1AlgorithmsProfessor John ReifALG 2.0Probability Theory(a) Random Variables: Binomial and Geometric(b) Useful Probabilistic Bounds and Inequalities

Main Reading Selections:CLR, Chapter 6Auxillary Reading Selections:BB, Chapter 8 Handout: "Probability Theory Refresher"

2 probability measureA (Prob)is a mapping from a set of eventsto the reals such that

(1) For any event A0 £ Prob(A) £ 1(2) Prob (all possible events) = 1(3) If A,B are mutually exclusive events, thenProb (A ¨ B) = Prob (A) + Prob (B)

31Conditional Probability

1define Prob(A|B) =

Prob (A

� B) Prob (B)for Prob(B) > 0

41Bayes’ Theorem If A1 ,..., An aremutually exclusive and contain all eventswhere Pj = Prob(B|Aj) Prob(Aj) Prob (Ai | B) =

�j=1n PjPithen.

B. . .. . .

A1A2AiAn

51Random Variable A(over real numbers)

1Density Function fA(x)=Prob(A=x) x10f(x)A

F (x)A

61prob Distribution FunctionFA(x) = Prob (A £ x) = �-¥x fA(x) dx

FA(x)10x

71If for Random Variables A,B"x FA(x) £ FB(x) "A upper bounds B"and"B lower bounds A" then

BF(X)FA(X)X

F A (x) = Prob (A £ x)F B (x) = Prob (B £ x)

81Expectation of Random Variable A

E(A) =

A = �- ¥¥ x fA(x) dx

A is also called "average of A"and "mean of A" = mA

9Variance of Random Variable A sA2 =

(A-A)2 =

A2 - (

A)2where 2nd moment

A2 = �- ¥¥ x2 f(x) dxA

xfA(x)small variance xfA(x)large variancesmalllargeexampleexample

1 0 1 n’thMoments of Random Variable A

An = �- ¥¥ xn fA(x) dx1moment generating function

MA(s) = �- ¥¥ esx fA(x) dx = E(esA)1notes is a formal parameter

An = dsndn MA(s) s=0

1 1 1Discrete Random Variable A

1 2 3 4 5 6 7...fA(x)density function

1 2 3 4 5 6

78 9distribution functionF(x)A...x�i=0xf (i)=prob(A£x)== prob (A=x)A

1 2 1Discrete Random Variable Aover nonnegative integersexpectation E(A) =

A = �x=0¥ x fA(x)n’th moment

An = �x=0¥ xn fA(x)1probability generating function

GA(z) = �x=0¥ zx fA(x) = E (zA)1st derivative GA’(1) =

A2nd derivative GA"(1) =

A2 - A

variance s

A A A A

G G G

2 2

1 1 1

= + -

" © ©

( ) ( ) ( ( ))

131A,B independent ifProb(A�B) = Prob(A) � Prob(B)

1 equivalent definition of independence fA�B (x) = fA (x) � fB(x)MA�B (s) = MA (s) � MB(s)GA�B (z) = GA (z) � GB(z)If A1,...,An independent with same distributionfA1(x) = fAi (x)for i=1 ,..., n

1Then if B = A1 � A2 �...� AnfB (x) = (fA1 (x))n MB (s) = (MA1 (s))n, GB(z) = (GA1(z))n

141Combinatorics

1n! = n�(n-1) � 2�1 = number of permutations of n objects1Stirling’s formulan! = f(n) (1+o(1))

where f(n) = nn e-n

2pnnotetighter bound f(n) e(12n+1)1 < n! < f(n) e12n1

(n-k)!n! = number of permutations of n object taken k at a times

15( n k ) =k! (n-k)!n!= number of (unordered)combinations of n objectstaken k at a timeBounds (due to Erdos & Spencer, p. 18)( n k ) ~

k!nk e-

2nk2 -

6n2k3 (1-o(1))for k = o (n 43)

16 Bernoulli Variable Ai is 1 with prob Pand 0 with prob 1-PBinomial Variable

B is sum of n independent

Bernoulli variables Ai each with some probability p

1procedure BINOMIAL with parameters n,pbeginB ‹ 0for i=1 to n dowith probability P do B ‹ B+1output Bend

