) for animation purposes [17]. The essence of the SC approach is to have the animator specify what the animated creature should do, and the computer determine how the creature should do it. Speci�cally, the animator de�nes: • ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉∅ • ⊔⟨⌉ ⊣⌋⊔⊓⊣⊔≀∇∫ ⊔⟨⊣⊔ ⌋≀\⊔∇≀↕ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⟩\⊔⌉∇\⊣↕ ⌋≀\⊘}⊓∇⊣⊔⟩≀\∅ ⊣\⌈ • ⌋∇⟩⊔⌉∇⟩⊣ {≀∇ ⌉⊑⊣↕⊓⊣⊔⟩\} ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⇕≀⊔⟩≀\↙ �Present address: Interval Research Corporation, 1801-C Page Mill Road, Palo Alto, CA 94304. Email: ngo@interval.com.

yOne Kendall Square, Building 700, Cambridge, MA 02139. Email: marks@crl.dec.com.

The computer is left with the task of computing a physically realistic trajectory for the creature that is optimal according to the animatorsupplied criteria.

The computer’s role in this paradigm is quite challenging. 1 Finding globally optimal solutions to SC problems is hard for two main reasons [13]: • M⊓↕⊔⟩⇕≀⌈⊣↕⟩⊔†�⌉⊑⌉\ ⊒⟨⌉\ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⟩∫ ∫⊓⟩⊔⊣⌊↕† ⌈⟩∫↖ ⌋∇⌉⊔⟩‡⌉⌈⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊣\ ⌉§√≀\⌉\⊔⟩⊣↕ \⊓⇕⌊⌉∇ ≀{ √≀∫∫⟩⌊↕⌉ ⊔∇⊣↖ |⌉⌋⊔≀∇⟩⌉∫ ⊔⟨⊣⊔ ⊣ ⌋∇⌉⊣⊔⊓∇⌉ ⌋⊣\ {≀↕↕≀⊒⇔ ⇕⊣\† ≀{ ⊒⟨⟩⌋⟨ ⇕⊣† ⌊⌉ ↕≀⌋⊣↕↕† ≀√⊔⟩⇕⊣↕ ≀∇ \⌉⊣∇ ≀√⊔⟩⇕⊣↕↙ • S⌉⊣∇⌋⟨↖∫√⊣⌋⌉ ⌈⟩∫⌋≀\⊔⟩\⊓⟩⊔⟩⌉∫�⊣ ∫⇕⊣↕↕ ⌋⟨⊣\}⌉ ⟩\ ⊔⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⊣ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⊣⌋⊔⊓⊣⊔≀∇∫ ⌋⊣\ ↕⌉⊣⌈ ⊔≀ ⊣ ↕⊣∇}⌉ ⌋⟨⊣\}⌉ ⟩\ ⟩⊔∫ ⊔∇⊣|⌉⌋⊔≀∇†↙ C⊓∇∇⌉\⊔ ⊣↕}≀∇⟩⊔⟨⇕⟩⌋ ⊔⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ SC √∇≀⌊↕⌉⇕∫ ∫⟩⌈⌉∫⊔⌉√ ⊔⟨⌉ ⌈⟩{↖ ⊘⌋⊓↕⊔⟩⌉∫ ≀{ }↕≀⌊⊣↕ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⌉\⊔⟩∇⌉↕† ⌊† ∫⌉⊔⊔↕⟩\} {≀∇ ∫≀⇕⌉ {≀∇⇕ ≀{ ↕≀⌋⊣↕ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\¬ ⊔†√⟩⌋⊣↕↕† ⊣\ ⟩\⟩⊔⟩⊣↕ ⊔∇⊣|⌉⌋⊔≀∇† ⟩∫ √⌉∇⊔⊓∇⌊⌉⌈ ⟩\ ∫≀⇕⌉ ⊒⊣† ⊓\⊔⟩↕ ⟩⊔ ⟩∫ ↕≀⌋⊣↕↕† ≀√⊔⟩⇕⊣↕ ∪∈⇔ ∞⇔ ∋⊎↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ √∇≀√≀∫⌉ ⊣ }↕≀⌊⊣↕ ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ {⊓↕⊘↕↕∫ ⊣ ⌋≀⇕√↕⌉⇕⌉\↖ ⊔⊣∇† \⌉⌉⌈ ⌊† }⌉\⌉∇⊣⊔⟩\} ⇕⊓↕⊔⟩√↕⌉ \⌉⊣∇↖≀√⊔⟩⇕⊣↕ ⊔∇⊣|⌉⌋⊔≀∇⟩⌉∫ {≀∇ SC √∇≀⌊↕⌉⇕∫ {∇≀⇕ ∫⌋∇⊣⊔⌋⟨↙ T⟨⌉ ‖⌉† ⌉↕⌉⇕⌉\⊔∫ ≀{ ≀⊓∇ ∫⌉⊣∇⌋⟨ ∫⊔∇⊣⊔⌉}† ⊣∇⌉ ⊣ ⇕⌉⊔⟨≀⌈ {≀∇ ⌉\⌋≀⌈⟩\} ⊔∇⊣|⌉⌋⊔≀∇⟩⌉∫ ⊣∫ ∫⌉⊔∫ ≀{ ∫⊔⟩⇕⊓↕⊓∫↖∇⌉∫√≀\∫⌉ ⌊⌉⟨⊣⊑⟩≀∇ ∇⊓↕⌉∫ ∪∞△⇔ ∞⇎ ∞∋⊎⇔ ⊣\⌈ ⊣ }⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⇐GA⇒ ∪∞′⇔ ∀⇔ ▽⊎ {≀∇ ⌋⟨≀≀∫⟩\} ⌊⌉⟨⊣⊑⟩≀∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔⟨⊣⊔ ⟩∫ ⌋⊓∇∇⌉\⊔↕† ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ≀\ ⊣ ⇕⊣∫∫⟩⊑⌉↕† √⊣∇⊣↕↕⌉↕ SIMD ⌋≀⇕√⊓⊔⌉∇↙

∈ A↕}≀∇⟩⊔⟨⇕ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌊⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ∫⊓⇕⇕⊣∇† ⊣∫ {≀↕↕≀⊒∫¬ • A ⌈†\⊣⇕⟩⌋∫ ⇕≀⌈⊓↕⌉ ⇐§∈↙∞⇒ ∫⟩⇕⊓↕⊣⊔⌉∫ ⊣ √⟨†∫⟩⌋⊣↕↕† ⌋≀∇∇⌉⌋⊔ ⊑⟩∇↖ ⊔⊓⊣↕ ⌉\⊑⟩∇≀\⇕⌉\⊔ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ ⌋∇⌉⊣⊔⊓∇⌉ ⌊⌉⟨⊣⊑⟩≀∇∫ ⇕⊣† ⌊⌉ ⊔⌉∫⊔⌉⌈ ⌊† ⊔∇⟩⊣↕ ⊣\⌈ ⌉∇∇≀∇↙ • A ⌊⌉⟨⊣⊑⟩≀∇ ⇕≀⌈⊓↕⌉ ⇐§∈↙∈⇒ }⌉\⌉∇⊣⊔⌉∫ ∫⊓⌋⟨ ⌊⌉⟨⊣⊑⟩≀∇∫ ⊓∫⟩\} ⊣ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⌋≀\⌋⌉√⊔∫ ≀{ ∫⊔⟩⇕⊓↕⊓∫ ⊣\⌈ ∇⌉∫√≀\∫⌉ ∪∞△⊎↙ • A ∫⌉⊣∇⌋⟨ ⇕≀⌈⊓↕⌉ ⇐§∈↙∋⇒ ⊓∫⌉∫ ⊣ }⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⌋⟨≀≀∫⌉ ⊑⊣↕⊓⌉∫ {≀∇ ⊔⟨⌉ ∫⊔⟩⇕⊓↕⊓∫ ⊣\⌈ ∇⌉∫√≀\∫⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔⟨⊣⊔ ⊒⟩↕↕ }⌉\⌉∇⊣⊔⌉ \⌉⊣∇↖≀√⊔⟩⇕⊣↕ ⌊⌉⟨⊣⊑⟩≀∇∫ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ {≀∇ ⊔⟨⌉ }⟩⊑⌉\ SC √∇≀⌊↕⌉⇕↙ ∞T⟨⟩∫ ⟩∫ \≀⊔ ⊔≀ ∫⊓}}⌉∫⊔ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣\⟩⇕⊣⊔≀∇≃∫ ∇≀↕⌉ ⟨⊣∫ ⌊⌉⌉\ ⊔∇⟩⊑⟩⊣↕⟩‡⌉⌈ ⌋≀⇕√↕⌉⊔⌉↕†� {⊣∇ {∇≀⇕ ⟩⊔→ S√⌉⌋⟩{†⟩\} ⊣√√∇≀√∇⟩⊣⊔⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ {≀∇ ⊣ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⇕≀⊔⟩≀\ ⟩∫ ⊣ ⌋⟨⊣↕↕⌉\}⟩\} √∇≀⌊↕⌉⇕⇔ ⊣∫ ⟩∫ ⊔⟨⌉ ⊔⊣∫‖ ≀{ ∇⌉⌈⊓⌋⟩\} ⊣ ⌋≀⇕√↕⌉§ ⊣\⟩⇕⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ⊔≀ ⊣ ⌋≀\⌋⊣⊔⌉\⊣⊔⌉⌈ ∫⌉∐⊓⌉\⌋⌉ ≀{ ∇⌉↕⊣⊔⌉⌈ SC √∇≀⌊↕⌉⇕∫ ∪∋⊎↙

