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Unsupervied Learning

SupervisedLeaning
Givendata in the form < x,y >, y is the target to lean.

! Good news: Easyto tell if our algaithm is giving the right
answer.

Unstperviged Learning
Givendata in the form < x > without any explicit target.

! Bad news: How do we dePneOgad performanced?

' Good news: We can use our reallts for more than just
predictingy.

Unspervied Learning is Modd Leaning

Gaal
Produceglobal summary of the data.

How?
Assumedata are sampledfrom underlyingmodel with easily
sumrmerized properties.

Why?

' Filter out noise
' Data compression

Good Clugers
Want points in a cluste to be:
1. assimilar aspossibleto other points in samecluste
2. asdi! erentas possiblefrom points in another cluster

Warning:
Debrition of similar and di! erent depend on specibcapplication.

WeOvelready seen a lot of ways to measure distance between two
data points.



Typesof ClusteringAlgorithms

Hierachical methods
e.g., hierachical agglomeative clustaing

Partition-basedmethods
e.g., K-means

Probablistic model-based methads
e.g., leaning mixture models

Spectral methads
IGmot goingto talk about these

Hierachical Clustering

Build a hierachy of nested clusters.

Either gracually
' Mergesimilar clusters (agglomeative method)
' Divide loose superclustes (divisive method)

Reasilt displayed as a dendogram showing the sequence of merges

or splits.

Agdomeative Hierachical Clustering

Initialize G = {xM} fori ! [1,n].

While more than one cluste left:
1. Let G, G be clusters that minimize D(C;, G)
2.G =G+ G
3. Renove G from list of clusters
4. Store current clusters

Measuring Distance
What is D(C;, G)?
' Single link method:
D(G,G) = min{d(x,y)Ix! C.y! G}
' Completelink method:
D(G, G) = max{d(x,y)|x! G,y! G}
' Avergye link method:
1 ! !
D(G,G) =

_ d ,
GG gy Y

! Centroid measure:
D(Ci,G) = d(ci, ), wherec; and ¢ are centroids

! Ward()smeasue|: ' |
D(G,C)=  dx,®+ diy,®"  d(un)
x! G y! Cj u! G" Cj
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DivisiveHierachical Clugering

Beginwith onesinglecluster, split to form smaller clusters.

Can be di! cult to choosepotentia splits:

' Monolithic methods split based on values a singlevariable
' Polythetic methods considerall variablestogether

Lesspopular than agglonmerative methods.

Partition-basedClugering

Pick some number of clustersk

Assigneach point x() to a single cluste C, sothat SCORE(C, D)

is minimized/maximized.
' (What is the saore function?)

Total number of possble allocations: k”

Useiterative improvement instead of intractable exhatstive seach.

The K-MeansAlgaithm

A popula patition-basal clusteringalgorithm with the scae
function given by:
1K

SQORE(C,D) = d(x, )
k=1
where |
Ck = — X
M x! Ck
and
d(x,y) = [Ix! ylI*.



Pseulo-code for K-Means K-MeansExampe
- °
1. Initialize k cluste centers, c. ° L4 X(4)
. X(5)
2. For eachx(), assigncluster with closest center “ %
°
x1) assignedo R = arg mind(x, c). X®)
3. For eachcluster, recompue center:
I ° °
C = 1 X X X
Nk
x! Cy [ ]
X(3)
4. Checkconvergene (Have cluste centersmoved?)
5. If not converge, goto 2.
Original unlabeled data.
K-MeansExampe K-MeansExampe
C, Cs °
. ° X o o
X(7) X(8) ° X(7) X [
C, X(8) c, X(8)
) [ ]
X(6) X(6)
Cy C;
° ° ° )
X(1) X(2) X(1) X(2)
° °
X(3) X(3)
Pick initial centers randomly Assignpoints to neared cluster.




K-MeansExampe K-MeansExampe
Cy . c
: °
® ><.5 W ° ® @
X(7), () o X(7) X®) °
H c X(8) 2 X(8)
e °
X(6) X(6)
Cy €y
) ° ° °
X1 m X2 X1) m X2
° °
X(3) X(3)
Remmpute cluster centers. Reasin points to nearest clusters.
K-MeansExampe Undersanding K-Means
Cs X(4)
°
® o [ ]
x7n WO °
C, X(8)
:(6) Time complexity per iteration?
o o “ Doesalgaithm terminate?
X1) @ X
°
@) Doesalgaithm convege to global optimum?
Remmpute cluster centers.




K-MeansConvergene@

Model data asdrawn from sphericalGaussianscenteredat cluster
centers.

