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Today’s topics

•• Mathematical reasoningMathematical reasoning
– More proof techniques

– Sequences

– Summations

•• Reading: Sections 3.1-3.2Reading: Sections 3.1-3.2

•• UpcomingUpcoming

–– InductionInduction
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Forward Reasoning

•• Have premises Have premises pp, and want to prove , and want to prove qq..

–– Find a Find a ss11 such that  such that pp ss11

•• Then, modus Then, modus ponens ponens gives you gives you ss11..

–– Then, find an Then, find an ss22    (such that)(such that)  ss11 ss22..

•• Then, modus Then, modus ponens ponens gives you gives you ss22..

–– And hope to eventually get to an And hope to eventually get to an ssnn    ssnn qq..

•• The problem with this method isThe problem with this method is……

–– It can be tough to see the path looking from It can be tough to see the path looking from pp..
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Backward Reasoning

•• It can often be easier to see the It can often be easier to see the very same pathvery same path if you just if you just
start looking from the conclusion start looking from the conclusion qq instead instead……

–– That is, That is, firstfirst find an  find an ss 11 such that  such that ss 11 qq..

–– ThenThen, find an , find an ss 22    ss 22 ss 11, and so on, and so on……

–– Working back to an Working back to an ss nn    pp ss nn..

•• Note we Note we stillstill are using  are using modus modus ponensponens to propagate truth to propagate truth
forwardsforwards down the chain from  down the chain from pp to  to ss nn to  to ……  toto  ss11 to   to  qq!!

–– We are We are findingfinding the chain  the chain backwardsbackwards, but , but applyingapplying it  it forwardsforwards..

–– This is not quite the same thing as an indirect proofThis is not quite the same thing as an indirect proof……

•• In that, we would use In that, we would use modus modus tollenstollens and ¬ and ¬qq to prove ¬ to prove ¬ss 11, , etc.etc.

–– However, it However, it itit similar. similar.
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Backward Reasoning Example

•• Theorem:Theorem:

aa>0,>0,bb>0,>0,aa bb: (: (aa++bb)/2 > ()/2 > (abab))1/21/2..

•• Proof:Proof:

–– Notice it is not obvious how to go from theNotice it is not obvious how to go from the

premises premises aa>>00, , bb>0>0, , aa bb directly forward to the directly forward to the

conclusion conclusion ((aa++bb)/2 > ()/2 > (abab))1/21/2..

–– So, letSo, let’’s work s work backwardsbackwards from the conclusion, from the conclusion,

((aa++bb)/2 > ()/2 > (abab))1/21/2  !!

Example 1
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Stone Game Example

•• Game rules:Game rules:

–– There are 15 stones in a pile.  Two players take turnsThere are 15 stones in a pile.  Two players take turns
removing either 1, 2, or 3 stones. Whoever takes theremoving either 1, 2, or 3 stones. Whoever takes the
last stone wins.last stone wins.

•• Theorem:Theorem: There is a strategy for the first player There is a strategy for the first player
that guarantees him a win.that guarantees him a win.

•• How do we prove this?  Constructive proofHow do we prove this?  Constructive proof……

–– Looks complicatedLooks complicated…… How do we pick out the winning How do we pick out the winning
strategy from among all possible strategies?strategy from among all possible strategies?

•• Work backwards from the endgame!Work backwards from the endgame!

Example 2
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Working Backwards in the Game

•• Player 1 wins if it is player 2Player 1 wins if it is player 2’’s turn and there ares turn and there are
no stonesno stones……

•• P1 can arrange this ifP1 can arrange this if
it is his turn, and thereit is his turn, and there
are 1, 2, or 3 stonesare 1, 2, or 3 stones……

•• This will be true asThis will be true as
long as player 2 hadlong as player 2 had
4 stones on his turn4 stones on his turn……

•• And so onAnd so on……
9, 10, 119, 10, 11

1212

88

5, 6, 75, 6, 7

44

13, 14, 1513, 14, 15

1, 2, 31, 2, 3

00

Player 2Player 2Player 1Player 1
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“Forwardized” version

•• Theorem.Theorem. Whoever moves first can always force a win. Whoever moves first can always force a win.