17

PyesB ‹ 0i ‹ 0i‹ i+1i > n output BB ‹ B + 1P1-randomchoice

181B is Binomial Variable with parameters n,p

mmean m = n � pvariance s2 = np (1-)pdensity fn = Prob(B=x) = (nx)px (1-p)n-xdistribution fn = Prob(B£x) = �k=0x (nk)pk (1-p)n-k

191GENERATING FUNCTIONG(z) = (1-p+pz)n = �k=0n zk (nk)pk (1-p)n-k

interesting fact Prob(B=m) = W( n1)

20Poisson TrialAiis1withprobPiand 0 with prob 1-PiSuppose B’ is thesum of n independent Poisson trialsA i w i t h p r o b a b i l i t y P i f o r i > 1 , . . . , n

21Hoeffding’s Theorem B’ is upper boundby a Binomial Variable B parameters n,p where p =

n�i=1n PiFB’FB

22Geometric Variable V parameter p"x ‡ 0 Prob(V=x) = p(1-p)x

procedureGEOMETRICparameter pbeginV‹ 0loop: with probability p goto exit

V0output VV

V+11-pV+1gotoloopexit:output V mean m =

p1-p

23GENERATING FUNCTIONG(Z) = �k=0¥ Zk (p(1-p)k) =

1-(1-p)Zp

24Probabilistic Inequalitiesfor Random Variable A

mean m =

Avariance s2 =

A2 - (

A)2m fAlower tailupper tail DD

25Markov Inequality (uses only mean)Prob (A ‡ x) £

xm1Chebychev Inequality (uses mean and variance)Prob (|A-m| ‡ D) £

D2s2example If B is a Binomial with parameters n,pThen Prob (B‡x) £ xnpProb (|B-np| ‡ D) £

D2np (1-p)

261Gaussian Density function

Y(x) =

2P1 e-

2x2"Bell Shaped" Curve- ¥m=0s=1+ ¥

27Normal Distribution

F (X) = �- ¥x Y (Y) dY "x > 0(Feller, p. 175)Bounds

Y (x) (x1 -x31) £ 1 - F(x) £

xY(x)

"x e [0,1]

2Pex = x Y(1) £ F (x) -

21 £ x Y(0) = 2Px

28Let Sn be the sum of n independentlydistributed variables A1,...,Aneach with mean

nm andvariance

ns2So Sn has mean m and variance s2

29Strong Law of Large Numbers

The probability density function ofTn =

s(Sn - m) limits as n fi ¥to normal distribution F (x)Hence Prob (|Sn-m| £ sx) fi F (x) as n fi ¥so Prob(|Sn - m| ‡ sx) fi 2(1-F (x))£ 2 Y (x)/x(since 1-F (x) £ Y (x)/x)

30Chernoff Bound (uses all moments)of Random Variable A

Prob (A ‡ x) £ e-sx MA (s) for s ‡ 0= eg(s)-sx where g (s) = ln (MA(s))£ eg(s) - s g’(s)(( by setting x = g’ (s) 1st derivative minimizes bounds)need moment generating function

31Chernoff Bound of Discrete Random Variable A

Prob (A ‡ x) £ -x GA() for z ‡ 1zzchoose z=zo to minimize above bound

need Probability Generating functionGA(z) = �x ‡ 0 zx fA(x) = E(zA)

32 Chernoff Bounds for Binomial B with parameters n,pAbove meanx ‡ m

Prob (B ‡ x) £ (

n-x n-m)n-x (

xm )x£ ex-m (

xm )x since ( 1 -

x1 )x < e£ e-x -m for x ‡ m e2-1

33Below Mean x £ m

Prob (B £ x) £ (

n-xn-m)n-x (

xm)x

34Anguin-Valiant’s Boundsfor Binomial B with parameters n,p Just above mean m = np for 0< e <1

Prob ( ( ) ) B e ≥ + £ -

1 2 2 e m e m

Just below mean m for 0< e <1

-Prob (B £ (1e)m ß ) £ e -e2m/3

ß

35(1- e)mm(1+e)me-e2 m/2e-e2 m/3 � tails are bounded by Normal distributions

36Binomial Variable Bwith Parameters p, Nand expectation m = pNBy ChernoffBound for p < 1/2

Prob ( )

B N pN n

≥ <2 2 2

Raghavan-Spencer bound For any

∂ > 0

Prob ( ( ) )

( )

( )

B

e

≥ + £

+

Ê

Ë

Á

^

¯

~ +

1

1

1

∂ m

∂

∂

∂ min FOCS’86.