
� ��� � ��� � 	 � ��
 ��
 � � � � 
 ��� � � �

� ����� ��� � �"!#��$&%'�)( � $&*,+ �'-�!.+ /0�1- -2%43�+5!#����$&%43 +�67$98:�<;=/
>@? $4�A� ? + B1-C+:���D�E�1% �F�@$G�'*4�H%CI J �LKM%4�5�)NO/)�1- ? $GP4+ %4� ? �1� +
� KM$Q%'� > +�!R�F�)S#S
TU+:P4+5! V + $'KW!X$��Y3 �W� $G�'* K��"! $&%4�5� ? +5! +Z6Q��;Y$Q%9$4�D�E�1% �7K $
� !��[V�;\+�� -�%'�D�];1�F� �\� 87;F+G$�!�^
_`;Y$:/a$�!.�1-�%43 > �F� ? � ? +b� !��[V�;\+�� VZ/c8'�1%'�d�Z!e-48:�D��%4I +Z67$&� ��;F+:�
�f� I�+)� ��%'�Z�EI ? � ��%'�W� �F�)^
gh�i*j/)�1-�!#�,+7;kKlB[-4+:���,�Y�1%i�4^amn�O+:�o� ? +npq!r�d�s�Y3�+4$ >@? �E8 ? 8i�1� +:�
��%'�f� � / ? +G$t3 > �O!u*4v w�Kx%4�5�)N >y? / %C�5�Dv
gz� wa-i�Z�H%CI $�;{;q�H%0K��"!e� $G�,�Y�[% � ? $4� wA$&� I"�FP4+5% $&V �1-'� � ? +
� !��[V�;\+�� v
|U+G$93 _[�};=/i$O~�� V �O�1* �h�&� ��� ��������� ����^



���C����� �A��� �j�9�'�{�{������� �e ��&¡��'�{�¢�9£&�¥¤Z� ���<¤:¦ �7� §� ©¨Qª��{�G¦ �F¤ �e���
§2 �¨&ª����4¦ ¨¬«­�2�7���G e¦ �®���¢�t£ �u��� ¤:��¨5 ¯����¤G� �'�{¨9¤Z�'� �©¨}�7  �u���&�
�i¨Q�����'� ��¤ � £O��¡��G� ¤Z�7�A¨O«±° §²¨��¢�¬��¤ �®� �u��� §&�{�5���t³
´ �G�O�©����µ ¤G�'£2£O��¤G�©�'� ¤��¢¦ §&�{��«�µ��®�9£ �u��� §� ©¨Qª��{�G¦ ª�µ  ©��¤G�e ��{�7�¶�
�®�9£ �&�·�©�G�O���{¨Q� ��¨ ¸ ¹\ºf»1¼7¹E½ ºf»1¾�¿#À)ÁM�u���&�M�F¤ �©¨}�7 .¤ Âo���4� ¤G�©�C ¯�
�&� �u��� ���t«¶�u¦ ¨9¤G�x§²¨��®�O�©Áx£O¨ ¤G�u ©��� ���kµ ���9«¥� ��¨  ©�Y£}�O� ��¨ �e���
 ©�Y£}�O�u¦ ¨t¤G�q§²¨��®�O��Á`�5��� �u���G� £¬¨ ¤G�u ©��� ���kµ  ©�Ã£}�¬�nª��7�4Ä ��¨ �e���
¤4���9 ·�©�¢�9£ §²¨��®�O��³

non-bitonic bitonic

Å ��¤Z�G ©�®ª&� �5� ÆaÇ�°OÈ9É �7�Y£O¨5 ©���u��¦ «r¨5  ÊQ�����®�9£ �u��� ¨5§[�©�¢¦ � �
ª����©¨Q���{� ��¨}�  �³ Ë�¨}� ¦ �,µ �'¤�¤4�7¦ � �u���&�s��¨ �eÂ`¨ §²¨��®�O��¤ ���&¡��
�e���Ì¤Z�5¦ �ÎÍ����'¨O¨� ����®���&���9³ÐÏ�Ñh�®�O���j¤��'�5� �{�9«¥�j��¨  ©�Ã£²�O��ÁÒ¦ �9�¢� �
�©�7�®���®�9£ ¨5§[�©�¢¦ � �R§²¨9¤d¤Z�¢ª����{���©���<¤ «r¨5  �u��� �uÂ`¨ §&�C ¯��¤ ¨O« �e���
�©¨}�7 �³EÓ