∞

∈↙∞ P⟨†∫⟩⌋⊣↕ ∫⟩⇕⊓↕⊣⊔≀∇ L⟩‖⌉ H⊣⟨\≃∫ ∪∃⊎⇔ ≀⊓∇ √⟨†∫⟩⌋⊣↕ ∫⟩⇕⊓↕⊣⊔≀∇ ⌉⇕√↕≀†∫ {≀∇⊒⊣∇⌈ ⌈†\⊣⇕↖ ⟩⌋∫⇔ ⌊⊓⊔ ⊔∇⌉⊣⊔∫ ⊣\ ⊣∇⊔⟩⌋⊓↕⊣⊔⌉⌈ ⊘}⊓∇⌉ ⊣∫ ⊣\ ⊣⊓⊔≀\≀⇕≀⊓∫↕† ⌈⌉{≀∇⇕⟩\} ≀⌊|⌉⌋⊔ ⊒⟩⊔⟨≀⊓⊔ ⟩\⊔⌉∇\⊣↕ ⌈⌉}∇⌉⌉∫ ≀{ {∇⌉⌉⌈≀⇕↙ T⟨⌉ ⌈⌉{≀∇⇕⊣⊔⟩≀\∫ ⊣∇⌉ √∇≀⌈⊓⌋⌉⌈ ‖⟩\⌉⇕⊣⊔⟩⌋⊣↕↕† ⌊† ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ∫⊔⟩⇕⊓↕⊓∫↖∇⌉∫√≀\∫⌉ ⌋≀\⊔∇≀↕ ⊣↕}≀∇⟩⊔⟨⇕ ⇐§∈↙∈⇒↙ T⟨⌉ √∇⟩\⌋⟩√⊣↕ ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ ⊔⟨⟩∫ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⌈∇⊣↖ ⇕⊣⊔⟩⌋⊣↕↕† ∇⌉⌈⊓⌋⌉⌈ CPU ⌋≀∫⊔↙∈ W⌉ ⊘\⌈ ⊔⟨⊣⊔ ⟩\ √∇⊣⌋⊔⟩⌋⌉ ⊔⟨⌉∇⌉ ⟩∫ ↕⟩⊔⊔↕⌉ ∫⊣⌋∇⟩⊘⌋⌉ ⟩\ ⊔⌉∇⇕∫ ≀{ √⟨†∫⟩⌋⊣↕ ∇⌉⊣↕⟩∫⇕ ⌉⊑⌉\ ⊔⟨≀⊓}⟨ ⊔≀∇∐⊓⌉∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ |≀⟩\⊔∫ ⊣∇⌉ \⌉⊑⌉∇ ⌋≀⇕√⊓⊔⌉⌈ ⌉§√↕⟩⌋⟩⊔↕†↙ I{ ⊔≀∇∐⊓⌉ ↕⟩⇕⟩⊔∫ ⊒⌉∇⌉ ⊔≀ ⌊⌉ ⟩⇕√≀∇⊔⊣\⊔ {≀∇ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊣√√↕⟩⌋⊣⊔⟩≀\⇔ ⊣ √⌉\⊣↕⊔† {≀∇ ⌉§⌋⌉∫∫⟩⊑⌉ ⊔≀∇∐⊓⌉∫ ⌋≀⊓↕⌈ ⌊⌉ ⊣⌈⌈⌉⌈ ⊔≀ ⊔⟨⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣∅ ⊔⟨⌉ ⊔≀∇∐⊓⌉∫ ⌋⊣\ ⌊⌉ ⌋≀⇕√⊓⊔⌉⌈ ⊓∫⟩\} ⟩\⊑⌉∇∫⌉ ⌈†\⊣⇕⟩⌋∫ ∪∞∞⊎↙ H≀⊒⌉⊑⌉∇⇔ ⊒⌉ ⟨⊣⊑⌉ {≀⊓\⌈ ⊔⟨⊣⊔ ∫⟩⇕√↕† ↕⟩⇕⟩⊔⟩\} ⊔⟨⌉ ∇⊣⊔⌉ ⊣⊔ ⊒⟨⟩⌋⟨ ⊣ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⟩\⊔⌉∇\⊣↕ ⌈⌉}∇⌉⌉∫ ≀{ {∇⌉⌉⌈≀⇕ ⌋⊣\ ⊣⌋⌋⌉↕⌉∇⊣⊔⌉�∫≀⇕⌉⊔⟨⟩\} ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ∫√⌉⌋⟩⊘⌉⌈ ⊔∇⟩⊑↖ ⟩⊣↕↕† ⟩\ ≀⊓∇ ⌊⌉⟨⊣⊑⟩≀∇↖⌊⊣∫⌉⌈ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\�⟩∫ ⌉\≀⊓}⟨ ⊔≀ √∇≀⌈⊓⌋⌉ ⊑⟩∫⊓⊣↕↕† ∇⌉⊣∫≀\⊣⌊↕⌉ ⌊⌉⟨⊣⊑⟩≀∇↙ F∇⟩⌋⊔⟩≀\ ⟩∫ ⊔⊣‖⌉\ ⊔≀ ⌊⌉ ∫⊔⊣⊔⟩⌋ ⊒⟨⌉\ ≀\⌉ |≀⟩\⊔ ⟩∫ ⟩\ ⌋≀\⊔⊣⌋⊔ ⊒⟩⊔⟨ ⊔⟨⌉ ⊙≀≀∇⇔ ⊣\⌈ ∫↕⟩√√⊣}⌉ ⟩∫ √∇≀√≀∇⊔⟩≀\⊣↕ ⊔≀ ⌋≀\⊔⊣⌋⊔ {≀∇⌋⌉ ⊒⟨⌉\ ⊔⊒≀ |≀⟩\⊔∫ ⊔≀⊓⌋⟨↙ C≀↕↕⟩∫⟩≀\ ⊣\⌈ ⌋≀\⊔⊣⌋⊔ {≀∇⌋⌉∫ ⊣∇⌉ ⊔∇⌉⊣⊔⌉⌈ ⌉∫∫⌉\⊔⟩⊣↕↕†∋ ⊣∫ ⟩\ B⊣∇⊣{{ ∪∞⊎↙ W⌉ ∫√⌉⌋⟩⊣↕⟩‡⌉⌈ B⊣∇⊣{{≃∫ ⌉↕⌉}⊣\⊔ ⊔∇⌉⊣⊔⇕⌉\⊔ ⊔≀ ⊔⊒≀ ⌈⟩⇕⌉\∫⟩≀\∫⇔ ⊔⟨⌉\ ⌉§⊔⌉\⌈⌉⌈ ⟩⊔ ⊔≀ ⊣⌋⌋≀⇕⇕≀⌈⊣⊔⌉ ⊣⊓⊔≀\≀⇕≀⊓∫ ⌈⌉{≀∇⇕⊣⊔⟩≀\∫↙ F≀∇ ⊣ ∇⟩}⟩⌈ √≀↕†}≀\ ⟩\ ∈D ⟩\⊔⌉∇⊣⌋⊔⟩\} ⊒⟩⊔⟨ ⊣ ⊙⊣⊔ ∞D ⊙≀≀∇⇔ ⊔⟨⌉ ⌋≀\⊔⊣⌋⊔↖{≀∇⌋⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ⟩∫ ⇕⊓⌋⟨ ∫⟩⇕√↕⌉∇ ⊔⟨⊣\ ⟩\ ⊔⟨⌉ ∋D ⌋⊣∫⌉⇔ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌋≀\⊔⊣⌋⊔ √≀⟩\⊔∫ ⟩∫ ↕⟩⇕⟩⊔⌉⌈ ⊔≀ ⊔⊒≀↙ T⟨⌉ ⌉§⊔⌉\∫⟩≀\ ⊔≀ ⊣⌋⌋≀⇕⇕≀⌈⊣⊔⌉ ⊣⊓⊔≀\≀⇕≀⊓∫ ⌈⌉{≀∇⇕⊣⊔⟩≀\∫ ⟩∫ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈ ⊣∫ ⊒⌉↕↕↙ T⟨⌉ ‖⌉† ⊔≀ B⊣∇⊣{{≃∫ ⊔⌉⌋⟨\⟩∐⊓⌉ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ \≀∇⇕⊣↕ ⊣⌋⌋⌉↕⌉∇⊣⊔⟩≀\ ⇐ �χi↽ for a given contact point i turns out to be a linear function of the vector of normal contact forces ↼⃗f↽▷ The relation remains linear after adding a contribution to �χi that takes into account the creatureφs deformation so the procedure for satisfying the Ψnonpenetrationν and Ψnonstickinessν constraints ↼ �χi ≥ ′ ⊣\⌈ fi ≥ ′⇒ ∇⌉⇕⊣⟩\∫ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊓\⌋⟨⊣\}⌉⌈↙

