
1

���������
	��
�
�������������������������

����� �"!$#
%
&"'(�*),+-+

���.�/� �0�1�2�3	���45	6�7�289�;:=<?>A@B�C�D�E�1FG	H�JI

KHLNMOMQPSR�TUM�VXW ) VSV +�),' MQY VXY &,'�Z,+�&,[U),[ Y \ Y V-Y TUM�] 'U&U^�'

_a`,bJcedOb�cgf6dih jJkJb�l2fimUnpo�f2j�f2q
_a`,bJcedOb�cgf9j�n3bim.f7nporfis�q
tvuOw xgy{z |J}{~ �J�$�������
�g}
w xg�$|{�{�0~ �
t"��|0�{�J~��
w ���gw �,�0���{�Jz ��� w ��w �$��� ��� ���
y��{�����
w ���

KHLNMOMQPSR�TUM + T ^6)"+���� P 'U� V-Y &,' Y M�] '�&U^�'

���������
	��
�
�������������������������

K��OT )"+�'�[U�D� V + Y ) \ )�'U� T +�+�&,+-�
K�� &�) MOMQPQR Z V-Y &,' M ),[�& P�V*R &S� T,\
K�� &�) MOMQPQR Z V-Y &,' M ),[�& P�V + T ^6),+���� P '�� V-Y &,'
KHLNMOMQPSR�TUM��
_7 Qm�¡Jf7jJn3¢rn3f1h j9£J¤�bJc¥¤�¢2nO¢O¦ ¦{nph s�frj
_a§,fJc
¢im.d6h j9£J¤�bJc¥¤
_a¨�h jJkJbO¡2¤�n�h j9£�¤Jb�c¥¤

�?��©e�789�����

KHL � V

K � T +�� T,Y ª�T ' TU«OVQMOV ) V¬T

K�­ ZU�S) V¬T�ª ) \ P�T � P 'U� VXY &,'

K % T Z T ) V

®?�3��8a¯¬�3�H8
�
4

°  Qm�h ¢O¦{¢O¤rd9fOm�mpbOmSs�frnporbrd2j�k�¢i¤7±rf1s�¢�²r²rf2d7n3b9nporf
d2³r¤J¢Os9h k9²2m.bO´Om.¢is7s9h ¤�´Jµ¬¶�¨g·6¸¬m.¢Os�f�c¥bOm�£
°�¹ ¢rjJ³�n3b6h s9²r¦ fOs�f�¤�n
º1» �{��¼,� |���|0�{�
º1½ |�¾�¿,ÀOÁ6�Â� w ~ w ����� w |0�

°�Ã ¤JkrmpfOs�fi¤�n3¢i¦�¢O²O²2m.br¢2k2o�kJb�¤Äl2fOmp´rfrj9h ¤�npoJf6¦ h s7h nOn3b
npoJf7jJ¢Os�f7¢�¤�j{cgfimU¢rj�npm.¢2dOh nph bO¤r¢O¦Js�frnporbrd2j
°HÅ ¢i¤6±�f7kJbis6±rh ¤�fOd�c¥h npo
¸¬¡r¤Jk�nph b�¤�¢O²O²rmpb�Æih s�¢rnph b�¤
_
c¥h npo�jJbis�f7kJ¢Jlrf2¢rn3j
° `,¢2j7±JfOfO¤9¡�jJfOd7j2¡�kJkJfrjJj{¸¬¡r¦ ¦ ³�h ¤7s�¢O¤J³�d2bOs7¢ih ¤Jj

:5	�Ç��H¯
����������������È?É�Éa�
	6���78

K�Ê &Q� T,\O\ T ),+�' Y 'UË�Ì M & \ ªQY 'UË�ÍÎ� T + V ) Y ' V �
Ï�Ð PSY ª ) \ T '�� T
KÎÑ &U^ V & \ T ),+-'�) R &S� T,\.�
_9 �¢O£{f7¢2k�nph bi¤�¢6h ¤�jJn3¢rn3f9jOÒJbO±�jJfimÓl2f7j2Ô
_9 �¢O£{f7¢2k�nph bi¤�¢6h ¤�jJn3¢rn3f9jOÒ2¤�n3h s�frj
_9Õ�±Jj�fimÓl2f7j2ÔJsÖnph s�f2j
_�·Q×.j2Ô Ø jOÒ ¢OÙSÚ6s
µ¬¤
_�Ûih ¦ ¦Jh ¤�npm.¢i¤�j2h nph bO¤7s�¢rnpm�h Æ
¸pbimUfr¢2k2o�¢rkJnph bO¤
_ Å bOs6²2¡�n3f6¢Jlr´�Ü2m.f�cg¢im.d�¸pbimUfO¢rk2o�j�n3¢2n3f

