1AlgorithmsProfessor John ReifALG 2.2Search Algorithms(a) Binary Search: average case(b) Binary Search with Errors (homework)(c) Interpolation Search(d) Unbounded Search

Main Reading Selections:CLR, Chapter 13Auxillary Reading Selections:AHU-Design, 4.1 and 4.5AHU-Data, Sections 5.1 and 5.1BB, Sections 4.3 and 8.4.3Handout: "An Almost Optimal Algorithm for Unbounded Searching"

2Binary Search Trees(in sorted Table of) keys k0 ,..., kn-11Binary Search Tree property:at each node xkey (x) > key(y) y nodes on leftsubtree of xkey (x) < key(z) z nodes on rightsubtree of xV V

leftsubtreerightsubtreeX2XXXXX1356X04

n=7I=10E=24

3 Assume(1) keys inserted into tree in random order(2) Search with all keys equally likelylength = # of edgesn + 1 = number of leavesinternal path lengthI= sum of lengths of all internal paths of length > 1(from root to nonleaves)external path lengthE= sum of lengths of all external paths(from root to leaves)= I+2n

N=4I=4E=12n = 3I = 2E = 8

4successful search:expected #comparisons

Cn = =

�i=0n-1 (

C’i + 1)

/n1+(I/n)unsuccessful search: expected #comparisions

C’n = E/(n+1)= (I+2n)/(n+1)= (n

Cn +n)/(n+1)

C’i + 2)

/(n+1)== �i=1n

(i+1)2 » 2 ln(n) = 1.386 logn

51Model of Random Input over Reals1input Set S of n keys eachindependently randomly chosen overreal interval [L,U] for 0 < L < U1operations- comparison operations- º ß , Ø ø operations1results(1) sort in 0(n) expected time(2) selection in 0(loglogn) expected time

61 input set of n keys, S randomly chosen over [L,U]algorithmBUCKET-SORT(S):

begin for i=1 to n do B[i] ‹ empty listfor i=1 to n do sort (B[i])output B[1]� B[2] � B[n] endfor i = 1 to n do add xi to B º(U-L)n(x -L)ß +1i

71Theorem The expected time

T of BUCKET-SORT is 0(n)

1notegeneralizes to case keys have distribution Fproof |B[i]| is upper bounded by a Binomialvariable with parameters n, p = n1Hence $ c>1 "i,j Prob { |B[i]| > j} < c-jSo

T £ n �j=0n c-j (jlogj) = O(n)

81 Random Search TableX = (x0 < x1 < ... < xn < xn+1)where x1 ,..., xn random reals chosenindependently from real interval (x0 , xn+1)

1Selection Problem input key Yproblem find index k* s.t. Xk* = Ynote k* has Binomial distribution with parameters n,p = (Y-X0)/(Xn+1-X0)

91Algorithm INTERPOLATION-SEARCH (X,Y) [1] initialize k‹ Ø npø comment k = Ø E(k*) ø[2] if Xk = Y then return k[3] if Xk < Y thenoutput INTERPOLATION-SEARCH (X’,Y)where X’ = (Xk ,..., Xn+1)[4] else Xk > Y and output INTERPOLATION-SEARCH (X",Y) where X" = (X0, ... , Xk))

XXXXXX01.........kk*nn+1

Tricky Analysis! k = Ønp ø

1 0 1Random TableX = (X0, X1 ,..., Xn, Xn+1)Algorithm pseudo interpolation search (X,Y) [1] if Y = Xk then return koutput pseudo interpolation search (X’,Y)[0] k‹ Ø pn ø where p = (Y-X0)/(Xn+1-X0)[2] if Y > Xk thenfor k’ = k, k+

n, k+2 n ,...if Y < X Øk’+ nø thenwhere X’ = (Xk’ ,..., Xk’+

n)[3] else if Y < Xk thenfor k’ = k, k-

n, k-2 n ,...if Y > X Øk’- nø thenoutput pseudo interpolation search (X",Y)where X" = (Xk’- n ,..., Xk’)exit withexit with

1 1nXXXX01nn+1............pn - 2

npn - npnpn + npn + 2 nEasy Analysis!