∈↙∈ S⊔⟩⇕⊓↕⊓∫↖∇⌉∫√≀\∫⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ T∇⟩⊣↕ ⌊⌉⟨⊣⊑⟩≀∇∫ ⊔≀ ⌊⌉ ⊔⌉∫⊔⌉⌈ ⟩\ ⊔⟨⌉ ∫⟩⇕⊓↕⊣⊔≀∇ ⇐§∈↙∞⇒ ⊣∇⌉ }⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊔⟨⌉ ∫⊔⟩⇕⊓↕⊓∫↖∇⌉∫√≀\∫⌉ ⇐SR⇒ ⌋≀\⊔∇≀↕ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⟩∫ ⊣↕}≀∇⟩⊔⟨⇕ \⌉⟩⊔⟨⌉∇ ↕⌉⊣∇\∫ \≀∇ √↕⊣\∫∅ ∇⊣⊔⟨⌉∇⇔ ⟩⊔ ⌋⊣⊓∫⌉∫ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉ ⊔≀ ⌉§⌉⌋⊓⊔⌉ ⟩\∫⊔⟩\⌋⊔⟩⊑⌉ ∇⌉⊙⌉§⌉∫ ⊔∇⟩}}⌉∇⌉⌈ ⌊† ⌋≀\⌈⟩⊔⟩≀\∫ ∫⌉\∫⌉⌈ ⟩\ ⟩⊔∫ ⊑⟩∇⊔⊓⊣↕ ⌉\⊑⟩∇≀\⇕⌉\⊔↙ T⟨⌉ ⌋≀\⌈⟩⊔⟩≀\∫ ⊣∇⌉ ⌋⊣↕↕⌉⌈ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\∫ ⊣\⌈ ⊔⟨⌉ ∇⌉⊙⌉§⌉∫ ⊣∇⌉ ⌋⊣↕↕⌉⌈ ∇⌉∫√≀\∫⌉∫∅ ⊣\⌈ ⊔⟨⌉⟩∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ∇⌉⇕⊣⟩\ ⊘§⌉⌈ {≀∇ ⊔⟨⌉ ⌈⊓∇⊣⊔⟩≀\ ≀{ ⊣ ⊔∇⟩⊣↕ ⌊⌉⟨⊣⊑⟩≀∇↙ T⟨⌉ ∫⌉⊣∇⌋⟨ ⇕≀⌈⊓↕⌉ ⇐§∈↙∋⇒ ⊘\⌈∫ ⊑⊣↕⊓⌉∫ {≀∇ ⌊≀⊔⟨ ⊔⟨⌉ ∫⊔⟩⇕⊓↕⊓∫ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊣\⌈ ⊔⟨⌉ ∇⌉∫√≀\∫⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ ⌉∫∫⌉\⊔⟩⊣↕↕† ⌊† ⊔∇⟩⊣↕ ⊣\⌈ ⌉∇∇≀∇↙ T⟨⌉ ⊓∫⌉ ≀{ ⊔⟨⌉∫⌉ SR √⊣∇⊣⇕⌉⊔⌉∇∫ ⟩\ ↕⟩⌉⊓ ≀{ ⊣ ⇕≀∇⌉ ⌋≀\⊑⌉\⊔⟩≀\⊣↕ ⊔⟩⇕⌉ ∫⌉∇⟩⌉∫ ≀{ ⌋≀\⊘}⊓∇⊣⊔⟩≀\∫ ≀∇ {≀∇⌋⌉∫ ⇕⊣† ⌊⌉ ⊔⟨⌉ ⇕≀∫⊔ ⟩⇕√≀∇⊔⊣\⊔ {⊣⌋⊔≀∇ ⟩\ ⊔⟨⌉ ∫⊓⌋⌋⌉∫∫ ≀{ ≀⊓∇ ⊣√√∇≀⊣⌋⟨ ⊔≀ SC √∇≀⌊↕⌉⇕∫↙ A ∇⌉∫√≀\∫⌉ ⟩∫ ⊣ √∇⌉∫⌋∇⟩√⊔⟩≀\ {≀∇ ⌋⟨⊣\}⟩\} ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ∫⟨⊣√⌉ ∫⇕≀≀⊔⟨↕†↙ I⊔ ⌋≀\∫⟩∫⊔∫ ≀{ ⊣ ⊔⟩⇕⌉ ⌋≀\∫⊔⊣\⊔ ⊣\⌈ ⊣ ⌋≀⇕√↕⌉⊔⌉ ∫⌉⊔ ≀{ ⊔⊣∇}⌉⊔ ⊑⊣↕⊓⌉∫ {≀∇ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⟩\⊔⌉∇\⊣↕ ⊣\}↕⌉∫↙ A√√↕†⟩\} ⊔⟨⌉ ∇⌉∫√≀\∫⌉ {≀∇ ≀\⌉ ⊔⟩⇕⌉ ∫⊔⌉√ ⇕⌉⊣\∫ ⟩⊔⌉∇⊣⊔⟩\} ⊔⟨∇≀⊓}⟨ ≀\⌉ ⊔⟩⇕⌉ ∫⊔⌉√ ≀{ ⊔⟨⌉ ⌋∇⟩⊔⟩⌋⊣↕↕† ⌈⊣⇕√⌉⌈ ⌉∐⊓⊣⊔⟩≀\ ≀{ ⇕≀⊔⟩≀\ τ2^{..}θ_i +2τ^.θi +(θi − θ0_i ) = 0 2Physical simulation is the CPU-intensive portion of our approach. 3A modiffcation was necessitated by the SIMD architecture of our machine, because of which we implemented a ffxed-timestep integrator with analytic recomputation after a mid-timeslice collision, ratherthan a moreaccurate variable-timestepinte-grator with instantaneous handling of the impulsive forces that arise from collisions.

for each of the internal angles, where τ is the time constant θ0_i is the target value of the internal angle and θ i is its actual value▷ The effect of this equation of motion is to cause the real shape of the creature given by {θ 1, θ2, . . . , θN }⇔ ⊔≀ ⊣√√∇≀⊣⌋⟨ ⊔⟨⌉ ⊔⊣∇}⌉⊔ ∫⟨⊣√⌉ {θ01, θ02, . . . , θ0_N } ∫⇕≀≀⊔⟨↕†⇔ ⌉⊑⌉\ ⊒⟨⌉\ ⊔⟨⌉ ⊔⊣∇}⌉⊔ ∫⟨⊣√⌉ ⌋⟨⊣\}⌉∫ ⊣⌊∇⊓√⊔↕† ⌈⊓⌉ ⊔≀ ⊣ ∫⊒⟩⊔⌋⟨ {∇≀⇕ ≀\⌉ ∇⌉∫√≀\∫⌉ ⊔≀ ⊣\≀⊔⟨⌉∇↙ T≀ ⌈⌉⊘\⌉ ⊣ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ ⊒⌉ ⇕⊓∫⊔ ⟩\⊔∇≀⌈⊓⌋⌉ ⊔⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣ ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉↙ A ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉ ⟩∫ ∫≀⇕⌉ ∇⌉⊣↕↖⊑⊣↕⊓⌉⌈ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ⌉\⊑⟩∇≀\⇕⌉\⊔↙ O⊓∇ ∫⊔⊣\⌈⊣∇⌈ ↕⟩∫⊔ ⟩\⌋↕⊓⌈⌉∫¬ • √∇≀√∇⟩≀⌋⌉√⊔⟩⊑⌉ ∫⌉\∫⌉∫�⌉⊣⌋⟨ |≀⟩\⊔ ⊣\}↕⌉∅ • ⊔⊣⌋⊔⟩↕⌉ ∫⌉\∫⌉∫�⊔⟨⌉ {≀∇⌋⌉ ⌉§⌉∇⊔⌉⌈ ⌊† ⌉⊣⌋⟨ ∇≀⌈ ⌉\⌈√≀⟩\⊔ ≀\ ⊔⟨⌉ ⊙≀≀∇ ⇐⊣\⌈ ⊑⟩⌋⌉ ⊑⌉∇∫⊣⇒∅ • ‖⟩\⌉∫⊔⟨⌉⊔⟩⌋ ∫⌉\∫⌉�⊔⟨⌉ ⊑⌉∇⊔⟩⌋⊣↕ ⊑⌉↕≀⌋⟩⊔† ≀{ ⊔⟨⌉ ⌋⌉\⊔⌉∇ ≀{ ⇕⊣∫∫∅ ⊣\⌈ • √≀∫⟩⊔⟩≀\ ∫⌉\∫⌉�⊔⟨⌉ ⊑⌉∇⊔⟩⌋⊣↕ √≀∫⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋⌉\⊔⌉∇ ≀{ ⇕⊣∫∫ ∇⌉↕⊣⊔⟩⊑⌉ ⊔≀ ⊔⟨⌉ ⊙≀≀∇↙ A ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ ⟩∫ ⊣ ∫⌋⊣↕⊣∇ {⊓\⌋⊔⟩≀\ ⌈⌉⊘\⌉⌈ ≀⊑⌉∇ ∫⌉\∫⌉ ∫√⊣⌋⌉↙ I{ ⊔⟨⌉ ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ {v1, v2, . . . , vV }⇔ ⊔⟨⌉\ ⊔⟨⌉ ⌉§√∇⌉∫∫⟩≀\ ⊔⟨⊣⊔ ⊒⌉ ⊓∫⌉ {≀∇ ⊣ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ ⟩∫¬ W { −^Vmax_j=1 [ λj (vj − v0_j) ] } , where the v0_j and λ j are parameters determined by the search module ↼§∈↙∋⇒⇔ ⊔⟨⌉ ⊒⌉⟩}⟨⊔ W is.

W = V∑ j=1 log ( λj λmin_j ) ,

and λmin_j is the predetermined smallest permissible value of λ j ↼§∈↙∋⇒↙ ⇐I\ √∇⊣⌋⊔⟩⌋⌉ ⊣↕↕ ≀{ ⊔⟨⌉∫⌉ ⌋≀\∫⊔⊣\⊔∫ ⊣∇⌉ \≀∇⇕⊣↕⟩‡⌉⌈ ∫≀ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ vj fall between 0 and 1▷↽ The locus of points in sense space for which the stimulusfunction expression is positive�its sensitive region�is a hyperrectangle with dimen sions {∈/λ 1, 2/λ2, . . . , 2/λV } ⌋⌉\⊔⌉∇⌉⌈ ⊣⊔ {v01, v02, . . . , v0V }↙ T⟨⌉ ∫⌉⊔ ≀{ SR √⊣∇⊣⇕⌉⊔⌉∇∫ {≀∇ ⊣ ⌋∇⌉⊣⊔⊓∇⌉ ⌋≀\∫⟩∫⊔∫ ≀{ ⊣\ ⊣∇∇⊣† ≀{ SR √⊣⟩∇∫ ⇐∞′ √⊣⟩∇∫ ⟩\ ⊣↕↕ ⊔⟨⌉ ⊔⌉∫⊔∫ ⊒⌉ ⟨⊣⊑⌉ ∇⊓\ ⊔≀ ⌈⊣⊔⌉⇒↙ I\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} √∫⌉⊓⌈≀⌋≀⌈⌉⇔ ⊒⟨⟩⌋⟨ ⌈⌉∫⌋∇⟩⌊⌉∫ ⟨≀⊒ ⊣\ SR ⊣∇∇⊣† ⟩∫ ⊓∫⌉⌈ ⊔≀ }⌉\⌉∇⊣⊔⌉ ⌊⌉⟨⊣⊑⟩≀∇⇔ ⊔⟨⌉ ∫⊔⊣⊔⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ √⟨†∫⟩⌋⊣↕ ∫⊔⊣⊔⌉ ⊣\⌈ ⊣ √≀⟩\⊔⌉∇ ⊔≀ ⊔⟨⌉ ⊣⌋⊔⟩⊑⌉ ∇⌉∫√≀\∫⌉¬ I\⟩⊔⟩⊣↕⟩‡⌉ ⌋∇⌉⊣⊔⊓∇⌉ ∫⊔⊣⊔⌉ {∇≀⇕ SC √∇≀⌊↕⌉⇕ ⌈⌉∫⌋∇⟩√⊔⟩≀\ A⌋⊔⟩⊑⊣⊔⌉ ∇⌉∫√≀\∫⌉ ′ {≀∇ ⊔ ℑ ∞ ⊔≀ T D⌉⊔⌉∇⇕⟩\⌉ ⌈⌉{≀∇⇕⊣⊔⟩≀\ {≀∇ ⊔⟩⇕⌉ ⊔ {∇≀⇕ ⊣⌋⊔⟩⊑⌉ ∇⌉∫√≀\∫⌉ S⟩⇕⊓↕⊣⊔⌉ ∇⌉∫⊓↕⊔⟩\} ⌈†\⊣⇕⟩⌋∫ {≀∇ ⊔⟩⇕⌉ ⊔ M⌉⊣∫⊓∇⌉ ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ {∇≀⇕ ⊔⟨⌉ ⌉\⊑⟩∇≀\⇕⌉\⊔ I⌈⌉\⊔⟩{† ⟨⟩}⟨⌉∫⊔↖⊑⊣↕⊓⌉⌈ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ A⌋⊔⟩⊑⊣⊔⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∇⌉∫√≀\∫⌉ ⟩{ ∫⊔⟩⇕⊓↕⊓∫ √≀∫⟩⊔⟩⊑⌉ ⌉\⌈ {≀∇