–– Proof.Proof.  Player 1 can remove 3 stones, leaving 12.  After player 2  Player 1 can remove 3 stones, leaving 12.  After player 2

moves, there will then be either 11, 10, or 9 stones left.  In any ofmoves, there will then be either 11, 10, or 9 stones left.  In any of

these cases, player 1 can then reduce the number of stones to 8.these cases, player 1 can then reduce the number of stones to 8.

Then, player 2 will reduce the number to 7, 6, or 5.  Then, playerThen, player 2 will reduce the number to 7, 6, or 5.  Then, player

1 can reduce the number to 4.  Then, player 2 must reduce them to1 can reduce the number to 4.  Then, player 2 must reduce them to

3, 2, or 1.  Player 1 then removes the remaining stones and wins.3, 2, or 1.  Player 1 then removes the remaining stones and wins.
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Proof by Cases Example

•• Theorem:Theorem:    nn ZZ  ¬(¬(2|2|nn   3 3|n|n) )   24|(24|(nn22 11))

–– Proof:Proof: Since  Since 2·3=62·3=6, the value of , the value of nn mod 6 mod 6 is sufficient is sufficient

to tell us whether to tell us whether 2|2|nn or  or 3|3|nn.  If .  If ((nn mod 6) mod 6) {0,3}{0,3} then then

3|3|nn; if it is in ; if it is in {0,2,4}{0,2,4} then  then 2|2|nn.  Thus .  Thus ((nn mod 6) mod 6) {1,5}{1,5}..

•• Case #1: Case #1: If If nn mod 6 = 1 mod 6 = 1, then , then (( kk) ) nn=6=6kk+1+1..

nn22=36=36kk22+12+12kk+1+1, so , so nn22 11=36=36kk22+12+12kk = 12(3 = 12(3kk+1)+1)kk.  Note.  Note

2|(32|(3kk+1)+1)kk since either  since either kk or  or 33kk+1+1 is even.  Thus  is even.  Thus 24|(24|(nn22 11))..

•• Case #2:Case #2: If  If nn mod 6 = 5 mod 6 = 5, then , then nn=6=6kk+5+5. . nn22 11 = ( = (nn 11)·()·(nn+1)+1)

= (6= (6kk+4)·(6+4)·(6kk+6) = 12·(3+6) = 12·(3kk+2)·(+2)·(kk+1)+1).  Either .  Either kk+1+1 or  or 33kk+2+2 is is

even.  Thus, even.  Thus, 24|(24|(nn22 11))..

Example 3



CompSci 102 © Michael Frank
8.9

Proof by Examples?

•• A universal statement can A universal statement can nevernever be proven be proven
by using examples, by using examples, unlessunless the universe can the universe can
be validly reduced to only be validly reduced to only finitelyfinitely many many
examples, and your proof covers examples, and your proof covers allall of of
them!them!

•• Theorem:Theorem:  ¬¬ x,yx,y ZZ: : xx22+3+3yy22 = 8 = 8..

–– Proof:Proof: If  If ||xx|| 33 or  or ||yy|| 22 then  then xx22+3+3yy22 >8 >8.  This.  This
leaves leaves xx22 {0,1,4}{0,1,4} and  and 33yy22 {0,3}{0,3}.  The largest.  The largest

pair sum to pair sum to 4+3 = 7 < 84+3 = 7 < 8..

Example 4
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A Constructive

Existence Proof

•• Theorem:  Theorem:  For any integer For any integer nn>0, there>0, there

exists a sequence of exists a sequence of nn consecutive consecutive

composite integers.composite integers.

•• Same statement in predicate logic:Same statement in predicate logic:

nn>0 >0 x x ii (1 (1 ii nn)) ((xx++ii is composite) is composite)

•• Proof follows on next slideProof follows on next slide……

Example 7
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The proof...

