Rotation in 3D

Rotation w.r.t. a line: Axis of rotation

y
Axis of rotation: z-axis A

2 = xcos@ysin@@
N X

Y

y = xsinf -+ ycosb
, V4
2 =z
) x! | i cos@ —sinf 0 0 1T x |
Yy’ _ | sin@ cos# 0 0 Y
2! 0 0 1 0 z
w’ 0 0 0 1 w
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Rotation w.r.t. z-axis

Substitute r — y,y — 2,2z — .

ycosh — zsin 6

S
|

2 = wysinf + zcosl
r = = 2
] 1 0 00| [z
y | | 0 cosf —sinf O Y
2| |0 s cosh 0 | 2
0 0 0 1 | w |
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Rotation w.r.t. y-axis

Substitute *+ — y,y — 2,z — x in the previous

equations.
y

2 = zcosf —zsinb

¥ = zsinf + xcosh / -~
.
Yy
2
W
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Rotation wrt a Point

y 1
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R(0,p) =T(p)  R.(0) - T(—p)

coe
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Rotation in 3D

Rotation by 6 with respect to an arbitrary line uv.
U = (u17u27u3)7 U = (?}1,’(]2,’03).

1. Translate (—u) so that u becomes the origin

T(—u).
) 1 0 O — U1 ]
0 1 0 —wu
T(—u) = ?
0 0 1 —Uus
I 0 0 O 1 ]

2. Perform a rotation Rj(w,v) so that uv aligns

with the z-axis.
3. Rotate p by angle 6 w.r.t. the z-axis; R.(6).
4. Perform rotation R; ' (u,v).

5. Translate T~ 1(—u) = T'(u).

R(u,v,0) = T(u) - Ry "(u,v) - R,(0) - Ry (u,v) - T(—u).

coe
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Rotation in 3D

coe
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3D Rotation: Step 2

[1 Rotate w.r.t. z-axis so that uv lies on the zz-
plane; R, ().

y y

[] Rotate w.r.t. y-axis so that uv lies on the z-

axis; R, (3).

R(0) = Ry (0:) - Ry(0y) - R2(0:)
0 = (0,,0,,0,): Euler angles

coe
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3D Rotation: Step 2

V—1Uu

A = = (a,b
A" = (0,b,c),yz-projection of A;
A =Vb2+c?2=d
A, = (0,0,¢)
Ay
coso = A-A, e
T OINIA
S1 b
inag = -—.
d
A" = R(a)A ,
B: CCW rotation around )

the y-axis to align A”

with the z-axis

B
A A (A
cosf = —==d, xn
[A"]|A] BN,
sinf = -—a. ’
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Rotation wrt a Line

coe
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Rotation Matrices

R: 3 x 3 rotation matrix.
e1: Unit vector along the z-axis.

eo: Unit vector along the y-axis.

b o o 0O

e3: Unit vector along the z-axis.

[]

Re;: vector after rotating e;.
[] New vectors are also unit vectors.

[ The rotated vectors are normal to each other.

coe
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Rotation Matrices

1
e1r=10 |, ea=
_O_ -
R = |R1 Ry R3).

R; 1s the i-th column vector.

R'61:[R1R2R3] 0 = Ry
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Rotation Matrices

[l ReilRey = R{1 Ry = Ry -Ro=0.
[] Similarly, Ry - R3 = R - R3 = 0.

R{
R'-R = RY | - |[R1 R2 R3]
| Ry

Ri - R3
Ry - R3
R3 - R3

coe
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3D Rotation

How to smoothly rotate from orientation u to v?

Performing a smooth rotating using Euler angles is
difficult!

Need a method that is independent of the coordi-

nate frame.

coe
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Quaternions

[] Discovered by William R. Hamilton in 1843.
[] Extension of complex numbers.

A= (a,a)
[] « 1s a real number.

[1 a i1s a three-dimensional vector.

A can also be written as
A=a+ai+ bj+ ck.

i? =j? =k? =ijk = —1.
[ ij =k, jk=1, ki =],
] ji = -k, kj = —i, ik = —],
A = a+ai+ bj+cij
= (a+ai)+ (b+ ci)j
A is a two-dimensional complex vector.

[]

coe
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Quaternions

[1 H: Set of all quaternions.
1 A= (a,a), B=(8,b): two quaternions.

A+B = (a+p(,a+Db)
A-B (B —a-b,ab+ fa+ a x b)

b A-(B-C)=(A-B)-C.

[ A: conjugate of A = (a,a).
A= (a,—a).

0 A-A=A-A=a?+]al?

0 |Al=VA-A.

coe
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Quaternions & 3D Rotation

[ Let @ € H, |Q| = 1.

[l Define Cg : H — H.
CQ(X)ZQX@ VX € H.

n: Unit vector in R3.
(): cos(0/2) + sin(0/2)n.
For a vector ve R?, V = (0,v) € H.

Co(V): Q-V-Q

Rotation of v by angle 6 w.r.t. n.

b o o 0O

0 Q,Q": two quaternions of the above form

Co(Co(V)) = Q- (Q-V-Q)
(
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