1AlgorithmsProfessor John ReifALG 5.3Flow Algorithms:(a) Max-flow, min-cut Theorem(b) Augmenting Paths(c) 0 - 1 flow(d) Vertex Connectivity(e) Planar Flow

Main Reading Selections: CLR, Chapter 27 Auxillary Reading Selections: Handout: "Network Flows"

Combinatorial Optimization, by EugeneLawler, Holt, Rinehart, Winston, 1976.

2Network Definition:

digraph

G=V,E()distinguished vertices:source s˛Vsink t˛Vedge capacities

: c:EfiR+Reverse Edges

: ER=reverse of edges in Eu,v()R=v,u()�Ł�Flow f:E¨ER()fiR+ "e˛E fe()=-feR() fe()£ce()"v˛V-s,t{} �fv,u()=0 v,u)˛E(1)(2)(3)(u,v()Ruv u,v()uv

3 Flow fValue

()=s,v()v˛V�= sum of flow from source sff

sXtX

Missing MathType's Belmont font.

Missing MathType's Belmont font.

Missing MathType's Belmont font.

eee12k1k2f(e )f(e )f(e )

ts Missing MathType's Belmont font.

steee12kk2f(e )f(e )

+1f(e ) ++

Missing MathType's Belmont font.

7

sabcd43 f=1f=32 f=03 f=2 f=23f=24 f=23t f=11

SaturatedEdgeSaturatedEdgeNetwork with Flow sabcd22333t2Residual NetworkAugmenting Path(s,b,d,a,c,t)

122111

8

Missing MathType's Belmont font.

XXstCut

9

2,22,13,32,22,22,13,32,12,12,22,22,22,12,13,33,32,12,12,22,12,22,23,33,3stMax Flow =Min Cut = 6Edges Labeled (Capacity, Flow)

Missing MathType's Belmont font.

1 1

Definitionsgiven flow fsaturated edge e has fe()=ce()blocking flow fevery path from s to thas saturated edge (so can not augment flow!)Idea: Re-route flowLevel Graph L subgraph of R level v()=length of shortest path froms to v in RL contains only edges v,u()˛Rs.t.level u()= level v()+1Note L gives shortestaugmenting pathsConstruct Lin OV

+E() time by Breadth First Search of R

Missing MathType's Belmont font.

1 3 Dinic’ s Algorithm halts afterV

blocking steps. Suppose f is current flow with R=residual graph (currently)levelv()=min length path froms to v in RR’=new residual graphlevel’v()=min length of path s to vin R’Claim level’t()>levelt() (by contradiction) If levelt()=level’t(),then levelw()=levelv()+1 for every edgev,w()˛L. This contradicts the fact that ‡one edge is saturated (on the blocking flow)on any path p in L.Q.E.D.Hence, n steps suffice for the algorithmTheoremProofProof

1 4

sabcd4331243t3

Network

1st Level Graph with Blocking Flow

sabcd43

level 0 level 1 level 2 level 3 f=1f=32 f=13 f=1 f=23f=34 f=13t

f=01

1 5 2nd Level Graph with Blocking Flow

sabcd1

level 0 level 1 level 2 level 3 level 4 f=12f=0 f=13 f=13t

f=12

1 6

f=1t2

3rd Level Graph with Blocking Flow

sabcd1level 0

level 5 f=12 f=1 f=1

22 f=1

1 73 sabcd3f=31243tFinalFlow4f=3f=1f=3f=2f=3f=3f=31

1 8Finding a Blocking FlowPreflow j :(1) Satisfies capacities’ constraints(2) May have unbalanced verticieswhere f (u) = f(u,v) >0u vWave method:- begin with blocking preflow f(saturates on edge on every path s to t - balance vertices so f (v) = 0 toget blocking flowTo balance blocked vertex v:Repeat (until f (v) =0) do (u,v) with f(u,v) > 0decrease f(u,v) by min (f(uv), f(v))Schoose edge or

’DDDD(Karzanov)

1 9To attempt to balance unblocked vertex

Repeat(until, or there is not an unsaturated edgewhereis unblocked).