K �N& \ ª�TÎ�OT ),+-' T � R &S� T,\ ) M ),' ÊBÝ �



2

���.� � �0�7�2�3	H��4 	���: 	�Ç6�H¯
�9���H�{�����9�

° ·�¢Om.nph nph bO¤Jj9¦ f2¢Om�¤2h ¤r´UÒJjJbO¦ ¡�nph bi¤7h ¤�n3b9n c
b1²ror¢rjJf2j
° ¶�b2dOfO¦Js�¢2³9±�f6¦ ¢imX´2f6×�or¢im.d7n3b�lih j2h nrfJl2fOm.³
jJn3¢2n3f
¦ brn3j�b�¸�nph s�frj2Ù
º � |�� ���S¿S�Ä��� �0��|J��y{~ ��� �0~ ¼�x{���0�Jz |J�
���$� �{w ��y{z |J}
~ �J���

° ¶�b2dOfO¦{jJn3bOm.¢2´rf1h j�fJÆO²Jf�¤�j2h l2f
° ¶�b2dOfO¦Js�¢�¤2h ²r¡r¦ ¢rnph bO¤9h j�fJÆi²�f�¤�j2h l2f

�(�D� É�	�����¯
<?� ���
���
�H�9�
� �7���������p�7�

K
	 ' T &U� VXWUT � Y + MOV % � ) \ Ë,&,+ Y V-WSRaM
K��iT ),+-' V-WST�ª ) \ P�T &S�,)�� 
 �����DZU& \ Y �O����'�&
&"Z V-Y R�Y � ) VXY &,'���� P�M�V ZS+ T � Y � VXY &,'��
K ��& R ZU),+ T ^ Y V-W�Y V¬T +�) V-Y ª�T�ª ) \ PUT
� TUV�T + R�Y '") V-Y &,' � �

+=+

'

1 )'()|'()()(
s

ii sVssPsRsV γ

ÀOz |J}{~ �J�����9���{|J��� � ����|�¾a� �{w ��!

@B����4
�#"�Ça���%$5:5	����0�'& ����¯ 	 ©e�a� É�¯����9�

°)( jJjr¡2s�f9npo�¢rnrcgf1or¢�l2f7¢1±r¦ ¢rk2£�±�b�Æ�*

°HÅ bO¡O¤JnOnpo�f1¤O¡rs6±�fimUb�¸�nph s�frj
cgf7jJfrf9fO¢rk2o�j2Ô
º6» ��� w �$�
� �gÀ,+ �-� . �0/�1 |Jz{�{�{�
�$�-�
º6» �����Ä�Â� w �J~ ~ ¼*~ �{�Jz3���,�g��w �{w 2p�$|{�
�J~31 |Jz{��� ��� ���
º ¿Q�J�v� �{w ���S|�10�{���{�{�$�Jz w ���J~�w �Â� �{xJz ��� w |0�

° ·Qm.bO±2¦ f�s4*J Qo�f�c¥bOm¬¦ d9dObrf2jr¤2Ô nrcgbOm�£
nporh j
cg¢r³

5 �5

6��87��#"�Ç����

K % T,R�T,R [ T +:9�) \ PUTÎÝ
TUV¬T + RHY 'U) VXY &,' �

K ��& R Z P�V¬T )�' P ZU�Q) V-T ) MDY � VXWST &"[ M�T + ª�T �
M�; ),'��B+S^ T + T�V-WUT &�' \ ��ZU& MOMQY [ \ T
& POV �O& R�TUM��

KBÊ ) ]rT ) MQR ) \ \OP ZU�S) V�T(Y ' V-WQY M � Y + T � V-Y &,' �

<
+=+

'

1 )'()|'()()(
s

ii sVssPsRsV γ

)'()( sVrsV itemp γ+=

)()()1()(1 sVsVsV tempii αα +−=+ 10 ≤< α

& 	���=7���
�a���9�
�?>

K)@ W ���S& TUM ' ; VSVXWSY M & M � Y \ \ ) V-T�A
_9fUÜ ´UÜJkJbi¤�j2h drfOm�j�bis�f1¦ brc ²2m.b�±�¢�±2h ¦ h n3³
j2Ô�c¥h npo�¢
lrfim.³9orh ´Oo9×.bOmQ¦ bJc¥ÙSm.fJcg¢Om.d�lr¢i¦ ¡rf