•• Given Given nn>0>0, let , let xx = ( = (nn + 1)! + 1 + 1)! + 1..

•• Let Let i i  1 1 and  and i i   nn, and consider , and consider xx++ii..

•• Note Note xx++ii = ( = (nn + 1)! + ( + 1)! + (ii + 1) + 1)..

•• Note Note ((ii+1)|(+1)|(nn+1)!+1)!, since , since 2 2     ii+1 +1   nn+1+1..

•• Also Also ((ii+1)|(+1)|(ii+1)+1).  So, .  So, ((ii+1)|(+1)|(x+ix+i))..

••   x+ix+i is composite. is composite.

••   nn  x x 11 ii n n : : xx++ii is composite is composite. Q.E.D.. Q.E.D.
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Nonconstructive Existence Proof

•• Theorem:Theorem: There are infinitely many prime numbers. There are infinitely many prime numbers.

–– Any finite set of numbers must contain a maximal element, so weAny finite set of numbers must contain a maximal element, so we

can prove the theorem  if we can just show that there is no can prove the theorem  if we can just show that there is no largestlargest

prime number.prime number.

–– I.e.I.e., show that for any prime number, there is a larger number that, show that for any prime number, there is a larger number that

is is alsoalso prime. prime.

–– More generally: For More generally: For anyany number,  number,   a larger prime.a larger prime.

–– Formally: Show Formally: Show nn  p>n p>n : : pp is prime is prime..
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The proof, using proof by cases...

•• Given Given nn>0>0, prove there is a prime , prove there is a prime pp>>nn..

•• Consider Consider x x = = nn!+1!+1.  Since .  Since xx>1>1, we know, we know

that that ((xx is prime) is prime) ((x x is composite)is composite)..

•• Case 1:Case 1: Suppose  Suppose xx is prime.  Obviously is prime.  Obviously

xx>>nn, so let , so let pp==xx and we and we’’re done.re done.

•• Case 2:Case 2:  xx has a prime factor  has a prime factor pp.  But if .  But if pp nn,,

then then pp mod  mod xx = 1 = 1.  So .  So pp>>nn, and we, and we’’re done.re done.
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Adapting Existing Proofs

•• Theorem:Theorem: There are infinitely many primes of the form  There are infinitely many primes of the form 44kk+3+3,,

where where kk NN..

–– Recall we proved there are infinitely many primes because if Recall we proved there are infinitely many primes because if pp11,,……,,ppnn

were all the primes, then were all the primes, then (( ppii)+1)+1 must be prime or have a prime factor must be prime or have a prime factor

greater than greater than ppnn, ,  contradiction! contradiction!

–– Proof:Proof:    Similarly, suppose Similarly, suppose qq11,,……,,qqnn lists all primes of the form  lists all primes of the form 44kk+3+3,,

•• and analogously consider and analogously consider QQ = 4( = 4( qqii)+3)+3..

–– Unfortunately, since Unfortunately, since qq11 = 3 = 3 is possible,  is possible, 3|3|QQ and so  and so QQ does have a prime factor does have a prime factor

among the among the qqii, so this doesn, so this doesn’’t work!t work!

•• So instead, consider So instead, consider QQ = 4( = 4( qqii)) 11 = 4( = 4( qqii 11)+3)+3.  This has the right form,.  This has the right form,

and has no and has no qqii as a factor since  as a factor since ii: : Q Q   11 (mod  (mod qqii))..

Example 5
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Conjecture and Proof

•• We know that some numbers of the form We know that some numbers of the form 22pp 11 are are
prime when prime when pp is prime. is prime.
–– These are called the These are called the MersenneMersenne primes. primes.

•• Can we prove the inverse, that Can we prove the inverse, that aann 11 is composite is composite
whenever either whenever either aa>2>2, or (, or (aa=2=2 but  but nn is composite)? is composite)?
–– All we need is to find a factor greater than 1.All we need is to find a factor greater than 1.

