
CPS102- Homework 4
Due on November 8, 2005

Questions may continue on the back. Please write clearly. What I cannot read, I will not grade. Typed
homework is preferable. A good compromise is to type the words and write the math by hand.

The Duke Community Standard requires every undergraduate student to sign the statement below upon
completion of each academic assignment. I am not allowed to accept your assignment unless you sign on the
line below, if you intend to return this sheet, or you copy and sign the same statement on your own paper.

I have adhered to the Duke Community Standard in completing this assignment.

Signature:

In all answers, show your work in detail. This assignment is short so care in the details matters.

1. In class we proved by direct summation that

n∑

i=0

i2 =
n(n + 1)(2n + 1)

6

for n = 0, 1, . . .. Prove this by induction instead. [Hint: when manipulating algebraic expressions, think what your goal is.
This may make it more obvious how to proceed.]

2. The sequence sn = n2 for n = 0, 1, . . . (the sum of this series appears in the previous problem) can be defined recursively,
that is, by giving its first value and a way to compute sn+1 from sn for n = 0, 1, . . ..

(a) Define sn recursively. [Hint: there is more than one way to do this.]

(b) Let

Sn =
n∑

i=0

si

where si is the same sequence as before, that is, si = i2. Define Sn recursively. [Hint: this is trivial.]

3. Prove by induction that
n∑

i=0

i3 =
[
n(n + 1)

2

]2

for n = 0, 1, . . ..

4. [From D. Knuth, The Art of Computer Programming, (1) 1.2.1, Exercise 2.] What is wrong with the following proof?
Explain carefully.
“Theorem:” For all positive real numbers x and for all positive integers n we have xn−1 = 1.
“Proof:” Let P (n) be the statement xn−1 = 1. The base case P (1) is true: If n = 1, then xn−1 = x1−1 = x0 = 1. We now
prove the implication P (1), . . . , P (k) → P (k + 1). We have

x(k+1)−1 = xk =
xk−1 xk−1

xk−2
.

If we assume that P (1), . . . , P (k) are true, the last expression equals

1 · 1
1

= 1

by P (k) and P (k − 1), so P (k + 1) holds as well. By the principle of strong induction, P (n) is true for all n = 1, 2, . . ..
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