Df v( )=0

v,w()v:w

dochoose some such edgeand decreasev,w()fv,w()byminCv,w()-fv,w(),Dfv()().

20 Missing MathType's Belmont font.

Times-BoldItalic

0t000sc(e )c(e )1k M

21s6,64,43,22,25,4bcdeft3,23,01,02,04,02,2Blockedas6,64,43,22,25,0bcdeft3,23,21,02,24,02,2BlockedaIncreased Flow Decreased FlowBalanced dEdges Labeled (Capacity, Flow)

22s6,64,23,32,25,0bcdeft3,23,31,02,24,12,2Blockedas6,54,23,32,25,0bcdeft3,23,31,02,24,12,2a Decreased Flow Decreased FlowBalanced c All BalancedEdges Labeled (Capacity, Flow)

23Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

24Theorem: Wave Algorithm computes a blockingflow in

O n 2 ( )

time (and hence a max flow in

O n3( )

time).

Proof ( u s e i n v a r i a n t s ) :(1)If

v

blocked

fi

every path from

v

to

t

hassaturated edge.(2)The preflows constructed by algorithm areblocking.

Modify:

s

blocked, and departing edges saturated.

Inductive Step:(a) Scanning in topological order in increaseflow guarantees no unblocked, unbalancedvertices.(b) Scanning in reverse topological orderguarentees every blocked vertex getsbalanced.

Note: Each step blocks at least 1 vertex fi atmost

n

steps flow on edge

e

increases anddecreases at most once

fi

total time

O V E O V 2 2 + ( )= ( )

25 Improved Flow AlgorithmsSleater - Tarjan use data structures to decrease blockingflow algorithms to OElogV() time, giving...Theorem Max flow can be computed in OVElogV() time.Special Case:0-1 Flow, if "e˛E,ce()=1Theorem (Evan and Tarjan)0-1 Flow requires min V

23,E12() blocking steps ofDinic’s Algorithm, so total time OminV

23,E12()ElogV()().

26 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

tslevel so value(f) (level-1) |V| • £

27Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

28 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

st

29TransformVertex Connectivity toUnitNetwork Flow Problem

V’V"cost 1

Total Timeto computeVertex Connectivity (from to ).s - tN(s,t)st

O V E E 1 2 log( ) ( )

= number of disjoint paths from s to t. Ns,t()

30N(u,v) = min vertex cut size for (G,u,v)

GundirectedVertex Connectivity: cG()cG()=n-1if G is complete graphMin

Nu,v()elseu,v˛Vu,v()ˇELemma ProofConnectivity £ minv˛V degreev(),but degreev()v˛V�=2E

Hence, cG()£2E

VQ.E.D.{ cG()£2E

V(also true for edge connectivity)

31Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

a Sb

Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

32Idea:Choose randomaV.˛ Olog1�Ł�ł�V32ElogE�Ł�ł�Randomized Algorithm forVertex Connectivity (Mehlhorn & Students)Input: G=V,E(), error bound, , 0< <1 e[0]m‹V

-2[1]for i=1,2,... until i‡log1e

�Ł�ł�logV m�Ł�ł�

do select ai˛V at randomm‹minm,min Nai,b()()od[2]output m b˛Vee

33Missing MathType's Belmont font.

Times-BoldItalic

Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

Times-BoldItalic

34Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

stFFFFF01234 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicsF1F0F2F4F3

35 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

stCycle pinD(G)

36Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalic

stFFFFF01234 Idea: To reduce to Min Cost PathAdd new edge s,t() with weight .¥

stFFFFF01234

F0’¥

37 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

38Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicst ms,t() path s,t() cut cycle

39 Proof Suppose not. Then we can shortcutany cycle of DG() separating s,t to geta shorter one, using edges of the ms,t()path.

40 Missing MathType's Belmont font.

Times-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalicTimes-BoldItalic

st ms,t() path Requires steps Each step time

O V log( )

O V Vlog ( )