•• Note Note aann 11 factors into  factors into ((aa 11)()(aann 11++……++aa+1)+1)..
–– When When aa>2>2, , ((aa 11)>1)>1, and so we have a factor., and so we have a factor.

–– When When nn is composite,  is composite, r,sr,s>1: >1: nn==rsrs.  Thus, given .  Thus, given aa=2=2,,
aann =  = 22nn = 2 = 2rsrs = (2 = (2rr))ss, and since , and since rr>1>1, , 22r r > 2> 2 so  so 22nn    1 =1 =
bbss 11 with  with bb = 2 = 2rr > 2 > 2, which now fits the first case., which now fits the first case.

Example 6
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Conjecture & Counterexamples

•• Conjecture: Conjecture:   integers integers nn>0>0,,  nn22 nn+41+41 is prime. is prime.

–– HmHm, let, let’’s see if we can find any counter-examples:s see if we can find any counter-examples:

•• 1122 11+41 = 41+41 = 41 (prime) (prime)

•• 2222 22+41 = 4+41 = 4 22+41 = 43+41 = 43 (prime) (prime)

•• 3322 33+41 = 9+41 = 9 33+41 = 47+41 = 47 (prime)    (prime)   Looking good so far!!Looking good so far!!

–– Can we conclude after showing that it checks out in, say, 20 or 30Can we conclude after showing that it checks out in, say, 20 or 30

cases, that the conjecture must be true?cases, that the conjecture must be true?

•• NEVER NEVER NEVERNEVER  NEVERNEVER  NEVERNEVER  NEVERNEVER!!

–– Of course, 41Of course, 4122 441+41 is divisible by 41!!1+41 is divisible by 41!!

Example 8
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Sequences

•• A A sequencesequence or  or seriesseries  {{aann}} is identified with a  is identified with a generatinggenerating
functionfunction  ff::SS AA for some subset  for some subset SS NN and for some set  and for some set AA..
–– Often we have Often we have SS==NN or  or SS==ZZ++==NN {0}{0}..

–– Sequences may also be generalized to Sequences may also be generalized to indexed setsindexed sets, in which the, in which the
set set SS does  does not not have to be a subset of have to be a subset of NN..

•• For general indexed sets, For general indexed sets, SS may not even be a set of numbers at all. may not even be a set of numbers at all.

•• If If ff is a generating function for a series  is a generating function for a series {{aann}}, then for , then for nn
SS,,  the symbol the symbol aann denotes  denotes ff((nn)), also called , also called term nterm n of the of the
sequencesequence..
–– The The indexindex of  of aann  isis  nn.  (Or, often .  (Or, often ii  is used.)is used.)

•• A series is sometimes denoted by listing its first and/orA series is sometimes denoted by listing its first and/or
last few elements, and using ellipsis (last few elements, and using ellipsis (……) notation.) notation.
–– E.g.E.g., , ““{{aann} = 0, 1, 4, 9, 16, 25, } = 0, 1, 4, 9, 16, 25, ……”” is taken to mean is taken to mean

  nn NN,,  aann =  = nn22..
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Sequence Examples

•• Some authors write Some authors write ““the sequence the sequence aa11, , aa22, , ……””
instead of instead of {{aann}}, to ensure that the set of indices is, to ensure that the set of indices is
clear.clear.

–– Be careful:  Our book often leaves the indicesBe careful:  Our book often leaves the indices
ambiguous.ambiguous.

•• An example of an infinite series:An example of an infinite series:
–– Consider the series Consider the series {{aann} = } = aa11, , aa22, , ……, where , where (( nn 11) ) aann==

ff((nn) = 1/) = 1/nn..

–– Then, we have Then, we have {{aann} = 1, 1/2, 1/3, } = 1, 1/2, 1/3, ……
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Example with Repetitions

•• Like Like tuplestuples, but unlike sets, a sequence, but unlike sets, a sequence
may contain may contain repeatedrepeated instances of an instances of an
element.element.