Ô Õ&Ö�× À'¾�¿ × Ø »1¾ ¾�¼4Ù × ¿rÀ�º Õ ¼4Ù Ú@Û Õ º Õ ¸ ¹\ºf»1¼7¹E½ ºW»1¾�¿ ¹FÀ4ÜM»O¿
× Ý À × ¹Fº ¹\À Û4»[Þ ×7Ý\× À�À4ß
à ¹H¿#À�ºá»7â Õ�Ý{Ý Ü±Þ ÝÃÕ)Ø Ú­¹FºZÛ ºZÛ × Þ ¿�»1¸ Ý\×5ã ßsä Û Ø ¹FÀ'¼&å�ºa¹\ºAº�¿¶¹Fæ7¹ Õ�Ý�ç



" Hey, I guess I can’t tell an 

upper point from a lower point"

"Hey, i guess that I can have

an arbitrary number of upper 

or lower points in a row."

"Hey, I guess this tour

can zig-zag a lot."
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Filling the entities in from N=1 to N’,  k=1 to N,  means we

always have what we need waiting for us.
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vertices - cities

edges - roads 
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vertices: junctions

edges: components
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Î Ï2Ð Ñ�Ò Ó7Ô2Ð Õ Ñ3Ö�Ó ÒP×�Ï2Ø+Ù\Õ Ð3Ï�ÓAÙ�Ú	Û'Ü)Ù+ÝLÔ ÝMÜ6Ñ'ÞÂÚ�Ð3Õ Ö ß�Ö Ó�ÑÓ7Ü Ù2à2Ð3ÜOÖ1Ð:Ð�à2Ð@Ü^á Ð�Ø�ÛLÐJÙ+Ï Ø à2Ð3ÜOÓPÐ%â ßbÏ Ù>Û'Ü)Ù+ÝLÔ\ã	ä�Ý�Ý@Ú¨ß?å2ÙVÓsßtÑ'Ï�ÖßbÏ2å�Úæ×2Ø�ÐLç
è é ÜêßbÏ�Ó1ß#Ï2Û Ñ'×pÓaÓ7Ô2Ðëå�ÑµÏ�ÓPÐ3ÏpÓ�ÖnÑ�ÒoÐVÙrå3Ô>Ð�ØLÛ�Ð Ù+Ï2Ø à2Ð@Ü^Ó�Ð%âSã
è ì Ñ'×LÏ�ÓsßbÏ2Û Ó%Ô2Ð Ï�×�Õ ÞMÐ3Ü<Ñ�Ò�ÐpØ�Û�Ð�Ö2ã
è í Ø�Ð3ÏpÓsß�Òêá�ßbÏ2Û å�ÑµÏ�Ï2Ð�å�Ó�Ð�Ø å�ÑµÕ ÝMÑ'Ï2Ð@Ï�Ó�Ö�Ñ�ÒîÙ Û'Ü)Ù+Ý�Ô-ã

