1AlgorithmsProfessor John ReifALG 5.2Breadth-First Searchof Graphs:(a) Single Source Shortest Path(b) Graph Matching

Main Reading Selections: CLR, Chapter 25 Auxillary Reading Selections:AHU-Design, Sections 5.6-5.10AHU-Data, Sections 6.3-6.4 Handouts: "Matchings" and "Path-Finding Problems"

2Breadth First SearchAlgorithminput undirected graph G = (V,E) with root r e Vinitialize: L ‹ 0for each v �e V do visit(v) ‹ falseLEVEL(0) ‹ {r} ; visit (r) ‹ truewhile LEVEL(L) „ {} dobeginLEVEL(L+1) ‹ {} for each v e LEVEL(L) dobegin for each {v,u} e E s.t. notvisit (u)doadd u to LEVEL(L+1)visit (u) ‹ trueodendL ‹ L+1endoutput LEVEL(0), LEVEL(1), ..., LEVEL(L-1) O(|V|+|E|) time cost

3All edges {u,v} e E have level distance £1

Example

1 2 3 4 5 6 8rootrLEVEL(0)LEVEL(1)LEVEL(2)

7 1 5 6 8r 7

3 4 2LEVEL(0)LEVEL(1)LEVEL(2)Breadth First Search Tree T

4Single Source Shortest Paths Problem

input digraph G=(V,E) with root r e V weighting d:E fi positive reals1Dijkstra’s Greedy algorithm initialize:Q ‹ {}for each v e V-{r} do D(v) ‹ ¥D(r) ‹ 0until no change dochoose a vertex u e V-Qwith minimum D(u)add u to Qfor each (u,v) e E s.t. v e V-Q doD(v) ‹ min(D(v), D(u) + d(u,v))output " v e VD(v) = weight of min. path from r to v

5example

1 2 3

root r1030502040100 4

51Q u D(1) D(2) D(3) D(4) D(5)F 1 0 ¥ ¥ ¥ ¥ {1} 2 0 10 30 ¥ 100 {1,2} 3 0 10 30 60 100 {1,2,3} 4 0 10 30 50 100 {1,2,3,4}5 0 10 30 50 90

61proof of Dijkstra’s Algorithm

use induction hypothesis: basis D(r) = 0 for Q={r}{ (1)"v e V,D(v) is weight of the minimum cost ofpath p from r to v, where p visitsonly vertices of Q ¨ {v} (2)"v e Q,D(v) = minimum cost path from r to v

7induction stepif D(u) is minimum for all u e V-Qthen claim: (1) D(u) is minimum cost of path from r to u in Gsuppose not: then path p with weight < D(u) and such that p visits a vertex w e V-(Q ¨ {u}). Then D(w) < D(u) , contradiction. (2) is satisfied by D(v) = min (D(v),D(u)+d(u,v)) (u,v) e Efor " v e Q¨{u}

8Time Cost: per iteration{ - O(log |V|) to find u e V-Qwith min D(u) - O(degree(u)) to update weights

Since there are |V| iterations,Total Time O( |V|(log |V|) + |E| )

9Graph G = (V,E)matching M is a subset of E satisfiesif e1, e2 distinct edges in MThen they have no vertex in common

example Graph Matching Problem: Find amaximum size matching

1 0 Let G = (V,E) have matching M1goal: find a larger matching definitions vertex v is matched ifv is in an edge of MAn augmenting path p=(e1, e2 ,..., ek)

require{begins and ends at unmatched verticese1, e3, e5 ,..., ek e E-Me2, e4 ,... ek-1 e M

1 1 initial matching M in G

12563748|M| = 2augmenting pathp = ((5,2), (2,6), (6,4), (4,7), (7,3))

new matching M’=P ¯ M = (P ¨ M) - (P ˙ M)

12563748¯|PM| = 3

1 2 Theorem M is maximum matchingiff there is no augmenting pathrelative to M proof (1)If M is smaller matching and p is an augmenting path for M, then M ¯ P is a matching size > |M|(2)If M, M’ are matchings with|M| < |M’| thenClaim M ¯ M’ contains an augmenting path for M.

proof The graph G’=(V, M ¯ M’)has only paths with edges alternatingbetween M and M’.

Repeatedly delete a cycle in G’(with equal number of edges in M,M’)Since |M|<|M’| must eventually getaugmenting path remaining for M.