_9 So2h j�kJbO¡2¦ d7jJnph ¦ ¦
k�¢i¡�jJf7¢1±rh ´�B¬¡2s6²7h ¤DC*×.j2Ù

E ��4GFa�J���9�H& 	��I=9�H�C�a�������

K % T ^6),+�� MDW ) ª�T [U& P '�� T � ª )"+ Y )�'U� T
K
K Ï ª�T +X� MOV ) V�T�ªQY MQY V¬T � Y 'U� Y ' Y V¬T,\ �a&U� V¬T '
K��OT ),+-' Y 'UË(+�) V�T � T �O)S� M�M & V-W ) VC�
_
_

J WUTUM�T �O&,'S� Y V-Y &,' M ),+ T �¬& Y ' VX\ ��K�LNMOMQPQRSPUTWVYX V & T ' MQP + T
�O&,' ª�T +�Ë T '�� T�Y ' VXWUT�\ Y3R�Y V ^ Y VXW ZS+�&�[U),[ Y \ Y V ��#�Z

10 <≤ γ

[ ∞ ∞=
i i s)(α\ ∞ ∞<
i i s)(2α



3

®�	1F ©��2��	��9�;� 4 � 8�� 4I>

° � bi¡O¤�dOf2d�l2¢Om�h ¢�¤Jk�f9b�¸Qm.fJc
¢im.drj,*�f2¢rjJ³
° ¨�h jJkJbO¡2¤�n *�jJn3¢O¤Jdr¢im.d
° C�h j2h nph ¤�´7fJl2fOm.³�j{n3¢2n3f6h ¤Ä¸¬h ¤rh n3fi¦ ³�bJ¸pn3fO¤ *6`�s9s7s��
°�� fO¢Om¬¤rh ¤r´6m.¢2n3fN*�ÕN¸pn3fi¤7¦ fr¢Od2j�n3b7j2¦ b�c ¦ fr¢im�¤rh ¤r´
°�Å bO¤Äl2fimX´2f�¤�kJf6h ¤�npo�f6¦ h s7h n *���fr¢i£

�
	���
 ��� ������������������� ����� � 
 ���!�#"�
�$&% �('����)$�� �������!"(*�� +�� ���(
 ��� "
��,!� ��"(-#
 �#.�"#���

/10(� +�� �!�(
 ��� "�.�����2�"(3 ��$54)����
 ��� �('����)$6�(-#
�� ��
 �
798�:<;>=@?BADC@?E;GF�?IHKJ L<J<MONQPR:@S<TQLOAU:EVOW ?<XQJ

Y�Z\[U]_^a`b]Kc_d�e�f gIcihj^\kKl!^�m�^\c(e�Z�e�f g\c

7onBpO;Oq<TBXI?E;�S�T<W�LOAr:EV@W ?<XsAU?EXIT<t ;�u\p<;�u�:<W =@?Oq�N
/KvBwQ3 "#��
��#� ��������3 x!"#��*����#">3 yU3 "���
��#� ���(-#
 ��2#3 "�*5z)2#{��
/
|���
 �#"(*�����"�3 �&� � � 3 3�����x!"(3 ��
 ��"�x!�>3 {�"�, {#��. � � �����
/Kv@�#��"�+�-�"��!�!� x�"�� ��� � ��
 "�� ��"#��"�, {#��. � � �>���
/
} *�-��#���!� 2#3 "�� ��x�� �!� �#"!x!"�
 ��� � �!� "(� ��3 ��
 ��"(*����#">3 �

7onBpO;�F�SUt :E;KT<L<L@Ar:G~Bt XIT@SUt :E;
/
����"(*��#.!�#� ��"(3 "���
 �#� ���(*�"�� �����#��� ����"���"�
 ��3 � ��"
/K�<x!��� ��� ��"(��"�"���� ��x�� �!� ��"�x!"�
 ��� � ��� "

�����K�5�@���9�����Q���!�
���r���\�@���9�

7���?B;O?<ArTBW�LOAr:EV@W ?BXbNQ��?@T<A�;���p<;GF�SUt :<;����UuO�
/
�O"�
 .�"�-�� 
 ���
/
|#� ��"#�>
G
 "!��
 "#���!� ���
/
 �"�{#
 ��3���"�� $���
�' �

7o¡ q@?OT�N�¢£L<L@Ar:G~Bt XIT@S�?I���ru@�¤H_t SU¥ICB�ru<¦ H_�
/1�(� �R����*�"�"#�#�!� 3 ��.��>*�-#{�� ��2!3 "�, {#��. � � �>����,#�R���!�R$
/Kv<
 �R� ��, � ���R$§� �����>*�� �#� *�� ��"#��� ��"�"�
�
 ��
�� ���

Implementing VFA

• Can’t represent V as a big vector

• Use (parametric) function approximator
– Neural network
– Linear regression (least squares)

– Nearest neighbor (with interpolation)

• (Typically) sample a subset of the the states

• Use function approximation to “generalize”

Basic Value Function Approximation

Idea:  Consider restricted class of value functions
Hope to generalize from subset of states to all

V0 FA V*?VI

Alternate value iteration with supervised learning

Sample
subset
of  states

resample?

