Problem 2.1-2: Show that for any real constants a and
b, b > 0,

(n+a)’ = ©(n")

To show f(n) = ©(g(n)), we must show O and Q. Go
back to the definition!

e Big O — Must show that (n + a)? < ¢; - n? for all
n > ng. When is this true? If ¢; = 2, this is true
for all n > |a| since n+a < 2n, and raise both sides

to the b.

e Big Q — Must show that (n + a)b > ¢o - nb for all
n > ng. When is this true? If ¢ = 1/2, this is true
for all n > |a| since n 4+ a > n/2, and raise both
sides to the b.

Note the need for absolute values.



Problem 2.1-4:
(a) Is 2nt1 = o(2n)?
(b) Is 22" = O(2™)?

(a) Is 2"+l = O(2n)?

Is 2Tl < cx 277

Yes, if ¢ > 2 for all n
(b) Is 22" = O(2™)?

Is 227 < c% 2n?

note 227 = 2M x 2"

Is 2" % 2™ < ¢ * 2™7

Is 2" < ¢7

No! Certainly for any constant ¢ we can find an n such
that this is not true.



Recurrence Relations

Many algorithms, particularly divide and conquer al-
gorithms, have time complexities which are naturally
modeled by recurrence relations.

A recurrence relation is an equation which is defined in
terms of itself.

Why are recurrences good things?

1. Many natural functions are easily expressed as re-
currences:

an =a,_1+1,a1 =1 — ap=n (polynomial)

2n—1

an = 2%a,_1,a1 = 1,— ap = (exponential)

anp = n*a,_1,a1 = 1,— an = n! (weird function)

2. It is often easy to find a recurrence as the solution
of a counting problem. Solving the recurrence can
be done for many special cases as we will see,
although it is somewhat of an art.
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