1 3 Algorithm Maximum Matchinginput graph G=(V,E)[1]M ‹ {}[2]while there exists an augmentingpath p relative to Mdo M ‹ M ¯ P[3]output maximum matching MRemaining problem:Find augmenting path

1 4 Assume weighting d:E fi R+ = pos. reals.TheoremLet M be maximum weight amongmatchings of size |M|. Let p be an augmenting path for M of maximum weight. Then matching M ¯ P is of maximum weight among matchings of size |M|+1.proof Let M’ be any maximum weight matching of size |M|+1. Consider thegraph G’=(V, M ¯ M’). Then the maximumweight augmenting path p in G’ can beshown to give a matching M ¯ P of thesame weight as M’.

1 5 Assume G is bipartite graph with matching M

Use Breadth-First Search: LEVEL(0) = some unmatched vertex rfor odd L > 0,LEVEL(L) = {u | {v,u} e E-M when v e LEVEL(L-1) and u in no lower level}for even L > 0LEVEL(L) = {u | {v,u} e M where v e LEVEL(L-1) and u in no lower level}

1 6Cases(1) If for some odd L>0, LEVEL(L) contains an unmatched vertex u then the Breadth First Search tree T has an augmenting path from r to u(2) Otherwise no augmenting path exists, soM is maximal.

1 7Bipartite Graph G=(V,E)V = V1 ¨ V2 , V1 ˙ V2 = FE is a subset of { {u,v} | u e V1 , v e V2}

V1V2

1 8 TheoremIf G=(V,E) is a bipartite graph,then the maximum matching can beconstructed in O(|V||E|) time.

proofEach stage requires O(|E|) time fortime for Breadth First Search construction of augmenting path.Generalizations:{(1) Compute Edge Weighted Maximum Matching(2) Edmonds gives a polynomial time algorithm for maximum matching of any graph

1 91Let M be matching in general graph GFix starting vertex runmatched vertexLet vertex v e V be even if $ even length augmenting path fromr to vand odd if $odd length augmenting path fromr to v.

Case G is bipartite � no vertex is both even and oddCase G is not bipartite �some vertices may be botheven and odd!

2 0

�

BLOSSOM

STEM is subpath of pfrom r to vBLOSSOM is subpathBASE is vertex w

P is augmenting pathfrom r to tr

STEMeven vertexvShrinkBlossombase wevenvertexw,vttt’t’of p from v to wplus edge {w,v}

2 1 TheoremIf G’ is formed from G by shrinkingof blossom B, then G contains an augmenting path iff G’ does.(2) If G contains an augmenting path, thenapply Edmond’s blossom shrinking algorithmto find anaugmenting path in G’.(1) If G’ contains an augmenting path p,then if p visits blossom B we can insert anaugmenting subpath p’ within blossom intop to get a new augmenting path p^ for Gproof

2 2Edmond’s Blossom Shrinking Algorithminput Graph G=(V,E) with matching M initialization

E = {(v,w),(w,v) | {v,w} e E} comment Edmond’s algorithm will construct a forest of trees whose paths are partialaugmenting paths Note:We will let P(v) = parent of vertex v

{ [0] for each unmatched vertex v e V do label v as "even" [1] for each matched v e V do label v "unreached" set p(v) = null if v is matched to edge {v,w}then mate (v) ‹ wod

2 3Edmond’s Main Loop:where v is "even"(if none exists, then terminate and outputcurrent matching M, since there is no augmenting path)Choose an unexplored edge (v,w) e

ECase 1 if w is "odd" then do nothing.Case 2 if w is "unreached" and matched then set w "odd" and set mate (w) "even" Case 3 if w "even" and v,w are in distinct trees T,T’ then output augmenting path p from root of T to v, through {v,w}, in T’ to root.P(w) ‹ v , P(mate(w)) ‹ w veven wodd mate(w)even

TT’vwUnmatchedrootUnmatchedrootevenUnmatchededgeeven

2 4 Case 4 w is "even" and v,w in same tree T then {v,w} forms a blossom B containing all vertices which areboth (i) a descendant of LCA(v,w) and (ii) an ancester of v or wwhere LCA(v,w) = least common ancesterof v,w in T

L C A (v,w)L C A (v,w)

Blossomvw**

Blossomvw**S h r i n k all vertices of B to a singlevertex b. Define p(b) = p(LCA(v,w))and p(x) = b for all x e B

2 5 LemmaEdmond’s blossom-shrinking algorithm succeeds iff $ an augmenting path in G proofUses an induction on blossom shrinking stages

2 6 Time Bounds:O(n 4).

[1] [Gabow and Tarjan] showCan implement in time O(nm)all O(n) stages of matching algorithmstaking O(m) time per stage for blossomshrinking[2] [Micali and Vazirani] reduce in general graphs.(Idea:Use network flow to get augmented paths).time to O( nm) for unweighted matching