T⟨⌉ ⊘\⊣↕ ∫⊔⌉√ ⇕⊣† ≀∇ ⇕⊣† \≀⊔ ⌋⟨⊣\}⌉ ⊒⟨⟩⌋⟨ ∇⌉∫√≀\∫⌉ ⟩∫ ⊣⌋⊔⟩⊑⌉∅ ⊣ ⌋⟨⊣\}⌉ ⟩∫ ⇕⊣⌈⌉ ≀\↕† ⟩{ ⊔⟨⌉ ⟨⟩}⟨⌉∫⊔↖⊑⊣↕⊓⌉⌈ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ ⟩∫ √≀∫⟩⊔⟩⊑⌉↙ T⟨⊓∫⇔ ⊣ ∇⌉∫√≀\∫⌉ ⟩∫ ⊔†√⟩⌋⊣↕↕† ⊣⌋⊔⟩⊑⌉ {≀∇ ∫⌉⊑⌉∇⊣↕ ⌋≀\∫⌉⌋⊓⊔⟩⊑⌉ ⊔⟩⇕⌉ ∫⊔⌉√∫ ⊣\⌈ √∇≀⌈⊓⌋⌉∫ ⌋≀⟨⌉∇⌉\⊔ ⇕≀⊔⟩≀\↙

∈↙∋ G⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ I\ §∈↙∞ ⊣\⌈ §∈↙∈ ⊒⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⊒⟨⊣⊔ ⊣ ⌋∇⌉⊣⊔⊓∇⌉ ⊒≀⊓↕⌈ ⌈≀ }⟩⊑⌉\ ⊣ ∫⊔∇⊓⌋⊔⊓∇⊣↕ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\⇔ ⟩\⟩⊔⟩⊣↕ ⌋≀\⌈⟩⊔⟩≀\∫⇔ ⊣\⌈ ⊑⊣↕⊓⌉∫ {≀∇ ⟩⊔∫ ∫⊔⟩⇕⊓↖ ↕⊓∫ ⊣\⌈ ∇⌉∫√≀\∫⌉√⊣∇⊣⇕⌉⊔⌉∇∫↙ I\ §∋ ⊒⌉ ⊒⟩↕↕ ∫⊓√√↕† ⌉§⊣⇕√↕⌉∫ ≀{ ⟨≀⊒ ⊔⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⌊⌉⟨⊣⊑⟩≀∇∫ ⇕⟩}⟨⊔ ⌊⌉ ⌉⊑⊣↕⊓⊣⊔⌉⌈ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉↕†↙ T⊣‖⌉\ ⊔≀}⌉⊔⟨⌉∇⇔ ⊔⟨⌉∫⌉ ⟩\}∇⌉⌈⟩⌉\⊔∫ ⌈⌉⊘\⌉ ⊣ ∫⌋⊣↕⊣∇ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ SR √⊣↖ ∇⊣⇕⌉⊔⌉∇∫↙ I⊔ ∇⌉⇕⊣⟩\∫ ⊔≀ ∫⟨≀⊒ ⟨≀⊒ ⊔≀ ⊘\⌈ \⌉⊣∇↖≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉∫ ≀{ ⊔⟨⟩∫ {⊓\⌋⊔⟩≀\↙ O⊓∇ ∫⌉⊣∇⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⟩∫ ⊣ √⊣∇⊣↕↕⌉↕ }⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⇐GA⇒ ⊒∇⟩⊔↖ ⊔⌉\ ⟩\ C⇑ ≀\ ⊣ T⟨⟩\‖⟩\} M⊣⌋⟨⟩\⌉∫ CM↖∈ ⊒⟩⊔⟨ △′∃ ̸√∇≀⌋⌉∫∫≀∇∫↙ I\ ⊣ GA⇔ ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ ⌋⊣\⌈⟩⌈⊣⊔⌉ ∫≀↕⊓⊔⟩≀\∫ ⟩∫ ∫⊓⌊|⌉⌋⊔⌉⌈ ⊔≀ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊔⟨⊣⊔ ∫⟩⇕⊓↕⊣⊔⌉∫ ⌊⟩≀↕≀}⟩⌋⊣↕ ⌉⊑≀↕⊓⊔⟩≀\↙ E⊣⌋⟨ ⌋⊣\⌈⟩⌈⊣⊔⌉ ∫≀↕⊓⊔⟩≀\�⌉⊣⌋⟨ }⌉\≀⇕⌉⇔ ⟩\ GA √⊣∇↕⊣\⌋⌉�⟨⊣∫ ∫≀⇕⌉ √∇≀⌊⊣⌊⟩↕⟩⊔† ≀{ ⌊⌉⟩\} ⇕⊓⊔⊣⊔⌉⌈⇔ ∇⌉⌋≀⇕⌊⟩\⟩\} ⊒⟩⊔⟨ ⊣\≀⊔⟨⌉∇ }⌉\≀⇕⌉⇔ ⊣\⌈ ⌈†⟩\}⇔ ⌊⊣∫⌉⌈ ≀\ ⟩⊔∫ ⊑⊣↕⊓⌉↙ I\ ≀⊓∇ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ ⌉⊣⌋⟨ √∇≀⌋⌉∫∫≀∇ ⟩∫ ∇⌉∫√≀\∫⟩⌊↕⌉ {≀∇ ⌉⊑⊣↕⊓⊣⊔↖ ⟩\} ≀\⌉ }⌉\≀⇕⌉ √⌉∇ }⌉\⌉∇⊣⊔⟩≀\↙ O⊓∇ GA ⟩∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌊⌉↕≀⊒ ⟩\ √∫⌉⊓⌈≀⌋≀⌈⌉¬ ⌈≀ √⊣∇⊣↕↕⌉↕ R⊣\⌈≀⇕⟩‡⌉ }⌉\≀⇕⌉ ⌉\⌈ ⌈≀ {≀∇ }⌉\⌉∇⊣⊔⟩≀\ ℑ ∞ ⊔≀ \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫ ⌈≀ √⊣∇⊣↕↕⌉↕ E⊑⊣↕⊓⊣⊔⌉ }⌉\≀⇕⌉ S⌉↕⌉⌋⊔ ⇕⊣⊔⌉ {∇≀⇕ ⊣\≀⊔⟨⌉∇ √∇≀⌋⌉∫∫≀∇ C∇≀∫∫ }⌉\≀⇕⌉ ⊒⟩⊔⟨ ⇕⊣⊔⌉ M⊓⊔⊣⊔⌉ }⌉\≀⇕⌉ ⌉\⌈ ⌈≀ ⌉\⌈ {≀∇ I\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⊒⌉ ∫⟨⊣↕↕ ⌉§√↕⊣⟩\ ⊔⟨⌉ ⌋≀⇕√≀\⌉\⊔ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ ⊔⟨⟩∫ }⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕¬ R⊣\⌈≀⇕⟩‡⌉⇔ S⌉↕⌉⌋⊔ ⇕⊣⊔⌉⇔ C∇≀∫∫⇔ ⊣\⌈ M⊓⊔⊣⊔⌉↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⌉∫⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⟨⊣⊑⌉ ⊒≀∇‖⌉⌈ ⊒⟩⊔⟨≀⊓⊔ ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\ {≀∇ ⊣↕↕ ≀{ ⊔⟨⌉ ⊔⌉∫⊔ ⌋⊣∫⌉∫ ∫⟨≀⊒\ ⟨⌉∇⌉ ⊣\⌈ ⌉↕∫⌉⊒⟨⌉∇⌉ ∪∞∋⊎⇔ ⊔⟨⌉† ∫⟨≀⊓↕⌈ \≀⊔ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈ ≀√⊔⟩⇕⊣↕↙ S†⇕⌊≀↕ D⌉∫⌋∇⟩√⊔⟩≀\ L≀ H⟩ D⟩∫⊔∇⟩⌊⊓⊔⟩≀\ τ Time constant 2Dt 14T Logarithmic θ0_i Target angles θ min_i θmax_i Uniform v0_j Stimulus centers 0▷5 1▷5 Uniform 2/λ j Stimulus extents 0▷4 4 Logarithmic Table 1. The parameters that comprise one SR pair in the genome their typical ranges and their probability distributions in the initial random population▷ The timestep size and total simulation time are Dt and T respectively, and the quantities θmin_i and θ max_i are lower and upper bounds on the joint angles taken from the structural speciαcation of the creature▷

Randomization Values for all of the parameters in the genome are chosen at random in the initial population with the probability distributions given in Table 1▷ We then employ a form of hill climbing to enrich the initial gene pool. after evaluating this initial population we mutate and reevaluate each solution four times and on each processor choose the best out of αve▷ Because of our highly specialized mutation operator ↼see below↽ this has the effect of producing a fairly nonrandom population that is skewed in favor of multistep behaviors▷

Figure 1. Visualization of a GA population▷ The display consists of 64 × △̸ √⟩§⌉↕∫⇔ ⌉⊣⌋⟨ ≀\⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ⊣ √∇≀⌋⌉∫∫≀∇ ⟩\ ⊔⟨⌉ CM↖∈↙ E⊣⌋⟨ √⟩§⌉↕ ⟩∫ ⌋≀↕≀∇⌉⌈ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∫⊔≀∇⌉⌈ ⊣⊔ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} √∇≀⌋⌉∫∫≀∇¬ ⊔⟨⌉ ⌋≀↕≀∇∫ ∇⊣\}⌉ {∇≀⇕ ⌈⊣∇‖ ⌊↕⊓⌉ {≀∇ ⊔⟨⌉ ⊒≀∇∫⊔ ∫≀↕⊓⊔⟩≀\∫ ⊔≀ ⌊∇⟩}⟨⊔ †⌉↕↕≀⊒ {≀∇ ⊔⟨⌉ ⌊⌉∫⊔ ≀\⌉∫↙ I\ ⊔⟨⟩∫ ⇕⊣⊔⊓∇⌉ √≀√⊓↕⊣⊔⟩≀\ ⊔⊒≀ ∇⌉↕⊣⊔⟩⊑⌉↕† ⟨≀⇕≀}⌉\⌉≀⊓∫ ∇⌉}⟩≀\∫ ⇐⊖⌋≀↕≀\⟩⌉∫⪰⇒ ⟨⊣⊑⌉ ⌉⇕⌉∇}⌉⌈ {∇≀⇕ ⊣ ⌊⊣⌋‖}∇≀⊓\⌈≀{ ⇕⌉⌈⟩≀⌋∇⌉ ∫≀↕⊓⊔⟩≀\∫∅ ⊔⟨⌉ ⌋≀∇\⌉∇ ⊣∇⌉⊣∫ {≀∇⇕ ≀\⌉ ∇⌉}⟩≀\ ≀\ ⊔⟨⌉ ⊔≀∇≀⟩⌈⊣↕ }∇⟩⌈↙