ï\Ñ-Ü±ðrñ ò�ó¬ðVô@òAõSöø÷0Ð Õ ×�Ö�Ó Õ Ù�ùmÐ Ö�×�Ü5Ð ÷0Ð à�ß9Ö%ß�Ó ÐVÙrå3Ô Ð�Ø�Û�ÐÙ2Ó Õ Ñ@Ö�Ó�Óe÷:ßtå�Ð�ã
ï\Ñ-ÜWò�ú@ûeû;ð�ò�üýô@ðmþ�þ�öS÷0Ð Õ ×�Ö�Ó0Ø�Ñ Ó7Ô2Ð Ó%Ü)ÙVà Ð3Ü^ÖCÙ�Ú+ßbÏ Ù ÖAá�Ö�ÓPÐ@Õ ÿÙ2Ósßtå ÷�Ù[á Ö1Ñ Ó7ÔUÙVÓ:÷0Ð Ø�Ñ'Ï��tÓ Õ ß9Ö�Ö!Ù+Ï�á�Ó7Ô�ßbÏ2Û=ã
� ß#Ï2åpÐ�Ù Õ Ù���ÐKß9Ö��_×pÖ�ÓqÙ�Û'Ü Ù\Ý�Ô\öVÖ�× å3Ô:Ù+Ï�Ù�Ú9Û�Ñ-Ü�ß�Ó7Ô�Õ Õ ×�Ö�ÓqÞMÐÝMÑU÷0Ð3Ü Ò¼×@ÚUÐ@Ï2Ñ'×2Û'Ô>Ó�Ñ Ð@ÏUÙ+Þ@Ú9Ð ×�ÖcÓ�Ñ Û�Ð�Ó0Ñ'×�Ó0ÑMÒqÙ+Ï Ù@ÜýÞ�ß�Ó7Ü Ù@ÜOáÕ Ù��pÐ�ã
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� X?�0V�W=X.�

r 2�FN( DNPR�3#7�1P�LSO���83D�P�F�-7��� t ]\Z�^�X dfX �Cg3i>p�]�X�| X?b%���>V�W�ijg�o
_�]3i"p�^�X�W`_aX?b �*X*_��

� X h x�pk_ Zs��p9V h ZSijg�_kZ�ilg Z pk_?W$x�[E_�xsW{X [�Vyg�_kZ�ilg3ijg�o Zs�R�M_�]�X
^.XSW`_9i�[1XEp dfX ]\Z�^�X |�i>p9[�V�^�XSW=X�| � x�_ g�V�_ [�V�h �K�"XE_aX3��� X?b�t
�K�"VHW{X�|��
��g3i>_�i�Zs�R���*cwV�g���� Z p?ijg�o��>X pk_kZ�W~_ ^�X�W`_aX?b i>p [1V�g�p?i�|sXSW=X�| _aV � X
|Hi"p9[1VS^�XSW=X�|e�
�:V [�V�h ���>XE_zX���� X?b%�K�"VHW{X Z ^�X�W`_aX?bHc�dfX �>VHV�� Z+_ X+Z\[�] X�|sosX
o�V�ilg.o V�x�_�V3�Ji"_���UNV�W�X+Zv[S] X�|�osXud�]3i�[S] osVHXEp,_zV ZNg xsg�|Hi"pzt
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d�]�X�g X�Z\[S] V3�¡i>_¥p XSg�|y��V�ilg1_¥p Z�W{X X?b%���>V�W=X�|e�
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ÌHÍ Î Ï Ì�Ð¢Í Ñ ÌNÒ Ï Ì�Ð
Ó Ô�Õ ÖH×{ØsÕ�×ÚÙfÕ Õ�Û%Ü�Ý>Ö�×=Õ Þ?Ô�Õ ß�ÕS×~Þ�à�á�ÕEâ ØsÕSÜ�ÕSã�Ø�â äsÜ�Öyã Ù�Ô\å�Þ
æ àlã.Ø Ö3ç�Ø%å�Þkå âkÞ?×$ä�áEÞ�äs×=Õ à>â ä�â9Õ�Ø�è