•• Consider the sequence Consider the sequence {{bbnn}}  == b b00, , bb11, , ……
(note that 0 is an index) where (note that 0 is an index) where bbnn  = (= ( 1)1)nn..

–– Thus, Thus, {{bbnn}}  = 1, = 1, 1, 1, 1, 1, 1, 1, ……

•• Note repetitions!Note repetitions!

–– This This {{bbnn}} denotes an infinite sequence of 1 denotes an infinite sequence of 1’’ss
and and 11’’s, s, notnot the 2-element set  the 2-element set {1, {1, 1}1}..
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Recognizing Sequences

•• Sometimes, youSometimes, you’’re given the first few terms of are given the first few terms of a
sequence,sequence,

–– and you are asked to find the sequenceand you are asked to find the sequence’’s generatings generating
function,function,

–– or a procedure to enumerate the sequence.or a procedure to enumerate the sequence.

•• Examples: WhatExamples: What’’s the next number?s the next number?

–– 1,2,3,4,1,2,3,4,……

–– 1,3,5,7,9,1,3,5,7,9,……

–– 2,3,5,7,11,...2,3,5,7,11,...

5 (the 5th smallest number >0)

11 (the 6th smallest odd number >0)

13 (the 6th smallest prime number)



CompSci 102 © Michael Frank
8.21

The Trouble with Sequence Recognition

•• As you know, these problems are popular on IQ tests, butAs you know, these problems are popular on IQ tests, but……

•• The problem of finding The problem of finding ““thethe”” generating function given just an generating function given just an
initial subsequence is initial subsequence is not a mathematically well defined problem.not a mathematically well defined problem.

–– This is because there are This is because there are infinitely infinitely many computable functions that willmany computable functions that will
generate generate anyany given initial subsequence. given initial subsequence.

•• We implicitly are supposed to find the We implicitly are supposed to find the simplest simplest such functionsuch function
(because this one is assumed to be most likely), but,(because this one is assumed to be most likely), but,

–– how are we to objectively define the how are we to objectively define the simplicitysimplicity of a function? of a function?

•• We might define simplicity as the reciprocal of complexity, butWe might define simplicity as the reciprocal of complexity, but……

–– There are There are manymany different plausible, competing definitions of complexity, different plausible, competing definitions of complexity,
and this is an active research area.and this is an active research area.

•• So, these questions really have So, these questions really have nono objective right answer! objective right answer!

–– Still, we will ask you to answer them anywayStill, we will ask you to answer them anyway…… (Because others will too.) (Because others will too.)
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What are Strings, Really?

•• This book says This book says ““finite sequences of the formfinite sequences of the form
aa11, , aa22, , ……, , aann are called  are called stringsstrings””,,

–– but but infiniteinfinite strings are also discussed sometimes. strings are also discussed sometimes.

•• Strings are normally restricted to sequencesStrings are normally restricted to sequences
composed of composed of symbolssymbols drawn from a finite drawn from a finite
alphabetalphabet, and are often indexed from 0 or 1., and are often indexed from 0 or 1.

–– But these are really arbitrary restrictions also.But these are really arbitrary restrictions also.

•• Either way, the Either way, the length length of a (finite) string is justof a (finite) string is just
its number of terms (or of distinct indices).its number of terms (or of distinct indices).
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Strings, more formally

•• Let Let  be a finite set of  be a finite set of symbolssymbols, , i.e. i.e. anan alphabet. alphabet.

–– A A stringstring  s s over alphabet over alphabet  is any sequence  is any sequence {{ssii}} of of
symbols, symbols, ssii , normally indexed by , normally indexed by NN or  or NN {0}{0}..

•• If If aa, , bb, , cc, , …… are symbols, the string  are symbols, the string s s == a a, , bb, , cc, , ……
can also be written can also be written abcabc……((i.e.i.e., without commas)., without commas).