M⊣⊔⌉ ∫⌉↕⌉⌋⊔⟩≀\ T⟨⟩∫ ⟩∫ ⊔⟨⌉ ≀\↕† ∫⊔⌉√ ⟩\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ∇⌉∐⊓⟩∇⌉∫ ⟩\⊔⌉∇√∇≀⌋⌉∫∫≀∇ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\⇔ ⊣\⌈ ⟩⊔ ⟩∫ ⊣↕∫≀ ⊔⟨⌉ ≀\↕† ∫⊔⊣}⌉ ⊣⊔ ⊒⟨⟩⌋⟨ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ }⟩⊑⌉\ ⊣\ ⊣⌈⊑⊣\⊔⊣}⌉↙ I\ ⊔⟨⌉ ∫⟩⇕√↕⌉∫⊔ GA≃∫⇔ ⇕⊣⊔⟩\} ⌊⌉⊔⊒⌉⌉\ ⊣\† ⊔⊒≀ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⟩∫ √≀∫∫⟩⌊↕⌉↙ T≀ √∇≀↕≀\} ⊔⟨⌉ ⌈⟩⊑⌉∇∫⟩⊔† ≀{ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\�⊔⟨⟩∫ ⟨⌉↕√∫ ⌋≀√⌉ ⊒⟩⊔⟨ ⇕⊓↕⊔⟩⇕≀⌈⊣↕⟩⊔†� ⟩⊔ ⟩∫ ⌋≀⇕⇕≀\ √∇⊣⌋⊔⟩⌋⌉ ⊔≀ ⟩⇕√≀∫⌉ ⊣ }⌉≀}∇⊣√⟨⟩⌋ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀\ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⊣\⌈ ⊔≀ √⌉∇⇕⟩⊔ ≀\↕† ↕≀⌋⊣↕ ⇕⊣⊔⟩\}↙ I\ ≀⊓∇ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ ⊔⟨⌉ √∇≀⌋⌉∫∫≀∇∫ ⊣∇⌉ ↕⊣⟩⌈ ≀⊓⊔ ≀\ ⊣\ ⟩⇕⊣}⟩\⊣∇† △̸ × △̸ ⊔≀∇≀⟩⌈⊣↕ }∇⟩⌈∅ ⊔⟨⟩∫ ∫⌋⟨⌉⇕⌉ ⟩∫ ⌉∫√⌉⌋⟩⊣↕↕† ⌉⊣∫† ⊔≀ ⊣⌋⟨⟩⌉⊑⌉ ≀\ ⊔⟨⌉ CM↖∈↙ T≀ ⌋⟨≀≀∫⌉ ⊣ ⇕⊣⊔⌉⇔ ⌉⊣⌋⟨ √∇≀⌋⌉∫∫≀∇ √⌉∇{≀∇⇕∫ ⊣ ∇⊣\⌈≀⇕ ⊒⊣↕‖ ≀{ ⇐⊔†√⟩⌋⊣↕↕†⇒ ∞′ ∫⊔⌉√∫ ≀\ ⊔⟨⌉ }∇⟩⌈⇔ ⊣\⌈ ⟩⌈⌉\⊔⟩⊘⌉∫ ⊔⟨⌉ ⌊⌉∫⊔ ∫≀↕⊓⊔⟩≀\ ⌉\⌋≀⊓\⊔⌉∇⌉⌈↙ I{ ⊔⟨⌉ ⌊⌉∫⊔ ∫≀↕⊓⊔⟩≀\ ⌉\⌋≀⊓\⊔⌉∇⌉⌈ ⟩∫ ⟩⊔∫⌉↕{⇔ ⟩⊔ ⌈≀⌉∫ \≀⊔ ⇕⊣⊔⌉↙ ⇐T⟨⊓∫⇔ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ ⟩∫ ⌊⌉∫⊔ ⟩\ ⟩⊔∫ \⌉⟩}⟨⌊≀∇⟨≀≀⌈ ⟩∫ √∇≀⊔⌉⌋⊔⌉⌈ {∇≀⇕ ⌋∇≀∫∫≀⊑⌉∇ ⊣\⌈ ⇕⊓⊔⊣⊔⟩≀\∅ ⊔⟨⟩∫ ⟩∫ ⊣ {≀∇⇕ ≀{ ⌉↕⟩⊔⟩∫⇕ ∪⊎↙⇒ O⊔⟨⌉∇⊒⟩∫⌉⇔ ⟩⊔ {⌉⊔⌋⟨⌉∫ ⊣ ⌋≀√† ≀{ ⊔⟨⌉ ∫⌉↕⌉⌋⊔⌉⌈ ⇕⊣⊔⌉≃∫ }⌉\≀⇕⌉ ⟩\ √∇⌉√⊣∇⊣⊔⟩≀\ {≀∇ ⌋∇≀∫∫≀⊑⌉∇↙ T⟨⟩∫ ↕≀⌋⊣↕ ⇕⊣⊔⟩\} ∫⌋⟨⌉⇕⌉ ⌋⊣⊓∫⌉∫ }≀≀⌈ ⊖}⌉\⌉∫⪰ ⇐∫≀↕⊓⊔⟩≀\ {∇⊣}↖ ⇕⌉\⊔∫⇒ ⊔≀ ⌈⟩{{⊓∫⌉ ∫↕≀⊒↕† ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\⇔ ↕⌉⊣⌈⟩\} ⊔≀ ⊔⟨⌉ {≀∇⇕⊣⊔⟩≀\ ≀{ ⊖⌋≀↕≀\⟩⌉∫⪰ ≀{ ∫⟩⇕⟩↕⊣∇ ∫≀↕⊓⊔⟩≀\∫↙ F⟩}⊓∇⌉ ∞ ⌈⌉√⟩⌋⊔∫ ⊣ √≀√⊓↕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⊣∇≀∫⌉ ⟩\ ≀\⌉ ≀{ ≀⊓∇ ⌉§√⌉∇⟩⇕⌉\⊔∫↙ A∫ ⊣ ⌋≀↕≀\† ∫√∇⌉⊣⌈∫⇔ ⇕≀∇⌉ √∇≀⌋⌉∫∫≀∇∫ ⊣∇⌉ √⊓⊔ ⊔≀ ⊒≀∇‖ ≀\ ⊑⊣∇⟩⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ∫⊓√⌉↖ ∇⟩≀∇ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ ∫√⊣⊒\⌉⌈ ⊔⟨⌉ ⌋≀↕≀\†↙ B⊓⊔ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ∫√∇⌉⊣⌈⟩\} ⟩∫ \≀⊔ ⟩\∫⊔⊣\⊔⊣\⌉≀⊓∫⇔ ∫⊓⌊≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\∫ ∫⊔⟩↕↕ }⌉⊔ ∫≀⇕⌉ √∇≀⌋⌉∫∫⟩\} ⊔⟩⇕⌉↙ W⟨⌉\ ≀\⌉ ⌋≀↕≀\† ⌈≀⇕⟩\⊣⊔⌉∫ ⇐⊣ ⊔†√⟩⌋⊣↕ ≀⊓⊔⌋≀⇕⌉ ⊒⟨⌉\ }⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫ ≀{ ⊔⟨⟩∫ ⊔†√⌉ ⊣∇⌉ ↕⌉{⊔ ⊔≀ ∇⊓\ ⟩\⌈⌉⊘\⟩⊔⌉↕†⇒⇔ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⟩∫ ∫⊣⟩⌈ ⊔≀ ⟨⊣⊑⌉ ⌋≀\⊑⌉∇}⌉⌈↙

F⟩}⊓∇⌉ ∈¬ F⟩⊑⌉↖R≀⌈ F∇⌉⌈ ⇕≀⊑⌉∫ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ ⌊† ⌋⊓∇↕⟩\} ⊣\⌈ ↕⌉⊣√⟩\}↙ S⟩\⌋⌉ ⟨⟩∫ ⟩\⟩⊔⟩⊣↕ ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ⟩∫ ∫†⇕⇕⌉⊔∇⟩⌋⇔ ⟨⟩∫ ⌋⊓∇↕⟩\} ⊣⌋⊔⟩≀\ ⇕⊓∫⊔ ⌊⌉ ⊣∫†⇕⇕⌉⊔∇⟩⌋ ⟩\ ≀∇⌈⌉∇ ⊔≀ }⌉\⌉∇⊣⊔⌉ \⌉⊔ ∇⟩}⟨⊔⊒⊣∇⌈ ⇕≀⊔⟩≀\↙ M≀⇕⌉\↖ ⊔⊓⇕ ⟩∫ ⌉∫∫⌉\⊔⟩⊣↕ ⟩\ √⌉∇⇕⟩⊔⊔⟩\} ⊣ {≀∇⊒⊣∇⌈ ↕⌉⊣√↙ I\⊑⌉∇∫⟩≀\ ⟩\ ⊔⟨⌉ ⊣⟩∇ ⟩∫ \⌉⌋⌉∫∫⊣∇† ⊔≀ ⌈⌉↕⊣† ↕⊣\⌈⟩\} ↕≀\} ⌉\≀⊓}⟨ ⊔≀ {⊣↕↕ {≀∇⊒⊣∇⌈ ⟩\∫⊔⌉⊣⌈ ≀{ ⌊⊣⌋‖⊒⊣∇⌈↙ N≀⊔⌉¬ I\ ⊔⟨⟩∫ ⊣\⌈ ∫⊓⌊∫⌉∐⊓⌉\⊔⊘}⊓∇⌉∫ ⊒⌉ ⟨⊣⊑⌉ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⌊∇≀‖⌉\ ⊔⟨⌉ ⇕≀⊔⟩≀\ ⟩\⊔≀ ⌉⊣∫⟩↕† √⌉∇⌋⌉⟩⊑⌉⌈ √⟨⊣∫⌉∫↙ T⟨⟩∫ ⟩∫ ≀\↕† {≀∇ √∇⌉∫⌉\⊔⊣⊔⟩≀\ √⊓∇√≀∫⌉∫⇔ ⊣\⌈ ⟩∫ \≀⊔ ⟩\⌈⟩⌋⊣⊔⟩⊑⌉ ≀{ ⊣\† ⊣∫√⌉⌋⊔ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟩⌋‖∫ ⊣↕≀\} ⊔⟨⌉ ⟨≀∇⟩‡≀\⊔⊣↕ ⊔⟩⇕⌉ ⊣§⟩∫ ∫⟨≀⊒ ⊒⟨⟩⌋⟨ ⊔⟩⇕⌉ ∫↕⟩⌋⌉∫ ⊣∇⌉ ⌈∇⊣⊒\⇔ ⊣\⌈ ⟩\ ⊒⟨⊣⊔ ↕⟩\⌉∫⊔†↕⌉∫↙ T⟨⌉ ⊘∇∫⊔⇔ ⟩\⊔⌉∇⊑⌉\⟩\}⇔ ⊣\⌈ ↕⊣∫⊔ {∇⊣⇕⌉∫ ⟩\ ⌉⊣⌋⟨ √⟨⊣∫⌉ ⊣∇⌉ ⌈∇⊣⊒\ ⊒⟩⊔⟨ ⊔⟨⟩⌋‖ }∇⌉†⇔ ⊔⟨⟩\ ⌊↕⊣⌋‖⇔ ⊣\⌈ ⊔⟨⟩⌋‖ ⌊↕⊣⌋‖ ↕⟩\⌉∫⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ A\ ⟩⊔⊣↕⟩⌋⟩‡⌉⌈ √⟨∇⊣∫⌉ ⊣⊔ ⊔⟨⌉ ↕≀⊒⌉∇ ∇⟩}⟨⊔ ≀{ ⌉⊣⌋⟨ ⊘}⊓∇⌉ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊣⌋⊔⟩≀\↙

