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all formulas we will obtain, the denominators consist only ofrhen the polygon area betweErand!” is

d; (@). For an arbitrary polygory; is a linear function ofr.

If all a; are parallel, thed; = 1. If the polygon is rectilinear,

i.e., allq; are either parallel or perpendicular, théie) = 1

if a;|lax, andd; (@) = 1+ aay if a; L ai, wherea, is

constant. So in this case, there are only two different constant

denominators, one of which is 1. =
Translating the BisectoMe now consider the case where i

I’ shifts parallel (Fig. 11). Analogously to the previous Pararyis is a quadratic polynomial ifi (unless ally; are paral-

/I __ / /.. " __ Vi /s
graph, let; = S o a”f/j’i =8 o Also, letthe 1) " \which case it simplifies to the linear equation =
vector between’ ands” bes” — s’ = Bay. Then the polygon ﬂZI; l(_l)ipl_)
1= "

area betweeH and!” is

B= (=D (o] + o),

(7)

N
Ea .IIM»

(pi — Bla; x ay)

=1 1+ o(a; xag)

1

N[ ™

Maintaining the Bisector PropertyFrom the above two
1 paragraphs, we see that if the bisedt rotated td’, then
B = Bas x > ((ro+r5) = (r1+r7)), the left and right areas are changed by a valué£ 0 in
general) as described in eq. (4). Hence, a subsequent shift of
= i (05 + p5 — p1 — p7) (a2 x (r +aaz)), (5) ['is necessary to restore the bisector property, by changing

2 the areas by a valug, as described in eq. (7).
= g (05 + p5 — 1 — pY1). This implies the conditioa + B = 0, with A andB given
by egs. (4) and (7):

In the general casé&,and!” intersect multiple edges of some
arbitrary polygonP at points, 5, ..., r andry, ry, ..., r. A+ B=
Now thep;” can be determined from the two vector equations

NI =

Xk:(_l),-fxpiz + 2Bpi — B?ai x ar)
i 14+ a(a; x ax) o (®

rl'=rl+xaj, A € R, andr] = 5" + p/'r'": -0
n_ a; X ag This equation ensures thias a bisector oP. Itis a necessary
pi=pi—F a; xr'’ and sufficient condition for translation equilibrium in a unit-
, a; X ag squeeze field. Equation (8) is a rational equatioa,iand a
=p—B 1+a(a x ap)’ (6) quadratic polynomial equation ph Hence for all combinato-
oi — Blai x ax) rially equivalent bisectors, we can obtain an explicit formula

to describes as a function of:.

In general, eq. (8) is equivalent to a polynomiabirand
B whose degree depends on the numbef polygon edges
intersected by the bisectots!’, or I”. The degree of this
polynomial is limited byk for «, and by 2 forg. In the
rectilinear case, the degrees toandg are limited by 2. In
the case where ad; are parallel, eq. (8) simplifies to a linear
equation:}"5_; (—1) (@ + B)p: = 0.

Moment Equilibrium.After rotating (parametez, obtain
I") and translating (parametgr obtain!”) the bisectot, its
intersections with the polygon edges move frgno

T l4a(a xap

"/

ri =54 p/r" + Bax,

_ oi — Bla; X ag) )
=95+ m(/’ +Olak) + ﬂak.

iy If all a; are parallel, this simplifies tg' = s + p;r + (ap; +

Ty A Bak.

Suppose that; andc,, are the left and the right centers
of area of P, andA; and A, are the respective area sections,
SOA; + A, = A. We are interested in how these points
change when the bisector changes. Note that always
Fig. 11. Two parallel line$ and!” in combinatorially equiv- %(A,cl + A,c;), and if P is bisected (i.e.4; = A, = %A)
alent intersection with polygoR. thenc = %(Cl +¢r).
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Fig. 18. An S-shaped part with four rigidly connected square
“feet” in configuration(x, y,0) = (0,0,0),r4 = 12,rp = =
4, andp = 60°. .

60°, and the feet have area size 10. Notice that in poses with '
#-angles corresponding to minima in the potential, the mo-
ment has a root with negative slope, which indicates a stable =
(orientation) equilibrium. Figures 20b and 20c show the (nor-
malized) moments and potentials for parts with feet sizes 5 et
and 1, respectively. We observe that with decreasing contact o
areas, these functions become “less smooth,” and the slope al ; 2
the moment root increases. Figure 20d depicts moment and "
potential for a part with infinitesimally small feet. Inthis case, (&)
the moment function does not have a root at the minimum of
the potential; rather, it exhibits a discontinuity at this orienFig. 19. Total equilibria of an S-shaped part with area
tation. This has the consequence that the part is not stablntacts in a squeeze field. (a) Maximum potentighx =
in this pose. In fact, for the moment function in Figure 20d(0, 0, Omax), such thatr, sinfmax = —rg SiN(Omax + ¢);
there exist no roots with negative slope, and hence there exigisx ~ —0.24. (b) Minimum potentialznmin = (0, 0, Omin);
no stable equilibrium. Omin ~ /2.