•• If If ss is a finite string and  is a finite string and tt is any string, then the is any string, then the
concatenationconcatenation  ofof  ss with  with tt, written just , written just stst,,

–– is simply the string consisting of the symbols in is simply the string consisting of the symbols in ss, in, in
sequence, followed by the symbols in sequence, followed by the symbols in tt, in sequence., in sequence.
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More Common String Notations

•• The length The length ||ss|| of a finite string  of a finite string ss is its number of is its number of

          positionspositions ( (i.e.i.e., its number of index values , its number of index values ii).).

•• If If ss is a finite string and  is a finite string and nn NN,,

–– Then Then ssnn denotes the concatenation of  denotes the concatenation of nn  copies of copies of ss..

••  or  or “”“” denotes the empty string, the string of length  denotes the empty string, the string of length 00..

–– This is fairly common, but the book uses This is fairly common, but the book uses  instead. instead.

•• If If  is an alphabet  is an alphabet and and nn NN,,

          nn : :  { {ss  ||  ss is a string over  is a string over  of length  of length nn}}, and, and

          ** : :  { {s s ||  ss is a finite string over  is a finite string over }}..
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Summation Notation

•• Given a series Given a series {{aann}}, an integer , an integer lower boundlower bound

(or(or limit limit) ) jj 00, and an integer , and an integer upper bound upper bound kk

jj, then the , then the summation of summation of {{aann}}  from j to kfrom j to k is is

written and defined as follows:written and defined as follows:

•• Here, Here, ii is called the  is called the index of summationindex of summation..

kjj

k

ji

i aaaa +++ +

=

...:
1
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Example: Impress Your Friends

•• Boast, Boast, ““II’’m so smart; give me any 2-digitm so smart; give me any 2-digit
numbernumber n n, and I, and I’’ll add all the numbers fromll add all the numbers from
1 to 1 to nn in my head in just a few seconds. in my head in just a few seconds.””

•• I.e.I.e., Evaluate the summation:, Evaluate the summation:

•• There is a simple closed-form formula forThere is a simple closed-form formula for
the result, discovered by Euler at age 12!the result, discovered by Euler at age 12!

–– And frequently rediscovered by manyAnd frequently rediscovered by many……

=

n

i

i

1

Leonhard

Euler

(1707-1783)
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Euler’s Trick, Illustrated

•• Consider the sum:Consider the sum:

1+2+1+2+……+(+(nn/2)+((/2)+((nn/2)+1)+/2)+1)+……+(+(nn-1)+-1)+nn

•• We have We have nn/2/2 pairs of elements, each pair pairs of elements, each pair

summing to summing to nn+1+1, for a total of , for a total of ((nn/2)(n+1)/2)(n+1)..
…

n+1
n+1

n+1
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Symbolic Derivation of Trick
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Concluding Euler’s Derivation

•• So, you only have to do 1 easySo, you only have to do 1 easy

multiplication in your head, then cut in half.multiplication in your head, then cut in half.

•• Also works for odd Also works for odd nn (prove this at home). (prove this at home).
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Example: Geometric Progression

•• A A geometric progression geometric progression is a series of theis a series of the

form form aa, , arar, , arar22, , arar33, , ……, , ararkk, , where where a,ra,r RR..

•• The sum of such a series is given by:The sum of such a series is given by:

•• We can reduce this to We can reduce this to closed formclosed form via via

clever manipulation of summations...clever manipulation of summations...

=

=
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•• HereHere

wewe

go...go...

Geometric Sum Derivation
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Derivation example cont...
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Concluding long derivation...
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Nested Summations

•• These have the meaning youThese have the meaning you’’d expect.d expect.

•• Note issues of free vs. bound variables, justNote issues of free vs. bound variables, just

like in quantified expressions, integrals, etc.like in quantified expressions, integrals, etc.
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Some Shortcut Expressions
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Geometric series.

Euler’s trick.

Quadratic series.

Cubic series.
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Using the Shortcuts

•• Example: Evaluate            .Example: Evaluate            .

–– Use series splitting.Use series splitting.

–– Solve for desiredSolve for desired

summation.summation.

–– Apply quadraticApply quadratic

series rule.series rule.

–– Evaluate.Evaluate.
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