Bellman
equation

VFA Outline

1.  Initialize V0(s,w0), n=1
2.  Select some s0…si
3.  For each sj
4.  Compute Vn(s,wn) by training w on 
5.  n := n+1
6.  Unless Vn+1-Vn<ε goto 2

If supervised learning error is “small”,
then Vfinal “close” to V*.
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Key Questions

• Stability
– Do values converge to some point or region?

• Quality bounds (assuming convergence)
– How close are we to optimal?

Stability Problem

Problem:  Most VFA methods are unstable

s2
s1

No rewards, γ = 0.9: V* = 0

Example:  Bertsekas & Tsitsiklis 1996

Least Squares Approximation

Restrict V to linear functions:

Find θ s.t. V(s1) = θ, V(s2) = 2θ

Counterintuitive Result: If we do a least squares fit of θ
θt+1 = 1.08 θt

s1 s2 S

V(x)

Unbounded Growth of V

1 2

n

S

V(x)

What Went Wrong?

• VI reduces error in maximum norm

• Least squares (= projection) non-expansive in L2

• May increase maximum norm distance

• Grows max norm error at faster rate than VI shrinks it
• And we didn’t even use sampling!
• Seems like bad news for neural networks…

• Success depends on
– sampling distribution
– pairing approximator and problem

• Good feature engineering can succeed (TD-Gammon)

Types of Success with VFA

• Empirical
– Use domain knowledge to choose family of 

functions carefully

– Tricky…

• Theoretical
– Establish a posteriori bounds in case of 

convergence (weak)

– Pick special function approximation methods that 
permit a priori bounds
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Success Stories - Linear TD
• [Tsitsiklis & Van Roy 96, Bratdke & Barto 96]
• Start with a set of basis functions

• Restrict V to linear space spanned by bases
• Do weighted projection

Space of true value functions

Restricted Linear Space

N.B. linear is still expressive due to basis functions

Π = Projection
VI

�§���������������9����	
	����9�

7��R?G��t ;G?QT1uG?@S<:G� V�TOu@t u���p@;GF�SUt :<;�u\� =@?OF�S�:<AUuO�

76¢�L@LOA�:G~Bt XIT@S�?I�<H_t SU¥ITKH(?<t CE¥GS�?<q1F�:<X\V@t ;OTOSUt :E;I:��
SU¥G?Ou�?
VOTOu@t u���p@;GF�SUt :<;�u

7�
¤~@TBX\LOW ?EN���LOT@F�?\:G���Ep�T<q<ArT@SUt F���p@;GF�SUt :<;�u¤N

7��KArSU¥G:@C<:<;OTBWGL@Ar:��U?@FGSUt :B;\X\t ;Ot X\t ��?OuKu@pOX :G�
u��BpGTBAr?<q\?BA�Ar:<AUu

)()...(),( 21 shshsh k

�
=

=
k

i
ii shwsg

1

)()(

2
321 )(,)(,1)( sshsshsh ===

Formal Properties

• Use to evaluate policies only
• Converges w.p. 1

• Error measured w.r.t. stationary distribution

• Frequently visited states have low error

• Infrequent states can have high error

21
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VV
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Π−
≤− ρρ

ρ

Linear Methods

• Applications
– Inventory control:  Van Roy et al.

– Packet routing: Marbach et al.

– Used by Morgan Stanley to value options

• No guarantees when combined with policy improvement
– Can produce bad policies for trivial problems [Koller & Parr 99]

– Modified for better PI: LSPI [Lagoudakis & Parr 01]

• Can be done symbolically [Koller & Parr 00]

• Issues
– Selection of basis functions

– Mixing rate of process - affects κ, speed

Success Story:  Averagers [Gordon 95, and others…]

• Pick set, Y=y1…yi of representative states

• Perform VI on Y
• For x not in Y,

• Averagers are non expansions in max norm

• Converge to within 1/(1-γ) factor of “best”
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i ii yJxV )()( β
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10

β
β

Interpretation of Averagers

x

y1

y2

y3

β1

β2

β3

�
=

i ii yJxV )()( β
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Interpretation of Averagers II

Averagers Interpolate:

x

y2

y3
y4

y1

Grid vertices = Y
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