C∇≀∫∫≀⊑⌉∇ T⟨⌉ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇∫ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ GA ⊣∫ ⟩⊔ ⊒⊣∫ ≀∇⟩}↖ ⟩\⊣↕↕† ⌈⌉∫⌋∇⟩⌊⌉⌈ ∪∞′⊎ ⊣∇⌉ ⌊⊣∫⌉⌈ ≀\ ⊣ ∇⌉↕⊣⊔⟩⊑⌉↕† ↕⟩⊔⌉∇⊣↕ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊⟩≀↕≀}⟩⌋⊣↕ ⇕⌉⊔⊣√⟨≀∇¬ ⊔⟨⌉ ⌊⟩⊔ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ √⊣∇⊣⇕↖ ⌉⊔⌉∇∫ ⟩\ ⊔⟨⌉ }⌉\≀⇕⌉∫ ⊣∇⌉ √↕⊣⌋⌉⌈ ⌉\⌈↖⊔≀↖⌉\⌈ ⟩\ ↕⟩\⌉⊣∇ {⊣∫⟨⟩≀\⇔ ⊣\⌈ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔⟩≀\∫ ⌋⊣↕↕ {≀∇ ∫\⟩√√⟩\} ⊔⊒≀ }⌉\≀⇕⌉∫ ⊣⊔ ⊣\⊣↕≀}≀⊓∫ ↕≀⌋⊣⊔⟩≀\∫ ⊣↕≀\} ⊔⟨⌉ ⌊⟩⊔ ∫⊔∇⟩\}⇔ ⊣\⌈ ∫⊒⊣√√⟩\} ≀\⌉ √⊣⟩∇ ≀{ ⌉\⌈∫↙ I\ ⊔⟨⌉ SR ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\⇔ ⊣ ↕⟩\⌉⊣∇ ↕⊣†≀⊓⊔ ⊒≀⊓↕⌈ \≀⊔ ⌊⌉ ⊑⌉∇† ⇕⌉⊣\⟩\}{⊓↕⇔ ⊣\⌈ ⊒⌉ ‖\≀⊒ ⟩\ ⊣⌈⊑⊣\⌋⌉ ⊔⟨⊣⊔ ⌋⌉∇⊔⊣⟩\ }∇≀⊓√∫ ≀{ √⊣↖ ∇⊣⇕⌉⊔⌉∇∫ ∫⟨≀⊓↕⌈ ⇕⟩}∇⊣⊔⌉ ⊔≀}⌉⊔⟨⌉∇ ⌊⌉⊔⊒⌉⌉\ }⌉\≀⇕⌉∫↙ T⟨⌉∇⌉{≀∇⌉ ≀⊓∇ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇ ⟩∫ ⊔⊣⟩↕≀∇⌉⌈ ⊔≀ ⊔∇⌉⊣⊔ ⊔⟨⌉ }⌉\≀⇕⌉ ⟩\ ⊣ ⇕≀∇⌉ ∫⊔∇⊓⌋⊔⊓∇⌉⌈ {⊣∫⟨⟩≀\↙ G⟩⊑⌉\ ⊔⟨⌉ √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ ⊔⟨⊣⊔ ⊒⌉ ⊓∫⌉⇔ ⊣ ⟨†⌊∇⟩⌈

F⟩}⊓∇⌉ ∋¬ F∇⌉⌈ ∇≀↕↕∫ ≀\ ↕⊣\⌈⟩\}↙ B⌉⌋⊣⊓∫⌉ ⟨⟩∫ ⌋⊓∇↕⌉⌈ ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ⟩∫ ⊣ ⟨⌉§⊣}≀\ ⊣\⌈ \≀⊔ ⊣ ⌋⟩∇⌋↕⌉⇔ F∇⌉⌈ ⌊≀⊓\⌋⌉∫ ⊣∫ ⟨⌉ ∇≀↕↕∫↙

⇕⟩}⟨⊔ ⌊⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ ⊔⊒≀ }⌉\≀⇕⌉∫ ⇐≀{ ⊔⌉\ SR √⊣⟩∇∫ ⌉⊣⌋⟨⇒ ⊣∫ {≀↕↕≀⊒∫¬ ∫⟩§ ⟩\⊔⊣⌋⊔ SR √⊣⟩∇∫ ⊣∇⌉ ⊔⊣‖⌉\ {∇≀⇕ ⊔⟨⌉ ⇕⊣⊔⌉ ⊣\⌈ ⊔⊒≀ {∇≀⇕ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ }⌉\≀⇕⌉∅ ≀\⌉ \⌉⊒ SR √⊣⟩∇ ⟩∫ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⌊† ⊔⊣‖⟩\} ⊣ ∫⊔⟩⇕⊓↕⊓∫ ⊣\⌈ ⊣ ∇⌉∫√≀\∫⌉ {∇≀⇕ ⌉⊣⌋⟨ √⊣∇⌉\⊔⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†∅ ⊣\⌈ ≀\⌉ \⌉⊒ SR √⊣⟩∇ ⟩∫ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⌊† ⊓\⟩{≀∇⇕ ⌋∇≀∫∫≀⊑⌉∇ ∪∞▽⊎⇔ ⟩↙⌉↙⇔ ⌉⊣⌋⟨ \⊓⇕⌊⌉∇ ⟩\ ⊔⟨⌉ SR ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉ ⟩∫ ⌋≀√⟩⌉⌈ ⊣⊔ ∇⊣\⌈≀⇕ {∇≀⇕ ≀\⌉ ≀∇ ⊔⟨⌉ ≀⊔⟨⌉∇ √⊣∇⌉\⊔↙ T⟨⌉ √∇⌉⌋⟩∫⌉ √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ ⊔⟨⊣⊔ ⊒⌉ ⊓∫⌉ ⟩\ √⌉∇{≀∇⇕⟩\} ⊔⟨⌉ ⌋∇≀∫∫≀⊑⌉∇ ⊣∇⌉ \≀⊔ ⌋∇⟩⊔⟩⌋⊣↕∅ ⊒⌉ ⟨⊣⊑⌉ \≀⊔ ⊔∇⟩⌉⌈ ⊔≀ ≀√⊔⟩⇕⟩‡⌉ ⊔⟨⌉⇕ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ⊒⌉ ⊓∫⌉ ⌋⊓∇∇⌉\⊔↕† ⊣∇⌉ √∇≀⌊⊣⌊↕† ⟩∇∇⌉↕⌉⊑⊣\⊔ {≀∇ {⊓↖

F⟩}⊓∇⌉ △¬ M∇↙ S⊔⊣∇↖M⊣\ ⌋⊣\⊔⌉∇∫ ≀\ ⊔⊒≀ ∫⟩⌈⌉ ↕⟩⇕⌊∫↙ T⟨⌉ C∘D∘ C≃ ∫⌉∐⊓⌉\⌋⌉ ⟩∫ ∇⌉√⌉⊣⊔⌉⌈ ⌋†⌋↕⟩⌋⊣↕↕†↙ W⌉∇⌉ M∇↙ S⊔⊣∇↖M⊣\ ⊔≀ ⟨⊣⊑⌉ ⟨⊓⇕⊣\↖↕⟩‖⌉ ∫⊔∇⌉\}⊔⟨ ⊣\⌈ ∫⊔∇⊓⌋⊔⊓∇⌉ ⟨⌉ ⊒≀⊓↕⌈ \≀⊔ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ⊒⊣↕‖ ⊔⟨⟩∫ ⊒⊣† {≀∇ ⊑⌉∇† ↕≀\}⇔ ∫⟩\⌋⌉ ⟨⟩∫ ⊣∇⇕ ⊒≀⊓↕⌈ }⌉⊔ ⊔⟩∇⌉⌈↙ T⟨⟩∫ ⟩∫ ≀\⌉ ∫⟩⊔⊓⊣⊔⟩≀\ ⟩\ ⊒⟨⟩⌋⟨ √⌉\⊣↕⊔⟩⌉∫ {≀∇ ⌉§⌋⌉∫∫⟩⊑⌉ ⊔≀∇∐⊓⌉∫ ⇕⟩}⟨⊔ ⟩\⊙⊓⌉\⌋⌉ ⊔⟨⌉ ∇⊣\}⌉ ≀{ ⌊⌉⟨⊣⊑⟩≀∇∫ ⌈⟩∫⌋≀⊑⌉∇⌉⌈↙

⊔⊓∇⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\∫ ≀{ ≀⊓∇ }⌉\⌉∇⊣↕ ⊣√√∇≀⊣⌋⟨ ⇐§△⇒↙ T⟨⌉ ‖⌉† √≀⟩\⊔ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔⟩≀\ ⇕⊓∫⊔ ⌊⌉ ⊔⊣⟩↕≀∇⌉⌈ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊔≀ }⌉⊔ }≀≀⌈ √⌉∇{≀∇⇕⊣\⌋⌉↙