1 2 1Probabilistic Analysis of Psuedo Interpolation Search

1 k* is Binomial with mean pn variance s2 = p(1-p)nso sk* - Øpnø approximates normal as nfi¥Hence Prob(

sk* - Øpnø ‡ Z) £ Y (Z)/Zwhere Y(Z) = e-

2Z22P

1 3 1So Prob( ‡ i probes used in given call)< Prob(|k* - Øpnø| > (i-2)

n)£ Y (Zi)/Ziwhere Zi = s(i-2) n =p(1-p)(i-2) ‡ 2(i-2) since p(1-p) £ 41

1 4 11Lemma

C £ 2.03 where

C = expected number of probes in given callproof

C = �i>1 i Prob (i probes used)= �i>1 Prob (‡ i probes used)£ 2 + �i‡3 Y (Zi)/Zi £ 2.031TheoremPseudo Interpolation Searchhas expected time

T £C loglogn1 proof

T(n) £

C +T(n)£C loglogn

1 5 1 Probabilistic Analysis of Interpolation Search1 Prob(|k*- Øpnø | ‡ 0(

nlogn)) £ na1where a is constantLemma1proof Since k* is Binomial with parameters p,nProb(|k*-pn| ‡ Zs) £

Z2p2 e-z2/2 £ na1for s = p(1-p)n and Z = 0( logn)2

1 6 1 Interpolation Search isTheorem The expected number of comparisons of

T(n) £ loglogn + c1(logloglogn)2proof£ 1+loglog( nlogn)£ 1+log(

21 logn) + c1(logloglogn)2£ loglogn + c1(logloglogn)2 since log2=1T(n) nnaa£n1+1T((On log n))-

1()++c1logloglog( nlogn)+o(1)2

1 7 1Unbounded Search

1input table X[1], X[2], ...where for j = 1,2,...X[j] = { 0j<n 1j‡n1unbounded Search Problemfind n such that X[n-1] = 0 and X[n]=11Cost for algorithm A:CA(n)=m if algorithm A usesm evaluations to determine thatn is the solution to theunbounded search problem

1 8 1Applications

1(1) Table Look-up in an ordered, infinite table(2) binary encoding of integersif Sn represents integer n,then Sn is not a prefix of any Sj , n „ j{S1, S2, ...} called a prefix set

1in algorithm A for unbounded search idea: use Sn = (b1, b2,..., bCA(n))where bm = 1 if the m’th evaluation of X is 1

1 91Unary Search AlgorithmAlgorithm Botry X[1], X[2] ,..., until X[n] = 1Cost CBo(n) = n

2 0 1Binary Search Algorithm

1Algorithm B1lst stage try X[2i-1] for i=1,2 ,..., muntil X[ 2m-1 ] = 1(cost m = ºlognß + 1 where 2m-1 £ n £ 2m-1)2nd stage binary search over 2m-1 elementscost log(2m-1) = m-1 = ºlognßTotal Cost CB1(n) = 2ºlognß + 1

2 1123456713715254621 - 122 - 123 - 124 - 1

2 2 1Double Binary Search

1Algorithm B21st stage try X

2(21-1)-1

,..., X

2(2m1-1)

= 1where m1 = ºlognß + 1(cost is CB1(m1) = 2 ºlogm1ß + 1)2nd stage same as 2nd stage of B1 after m was found.Cost CBo(n) = m-1 = ºlognßTotal Cost CB2(n) = CB1(m1) + CBo(n)= 2 ºlog (ºlogn+1)ß+1) + ºlognß

2 3

B0 B1 B2find n byunary searchfind nfind nfind m (n)find n by binary searchfind n bybinary search 2 m2(n) = ºlogm1ß + 1m1(n) = ºlogm0ß +1 m0(n) = n 1ºßby unary search searchbinarysearchfindm 1by(n)by unaryfind m (n) = log n + 1findm (n)1

2 4

Bkfind nfind n bybinary search 1 k

cost of newbinary searchm0(n)=n

m1(n)=ºlogm0ß+1mj(n)=ºj-1ß +1

. . .log mfind m (n) by k-1binary searchfind m (n) byunary searchCost CBk(n) = CBk-1(n) - mk-1(n)+(2mk-1)= �i=1k L i (n) + L k (n) + 1(where L i (n) = mi(n) - 1)find m (n)find m (n)k-1

2 5 g(0) = 2