é ê ë\ì3ë\ì í î?ï âµÞzÖ�×�àjã�ð Þ?Ô�Õ ß.ÕS×`Þ9à�á1ÕEâ àlã å ñC×~âkÞ�òaàjãNó�ñC×`âµÞ
Ö�ä1Þ ô�õHö0õ�÷ ø ù�ä�Õ�ä�Õsó ÙfÕ Õ�Û%Ü�Ý>Ö�×=Õ Þ?Ô�Õ Ö�Ý"Ø�ÕEâkÞ äsã�Õ?Û�ò
Ü�Ý>Ö�×=Õ�Ø ß�ÕS×~Þ�à�á�ÕEâ�ñC×`âkÞ�úJÓ Ôsä�â¤Ö�ä�×�Õ?Û%Ü�Ý>Ö�×ûå+Þ9à�Öyã�â�×üåvØ�à�å�ÞzÕ
Ö�ä1Þ�â*Ý"Ö\Ù}Ý ï çý×=Ö�þ Þ?Ô�Õ âkÞµåS×~Þ�àjã�ð ß�Õ�×`ÞaÕ?ÛHóeØsÕ�ñCã3àlã.ð å â9Ö3ò
á+å�Ý�Ý>Õ�Ø ÿ�� ì������	��
�� ��
 � 
 ì�� ��� � ú

é ����� ��� ò î�ï âµÞzÖ�×�àjã�ð Þ?Ô.Õ ß�Õ�×`Þ9à�á�Õ*â àjã å Ý å�âkÞ�òkàjãNóÚñC×~âkÞ�ò
Ö�ä1ÞJô��sö7õ�÷ ø âkÞkåvá æ ó3ÙfÕ}Õ?Û%Ü�Ý>Ö�×=Õ¡Þ?Ô�Õ¡ß.ÕS×`Þ9à�á1ÕEâ î�ï Ý äs×=áSÔ*ò
àjã�ð å�Ý"Ö�ã.ð å Üvå+Þ?Ô�óeá�Ö�ã�âµÞkå%ã1Þ5Ý ï ß3à>â?à"Þ9àlã.ð å ã�ÕEÙ ã�Õ.à�ð�Ô*ò
î ÖH×¢à ç}Ö�ã�Õ à>â å�ß\åSà Ý�å î Ý>ÕsóÚåNã�Ø î åvá æ àjã�ð äsÜ Ö�ã�Ý ï à�ç�ÙfÕ
å�×{Õ â1äs×m×=Ö�äsã.ØsÕ�Ø î?ï Ü3×=ÕEß3à�Ö�ä�â*Ý ï ØHà"â9á1ÖSß�ÕS×=Õ�Ø ß.ÕS×`Þ9à�á1ÕEâ�ú
Ó Ôsä�â Ö�äs× Õ?Û%ÜKÝ"ÖH×üå�Þ�à�Ö�ã�â ù�ä�à�á æ Ý ï Ù�åNã�ØsÕS×}å*Ù�å ï çý×=Ö�þ
Ö�ä�×ÚâkÞµåS×~Þ�àjã�ð Ü�Ö�àjã�Þ*ó�Ø�Õ?ñCã3àjã�ð å â9Ö3ò6á+åsÝRÝ>Õ�Ø �sì�������
�� ��
 �
 ì�� ��� � ú

Ó Ô�Õ Þ�Ôs×{Õ1Õ Ü�ÖSâkâ?à î Ý>Õ á�Ö�Ý>Ö�×~â Ö3ç Õ�å\áSÔ ã�ÖHØsÕ ×{Õ �yÕ1áEÞ à�ç à>Þ à>â
ä�ã�ß3à>â?à"ÞaÕ�Ø ô�Ù�Ô3à"ÞaÕ.ø�óSß�à"â?à>ÞzÕ1Ø î ä�ÞJä�ã�Õ?Û%Ü�Ý>Ö�×=Õ�Ø ô6ð�×=Õ ï ø ÖH×Há�Öyþ ò
ÜKÝ"ÕEÞaÕ3Ý ï Õ�Û%Ü�Ý>Ö�×=Õ�Ø ô î Ý�å\á æ ø�ú
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