M⊓⊔⊣⊔⟩≀\ O⊓∇ ⇕⊓⊔⊣⊔⟩≀\ ≀√⌉∇⊣⊔≀∇ ∪∞∋⊎ ⟩∫ ⊣↕∫≀ ⊔⊣⟩↕≀∇⌉⌈ ∫√⌉⌋⟩⊘⌋⊣↕↕† {≀∇ ⊔⟨⌉ SR ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\↙ O\⌉ SR √⊣⟩∇ ⟩∫ ∫⊓⌊|⌉⌋⊔⌉⌈ ⊔≀ ⌋∇⌉⌉√ ∪▽⊎∅ ⟩↙⌉↙⇔ ⌉⊣⌋⟨ ≀{ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ ⟩\ ⊔⟨⊣⊔ SR √⊣⟩∇ ⟩∫ ⌋⟨⊣\}⌉⌈ ⌊† ⊣ ∫⇕⊣↕↕ ⊣⇕≀⊓\⊔↙ A\≀⊔⟨⌉∇ SR √⊣⟩∇ ⟩∫ ∇⊣\⌈≀⇕⟩‡⌉⌈ {∇≀⇕ ∫⌋∇⊣⊔⌋⟨⇔ ⊒⟩⊔⟨ ≀\⌉ ∫⊔⟩√⊓↕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⊔⊓∇\∫ ≀⊓⊔ ⊔≀ ⌊⌉ ∐⊓⟩⊔⌉ ⟩⇕√≀∇⊔⊣\⊔ ⟩\ ⌋≀√⟩\} ⊒⟩⊔⟨ ⊣ ↕⊣∇}⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌉\∫⌉ ⊑⊣∇⟩⊣⌊↕⌉∫¬ ⊔⟨⊣⊔ ⊣⊔ ↕⌉⊣∫⊔ ≀\⌉ ⌋≀∇\⌉∇ ≀{ ⊔⟨⌉ ∫⌉\∫⟩⊔⟩⊑⌉ ∇⌉}⟩≀\ ⇐§∈↙∈⇒ ≀{ ⊔⟨⌉ \⌉⊒↕† }⌉\⌉∇⊣⊔⌉⌈ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\ ⌊⌉ }⊓⊣∇⊣\⊔⌉⌉⌈ ⊔≀ ⌋≀⟩\⌋⟩⌈⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ∫⌉\∫⌉↖∫√⊣⌋⌉ ⊔∇⊣|⌉⌋⊔≀∇†↙ W⟩⊔⟨≀⊓⊔ ⊔⟨⟩∫ ∇⌉∫⊔∇⟩⌋⊔⟩≀\⇔ {∇⌉∫⟨↕† }⌉\⌉∇⊣⊔⌉⌈ ∫⊔⟩⇕⊓↕⊓∫ {⊓\⌋⊔⟩≀\∫ ⊔⌉\⌈ ⌉⟩⊔⟨⌉∇ ⊔≀ ⌈≀⇕⟩\⊣⊔⌉ ⊔⟨⌉ ⊔∇⊣|⌉⌋⊔≀∇† ≀∇ \≀⊔ ⊔≀ ⇕≀⌈⟩{† ⟩⊔ ⊣⊔ ⊣↕↕↙

F⟩}⊓∇⌉ ▽¬ M∇↙ S⊔⊣∇↖M⊣\ ⌊⌉}⟩\∫ ⊔≀ ⌋⊣∇⊔⊒⟨⌉⌉↕⇔ ⌊⊓⊔ ⊒⟨⌉\ ⟨⟩∫ ⊔⟩⇕⌉ ⟩∫ \⌉⊣∇↕† ⊓√⇔ ⟨⌉ {⊣↕↕∫ ⊔≀ ⊔⟨⌉ ⊘\⟩∫⟨ ↕⟩\⌉↙ T⟨⌉ ∫⊓⌊⊔↕⌉ √≀∫⊔⊓∇⌉ ∫⟨⟩{⊔∫ ⟩\ A∘B ⊣\⌈ E∘F ⊣∇⌉ ⌋∇⟩⊔⟩⌋⊣↕ ⊔≀ ⊔⟨⌉ ⇕≀⊔⟩≀\↙ ∋ R⌉∫⊓↕⊔∫ I\ ⊣\ ⌉⊣∇↕⟩⌉∇ ∫⊓⟩⊔⌉ ≀{ ⊔⌉∫⊔∫ ⟩\⊑≀↕⊑⟩\} ⊓\⌊∇⊣\⌋⟨⌉⌈ ⊣∇⊔⟩⌋⊓↕⊣⊔⌉⌈ ⊘}⊓∇⌉∫ ∪∞∋⊎⇔ ⊒⌉ ∫⟨≀⊒⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌋≀⊓↕⌈ ⌋≀√⌉ ⊒⟩⊔⟨ ⊔⊒≀↖√≀⟩\⊔

F⟩}⊓∇⌉ ¬̸ M∇↙ S⊔⊣∇↖M⊣\ ∫⟨⊓{⊙⌉∫↙ T⟨⌉ B∘C∘D∘B≃ ∫⌉∐⊓⌉\⌋⌉ ⟩∫ ∇⌉√⌉⊣⊔⌉⌈ ⌋†⌋↕⟩⌋⊣↕↕†↙ S⊔⊣∇↖M⊣\≃∫ ∫⊔∇⟩⌈⌉ ↕⌉\}⊔⟨ ⟩∫ ↕⟩⇕⟩⊔⌉⌈ ⌊† ⟨≀⊒ ↕≀\} ⟨⟩∫ ∇⟩}⟨⊔ ⊖{≀≀⊔⪰ ⌋⊣\ ∫⊔⊣† ≀{{ ⊔⟨⌉ }∇≀⊓\⌈ ⌈⊓∇⟩\} ⊔⟨⌉ ∫⊔⌉√ ⇕⊣∇‖⌉⌈ S⌋⟩∫∫≀∇↙ H⟩∫ ⊖⊣∇⇕⪰ ⟨⌉↕√∫ √∇≀↕≀\} ⊔⟨⟩∫ ∫⊔⌉√ ⌊† ∫⊒⟩\}⟩\} ⌈≀⊒\⇔ ≀{{∫⌉⊔⊔⟩\} ⊔⟨⌉ ⊓√⊒⊣∇⌈ ⇕≀⇕⌉\⊔⊓⇕ ⌋≀\⊔∇⟩⌊⊓⊔⟩≀\ ⌊† ⟨⟩∫ ⊖↕⌉}↙⪰

⌊≀⊓\⌈⊣∇† ⌋≀\⌈⟩⊔⟩≀\∫ ⊣∫ ⊒⌉↕↕ ⊣∫ ≀\⌉↖√≀⟩\⊔ ⌊≀⊓\⌈⊣∇† ⌋≀\⌈⟩⊔⟩≀\∫ ⊒⟩⊔⟨ ⊖⊣⊔⟨↕⌉⊔⟩⌋⪰ ⌉⊑⊣↕⊓⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\∫ ⇐|⊓⇕√ ⟨⌉⟩}⟨⊔ ⊣\⌈ ⊒⊣↕‖⟩\} ⌈⟩∫⊔⊣\⌋⌉⇒↙ T⟨⌉ √∇⌉∫⌉\⊔ ⊔⌉∫⊔ ∫⊓⟩⊔⌉ ⟩∫ ⊣ {⊓∇⊔⟨⌉∇ ⌉§√↕≀∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⊖⊒⊣↕‖⟩\}⪰ √∇≀⌊↕⌉⇕ ⊔⟨⊣⊔ ⟩\⊑≀↕⊑⌉∫ ⌊⟩}}⌉∇⇔ ⇕≀∇⌉ ⌋≀⇕√↕⌉§ ⊣∇⊔⟩⌋⊓↕⊣⊔⌉⌈ ⊘}⊓∇⌉∫⇔ ⇕≀∫⊔ ≀{ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⌊∇⊣\⌋⟨⌉⌈↙ W⌉ √∇⌉∫⌉\⊔ ∇⌉∫⊓↕⊔∫ {≀∇ ⊔⟨∇⌉⌉ ∫⌉↕⌉⌋⊔⌉⌈ ∇⊓\∫↙ I\ ⊔⟨⌉ ⊘∇∫⊔ ⊔⊒≀ ⌋⊣∫⌉∫⇔ ⊔⟨⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⊒⊣∫ √∇≀√≀∇⊔⟩≀\⊣↕ ⊔≀ ⊔⟨⌉ \⌉⊔ ⟨≀∇⟩‡≀\⊔⊣↕ ⌈⟩∫↖ ⊔⊣\⌋⌉ ⌋≀⊑⌉∇⌉⌈ ⌊† ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⌋⌉\⊔⌉∇ ≀{ ⇕⊣∫∫ ⟩\ ⊔⟨⌉ }⟩⊑⌉\ ⊔⟩⇕⌉↙ T⟨⌉ {⊣∇⊔⟨⌉∇ ⊔⟨⌉ ⌋∇⌉⊣⊔⊓∇⌉≃∫ ⌋⌉\⊔⌉∇ ≀{ ⇕⊣∫∫ ⇕≀⊑⌉⌈ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔⇔ ⊔⟨⌉ ⌊⌉⊔⊔⌉∇ ⊔⟨⌉ ⊔∇⊣|⌉⌋⊔≀∇†�∇⌉}⊣∇⌈↕⌉∫∫ ≀{ ⟨≀⊒ ⊔⟨⌉ ⇕≀⊑⌉⇕⌉\⊔ ⊒⊣∫ ⊣⌋↖ ⌋≀⇕√↕⟩∫⟨⌉⌈↙ I\ ⊔⟨⌉ ⊔⟨⟩∇⌈ ⌋⊣∫⌉⇔ ⊔⟨⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⟨⊣⌈ ⊔≀ ⌊⌉ ⇕≀⌈⟩⊘⌉⌈ ∫↕⟩}⟨⊔↕† ⊔≀ ≀⌊⊔⊣⟩\ ⊔⟨⌉ ⌈⌉∫⟩∇⌉⌈ ⌊⌉⟨⊣⊑⟩≀∇↙ I\ ⌉⊣⌋⟨ ⌋⊣∫⌉⇔ ⊣√↖ √∇≀§⟩⇕⊣⊔⌉↕† ∋′ ⊔≀ ′̸ ⇕⟩\⊓⊔⌉∫ ≀{ ⌉↕⊣√∫⌉⌈ ⊔⟩⇕⌉ ≀\ ⊔⟨⌉ CM↖∈ ⊒⊣∫ ∇⌉∐⊓⟩∇⌉⌈ ⊔≀ ⌋≀⇕√⊓⊔⌉ ⌉⊣⌋⟨ ∫≀↕⊓⊔⟩≀\ ∫⟨≀⊒\↙△ T⟨⌉ ⊘∇∫⊔ √∇≀⌊↕⌉⇕ ⟩\⊑≀↕⊑⌉∫ F⟩⊑⌉↖R≀⌈ F∇⌉⌈⇔ ⊣ ⌋∇⌉⊣⊔⊓∇⌉ ⌋≀⇕√∇⟩∫⌉⌈ △T⟨⌉ ∐⊓≀⊔⌉⌈ ⊔⟩⇕⌉∫ ⊣∇⌉ {≀∇ ▽ ∇≀⌈∫⇔ ▽′ ⊔⟩⇕⌉ ∫⊔⌉√∫⇔ ⊣\⌈ ∞′′ }⌉\⌉∇⊣⊔⟩≀\∫↙

