CPS 230 Prof. Jeff Vitter
Design and Analysis of Algorithms Fall 2001

Homework 6 (due 4pm on Monday, December 3, 2001)
Submit the homework in Ankur’s office (D122)

1 BFS, DFS, MST, Dijkstra’s [Chapters 22, 23, 24 in
CLRS]

1. A directed graph G = (V, F) is unipathic if for any two vertices u,v € V, there is at most
one simple path from u to v. Suppose a unipathic graph G has both positive and negative
edge weights. Design an efficient algorithm to determine the shortest-path weights from a
source s to all vertices v € V for such a unipathic graph. If some shortest-path weights to
vertices reachable from s do not exist, your algorithm should report that a negative-weight
cycle exists in the graph.

2. Design an efficient algorithm to find a spanning tree for a connected, weighted, undi-
rected graph G = (V, E)) such that the weight of the maximum-weight edge in the spanning
tree is minimized.

3. True or False: (You must also explain your answer.)

(a) An MST cannot contain the longest edge in a graph (assume all edge lengths are
distinct).

(b) An MST cannot contain the longest edge in any cycle (assume all edge lengths are
distinct).

(c) In a directed graph, we will get a minimum directed spanning tree from a root node
r (in a directed spanning tree, all edges must lead outward from the root) by using
Prim’s algorithm (at each iteration, we add in the shortest outgoing edge from our
current tree T'), so long as a directed spanning tree from 7 exists.

4. Given an undirected graph and s,t € V, design a polynomial-time algorithm that com-
putes the number of shortest paths from s to .

2 NP-Completeness and Reductions [Chapter 34 in CLRS]

Each of the next two questions asks you to show that a certain problem is NP-Complete. The
way to do that is to show a polynomial-time reduction from a known NP-Complete problem
to the problem in question. That is, for every instance A of the known NP-Complete prob-
lem, the polynomial-time reduction constructs an instance B of the problem in question, so
that the answer for the known NP-Complete problem on A is identical to the answer for the
problem in question on B.



5. [k-Clique Problem] For an undirected graph G(V, E), the k-Clique problem is defined
as, “Is there a way to partition the graph G into k cliques?” A clique is a complete subgraph
of G (i.e., a subgraph with edges between all pairs of vertices). The figure below shows the
decomposition of the graph into k¥ = 3 cliques, which is the minimum number of cliques
possible.

Assume that the problem of k-Coloring is nown to be  -complete. In the £-Coloring
problem, for an undirected graph, we as the question, “ iven a graph G, is it possible to
color each verte such that its color is di erent from all its neighbors, using only k& colors?”

rove that the k-Clique problem is  -complete by giving a polynomial time reduction
from the k-Coloring problem.

O ri queei ]A quee ¢ is one whose entries can be either , , or
and whose rows or columns can be merged. First, we define the merge operation on two
entries as shown in the following table. e cannot merge two di erent non- entries,
and entries can be merged with anything. ( ou can thin about as a don t

care state, if you now what that is.)

ntry A | ntry erged ntry

iven this operation, we say that two rows (columns) of a squee y matri are mergeable if
and only if all the corresponding entries in those rows (columns) can be merged.

ow the goal of the atri quee ing problem is to reduce the si e of a given squee y matri
to the smallest possible si e, by performing a sequence of row or column merges (you can
intersperse row and column merges) until no rows or columns can be merged. For e ample,
consider the following two sequences of merge operations on an input matri in the figure