This observation can be made mathematically precise. The
exact equations for the lifted potential and the momerRpof

are ing moment with opposed orientation. Under second-order

dynamics, the part may have a finite oscillation amplitude be-
cause of the inertia of the part. However, damping will reduce
this amplitude over time.

We conclude that parts with point contacts can exhibit

Up, = 2r4| cosf| + 2rg| cog6 + ¢)|,
Mpg = 2rsS(0) + 2rgS(6 + ),

17)

sing if0 <60 <m/20r3/2r <6 <2r, pathological behavior even in very simple and otherwise well-
withS(0) = { —sing if 7/2 <0 < 3/2x, behaved potential fields: this example shows that for such
0 if 6 = /2 org = 3/2r. parts, it is possible that the generalized force is not zero in a

(18)

The potential minimum is reached @&t= /2 or6 =
3/2n. However, we see that, for examplg&fp,(7/2) =
—2rgS(w/2 + ¢) —2rpcosp # 0. Furthermore,
Mpy(w/2—) > 0, andM (7 /2+) < 0. This implies that the

pose that minimizes the potential of the part.

This pathology cannot occur when only parts with finite
area contact are allowed. From Corollary 3, we know that the
(lifted) potential of a part with area contactdg; hence its
gradient exists everywhere. In particular, the gradient is zero
at the minimum of the potential. This means that in a pose

part Ps will oscillate abouty = 7 /2. Under first-order dy- with minimum potential, the generalized force must be zero.
namics, this oscillation will be infinitesimally small, becausé et us summarize these results.
any infinitesimal angular deflection &% results in a restor-
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Table 1.
Complexity
Task Field(s) Fields Planning Plan Steps
Translate Constant Constant magnitude — 1
and direction
Center Radial Constant magnitude, — 1
continuous directions
Orthogonal squeezes Piecewise constant o1 ol
magnitude and direction
Uniquely orient Sequence of squeezes Piecewise constant 0 (kn*) 0 (kn?)
magnitude and direction
Inertial Smooth magnitude [0JEN) (0] )]
piecewise-constant direction
Uniquely pose Manipulation grammar m arbitrary fields, 0(m?2f)  0(m2F)
at mostE stable equations (not com-
plete)
Sequence of radial + squeeze Piecewise-continuous 0 (k?n?) O (kn)
magnitude and direction
Elliptic Smooth magnitude and direction o) ol
UFO Continuous magnitude and direction —— 1

* Magnitude control. Consider an array in which the
magnitudeof the actuator forces cannot be controlled.
Does there exist an array with constant magnitude in
which all parts reach one unique equilibrium? Or can
one prove that, without magnitude control, the number
of distinct equilibria is always greater than one?

« Geometricfilters. This paper focuses mainly on sensor-
less manipulation strategies fonique positioningof
parts. Another important application of programmable
vector fields argieometric filterswhich would be use-
ful for the sorting and singulation of parts. Figure 1
shows a simple filter that separates smaller and larger
parts. We are interested in the question, Givgrarts,
does there exist a vector field that will separate them
into specific equivalence classes? For example, does
there exist a field that moves small and large rectangles
to the left, and triangles to the right? In particular, it
would be interesting to know whether for any two dif-
ferent parts there exists a sequence of force fields that
will separate them.

« Force-field computers. In this paper, we have demon-
strated that even with a rather limited vocabulary of
simple force fields, useful and quite complex tasks such
as sensorless posing or sorting of parts can be per-
formed. It might be possible that force fields could
be used to solve certain classes of problems, by en-
coding them in particular force fields, part shapes, and
initial and goal poses, resulting in a “force-field com-
puter” that provides a physical implementation of the
problem. Identifying the class of encodable problems

might yield deeper insights into the complexity of parts
manipulation with force-vector fields.

Performance measures. Are there performance mea-
sures for how fast (in real time) an array will orient a
part? In some sense, the actuators are fighting each
other (as we have observed experimentally) when the
part approaches equilibrium. For squeeze grasps, one
measure of “efficiency,” albeit crude, might be the in-
tegral of the magnitude of the moment function, i.e.,
fOZ” [M(0)|d6. The issue is that if, for many poses,
M (6)| is very small, then the orientation process will
be slow. Better measures are also desirable.

Uncertainty. In practice, neither the force-vector field
nor the part geometry will be exact, and both can only be
characterized up to tolerances (Donald 1989). This is
particularly important at the microscopic scale. Within
the framework of potential fields, we can express this
uncertainty by considering not one single potential
functionU p, but rathefamilies of potentialthat corre-
spond to different values within the uncertainty range.
Bounds on part and force tolerances will correspond to
limits on the variation within these function families.
An investigation of these limits will allow us to obtain
upper error bounds for manipulation tasks under which
a specific strategy will still achieve its goal.

A family of potential functions is a setU, : ¢ —
R}yes WherelJ is an index set. For example, we may
start with a single potential functioti : ¢ — R and
define a family of potential function§ (U, ¢, z) as
{Uy : C— R| ||Uy(p)—U(p)||; < €} for somec and