F⟩}⊓∇⌉ ¬ B⌉∇†↕ B⟩√⌉⌈ ∫‖⟩√∫↙ T⟨⌉ B∘C∘B≃ ∫⌉∐⊓⌉\⌋⌉ ⟩∫ ∇⌉√⌉⊣⊔⌉⌈ ⌋†⌋↕⟩⌋⊣↕↕†↙ S‖⟩√√⟩\} ⌈⟩{{⌉∇∫ {∇≀⇕ ⊒⊣↕‖⟩\}∅ ⊔⟨⌉ {≀≀⊔ ⊔⟨⊣⊔ ∫⊔⊣∇⊔∫ ≀⊓⊔ ⟩\ ⊔⟨⌉ ⌊⊣⌋‖ \⌉⊑⌉∇ ⇕≀⊑⌉∫ ⊔≀ ⊔⟨⌉ {∇≀\⊔↙ B⊣↕⊣\⌋⌉ ⟩∫ ↕⌉∫∫ ≀{ ⊣\ ⟩∫∫⊓⌉ ⟩\ ⊔⟨⟩∫ ⊔†√⌉ ≀{ ∫‖⟩√√⟩\} ⊔⟨⊣\ ⟩\ ⊒⊣↕‖⟩\} ⌊⌉⌋⊣⊓∫⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ √≀∫⊔⊓∇⌉∫ ⊣∇⌉ ∫⊔⊣⊔⟩⌋⊣↕↕† ∫⊔⊣⌊↕⌉↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⟩∫ ∫‖⟩√√⟩\} ⟩∫ ⌉⊑⟩⌈⌉\⊔↕† \≀⊔ ⊣∫ {⊣∫⊔ ⊣∫ ⊒⊣↕‖⟩\} ⌋⊣\ ⌊⌉↙

≀{ ⊘⊑⌉ ⌉∐⊓⊣↕↖↕⌉\}⊔⟨ ∇≀⌈∫⇔ ↕⟩\‖⌉⌈ ⌋≀\∫⌉⌋⊓⊔⟩⊑⌉↕†↙ T⟨⌉ ⇕⟩⌈⌈↕⌉ ∇≀⌈∫ ⊣∇⌉ ≀{ ⌉∐⊓⊣↕ ⇕⊣∫∫⇔ ⌊⊓⊔ ⊔⟨⌉ ⊔⌉∇⇕⟩\⊣↕ ∇≀⌈∫ ⊣∇⌉ ⊘⊑⌉ ⊔⟩⇕⌉∫ ⟨⌉⊣⊑⟩⌉∇↙ E⊣⌋⟨ |≀⟩\⊔ ⊣↕↕≀⊒∫ ⟩⊔∫ √⊣⟩∇ ≀{ ⌋≀\\⌉⌋⊔⌉⌈ ∇≀⌈∫ ⊔≀ ⌊⌉ ⊣⊔ ⇕≀∫⊔ ∋′ffi from collinear. We constructed this creature in the expectation that it would behave like an inchworm. To our surprise, 64 generations of evolution produced the solution depicted in Figure 2. After 100 generations, this behavior was improved by the addition of a rolling phase at the end of the motion (Figure 3).

Fred’s �nal behavior is generated by just �ve of the ten available SR pairs, which is not unusual for the behaviors described here. Initially, two SR pairs produce the asymmetric curling motion shown in the �rst panel of Figure 3. Two more SR pairs produce the leaping motion. Finally, a single SR pair causes Fred to adopt an inversely curled con�guration for the remainder of the trajectory.

Mr. Star-Man is another �ve-rod creature, but one with a different, branched topology. All of his rods are of equal length and mass. Joint-angle ranges are de�ned with respect to Star-Man’s �torso�: each �limb� rod is con�ned to one of the quadrants de- �ned relative to his top �torso� rod. The trajectory in Figure 4

Figure 8: Beryl walks, but one step (C�D�E) is really a skip. The GA/SR combination frequently produces hybrid gaits of this type.

depicts a behavior that evolved after 20 generations: Star-Man tips

Figure 9: Beryl walks. How to modify the evaluation function to reward grace as well as distance remains an open question.

over on his side, and then employs a sideways cantering motion. This motion is cyclic; the hop-land sequence (C�D�C’) is repeated several times. By generation 37 a new behavior had evolved� the start of a cartwheel maneuver followed by a fall to the right (Figure 5). The best behavior after 94 generations was yet a third strategy that involved sideways shuf�ing (Figure 6).

Beryl Biped is a headless 2D humanoid with a rigid torso, jointed legs, point feet, and rod masses of human proportion. Despite her limitations, Beryl learns human-like locomotion. To elicit these behaviors, we had to change the evaluation function. When center-of-mass translation was used as the measure of progress,

Beryl adopted the short-term strategy of plunging headlong into the ground (not shown). When the reference point was changed from the center of mass to the midpoint between her two feet, she still tried falling forward, but in 100 generations she discovered the more tactically sound gaits depicted in Figures 7�9. Thus, like any optimization procedure, the genetic algorithm will fail to �nd good optima if the evaluation function is suf�ciently �deceptive,� but simple changes to the evaluation function can often restore acceptable behavior.

4 Conclusions and future work

We have presented an effective algorithm for 2D SC problems involving articulated �gures. The trajectories computed by our algorithm differ qualitatively from those that would be produced by existing local-search techniques: they are complex, varied, multi-staged, and sometimes far from obvious. Our work differs from previous global-search and learning approaches to articulated- �gure motion control [6, 4, 12] in its adherence to physical law, the nature of the articulated �gures being considered, and the generality of the problem statement, respectively.

Developing an algorithm of this type requires numerous decisions regarding the design of mutation and crossover operators and the assignment of parameter values. It is dif�cult to be sure that one has chosen optimally, since doing so is itself a combinatorial search problem! However, few of the choices are critical. In this paper and elsewhere [13] we have described what we believe are the important choices to get right.

Our current work is directed towards gaining a better understanding of how the algorithm works and making more use of its present capabilities. In particular we are investigating other stimulus-response representations, ways in which a user can in- �uence the GA interactively, alternative search algorithms, and editing techniques whereby composite trajectories can be formed by splicing together precomputed behaviors. In the future, we hope to extend our techniques to work with 3D articulated �gures.

5 Acknowledgments

We thank Tom Cheatham for use of the CM-2 at Harvard. Carter Cornwall, Dave Davis, Steven Salzberg, Stuart Shieber, and the members of the Harvard Animation Group, the MIT Leg Lab, and the Cambridge Seminar on Natural and Arti�cial Computation all provided useful advice and suggestions. Adam Ginsburg wrote support software for the project. JTN is grateful for a Graduate Fellowship from the Fannie and John Hertz Foundation. This work was supported in part by an NSF grant to Martin Karplus.

References

[1] D. Baraff. Coping with friction for non-penetrating rigid body simulation. Computer Graphics, 25(4):31�40, July 1991.

[2] L. S. Brotman and A. N. Netravali. Motion interpolation by optimal control. Computer Graphics, 22(4):309�315, August 1988.

[3] M. F. Cohen. Interactive spacetime control for animation.

Computer Graphics, 26(2):293�302, July 1992.

[4] Y. Davidor. A genetic algorithm applied to robot trajectory generation. In L. Davis, editor, Handbook of Genetic Algorithms, chapter 12, pages 144�165. Van Nostrand Reinhold, New York, 1991.

[5] L. Davis. Handbook of Genetic Algorithms. Van Nostrand Reinhold, New York, 1991.

[6] H. de Garis. Genetic programming: Building arti�cial nervous systems using genetically programmed neural network modules. In Proceedings of the Seventh International Conference on Machine Learning, pages 132�139, Austin, Texas, June 1990.

[7] K. A. De Jong. An Analysis of the Behavior of a Class of Genetic Algorithms. PhD thesis, University of Michigan, 1975.

[8] D. E. Goldberg. Genetic Algorithms in Search, Optimization, and Machine Learning. Addison-Wesley, Reading, Massachusetts, 1988.

[9] J. K. Hahn. Realistic animation of rigid bodies. Computer Graphics, 22(4):299�308, August 1988.

[10] J. H. Holland. Adaptation in Natural and Arti�cial Systems.

University of Michigan Press, 1975.

[11] J. Luh, M. Walker, and R. Paul. On-line computational scheme for mechanical manipulators. Trans. ASME, J. Dynamic Systems, Measurement, and Control, 102:69�76, 1980.

[12] P. Maes and R. A. Brooks. Learning to coordinate behaviors.

In Proceedings of the Eighth National Conference on Arti- �cial Intelligence, pages 796�802, Menlo Park, California, 1990. American Association for Arti�cial Intelligence.

[13] J. T. Ngo and J. Marks. Physically realistic trajectory planning in animation: A stimulus-response approach. Technical Report TR-21-92, Center for Research in Computing Technology, Harvard University, October 1992.

[14] B. F. Skinner. The Behavior of Organisms; An Experimental Analysis. The Century Psychology Series. D. Appleton- Century, New York, London, 1938.

[15] G. Syswerda. Uniform crossover in genetic algorithms. Proceedings of the Third International Conference on Genetic Algorithms, pages 2�9, 1989.

[16] J. Wilhelms and R. Skinner. A �notion� for interactive behavioral animation control. IEEE Computer Graphics and Applications, 10(3):14�22, May 1990.

[17] A. Witkin and M. Kass. Spacetime constraints. Computer Graphics, 22(4):159�168, August 1988.