K
1

logP (dat i ts) = = I oc)?.

og P (datalassignmats) = cons 2;)(!2(;& Ck)

How doesthis change when we reassigna point?
' How doesthis change when we recompue the means?

Monotonic improvament + Prite assignmats = convergence

Variationson K-Means

What if we donOknow K ?
Allow merging or splitting of clustes usingheuiistics.

What if meansdonOmake serse?
Usek-mediads instead.

Denpo

http://home.dei.polimi.it/matteucc/Clustering/
tutorial  _html/AppletKM.html

Mixture Models

Assumedata generaed using the following procedure.

1. Pick oneof k componentsaccarding to P(z).
This sdects a (hidden) classlabel z.

2. Generge a data point by sampling from p(x|z).

Reaillts in probaltility distribution of single point

1K

p(xM) = Pz)p(xV|z)
k=1

wherep(x|z) is any distribution (gaussian poisson,exponentid,
etc.).



Gausmn Mixture Model (GMM)

Most common mixture model is a Gaussianmixture model:

p(X|zx) = N (pk,! «)
With this model, likelihood of data becomes

IN 1K

p(x) = P(2)p(xV]zi; i, ! k).
n=1 k=1

Problem: Missng Labels

If we knew assigrments, we could lean component models easily.

' We did this to train an LDA.

If we newthe component models, we could egimate the most

likely assignments easily
' This is just classibcation.

LDA and GMMs
LDA

' Built models p(x|z) and P(z) usingmaximum likelihcod
givenour training data.

! Usedthesemodelsto compute P(z|x) to classifynew query
points.

Clugering with GMMs

' Want to Pnd P(z) and p(x|z) to learn underlying model and
Pnd clustes.

' Want to compute P(z|x) for eachpoint in training setto
assignthem to clusters.

' Can we use maximumlikelihood to infer both model and
assignmats?
' Requies solving non-linea sygem of equdions
' No el cient analytic solution

Solution: The Expectaion Maximeation (EM) Algaithm

We deal with missng labels by alternating between two steps:

1. Expedation: Fix model and estimate missinglabels

2. Maximizaion: Fix missng labels (or a distribution over the
missing labels) and bndthe modd that maximizesthe
expeded log-ikelihood of the data



Sinple Exampé Sinple Exampé
Labeled Data
Labeled Data o
Likelihood:
Clusters carrespond to Ogralesin classO. a,C, a, G
. Pabed) = K > (W@ ! 3u
Modél to learn: Training data: a
1 logP(a,b,c,d|p) = logK + alog% + blogp + clog(2p) + dlog %! 3u
P(A) = = a people got an A
2 ! logP@ab.c,dpy = 2+ 2, 3
P(B) = u b people got aB 'u wozp Lray
P(C) = 2u c peoplegota C
1 d people gota D For MLE, sd ,'—u logP = 0 and solvefor p to get
P(D) = =! 3u '
2
_ b+c
What is maximumlikelihood egimate for p? M= 6(b+ c+ d)
Sinple Exampé Formal Setupfor Geneal EM Algaithm
HiddenLabe's Let D = {x®,...,x(M} be n observe data vedors.
What if we only know that there are h “high grades”? (Exact labels are missing.)
Now how do we find the maximum likelihood estimate of u? . . .
L Expectation: LetZ = {z®,...,z(M} be n values of hidden variables (i.e., the
' Fix M and infer the expected values of a and b: cluste labels).
N
Y2+u Y2+u Log-likelihood of obseved data given model:
Since we know @ = Y2 and a4+ b = h. !
2. Maximization: : ' L(I) = Ing(Dll) = |Og p(D'le)
Fix these fractions a and b and compute the maximum likelihood [ as before: z
_ b+c Note: both ! and Z are unknown.
Hnew = m

3. Repeat.




Fun with JenseOgnequality GeneraEM Algaithm
Alternate between stepsuntil convergence
E step:
Let Q(Z) be any distribution ove the hidden variables o )
' MaximizeF wrt Q, keeping ! bxel.
|
_ ' p(D,Z|") ! Soltion:
logP(D|!') = | Z)————
Og ( | ) Og . Q( ) Q(Z) Qk+l - p(ZlD,Ik)
|
' p(D,Z|!)
! ] Q2)1ea=57 M step:
! ! , - ,
= Q@)logpD.ZN+  QZ)log g ' MaximizeF wrt |, keepirg Q Pxel
, . Q(2) ! Solution:
= F(Q,!
QN pk+l argm|axF(Qk+1,!)
Co
= argmax p(Z|D,! %) logp(X,Z|!)
' z
GeneraEM Algaithm in Englsh Convegene

The EM Algorithm will convergebecause:

Alternate steps until model parameters donOthangemuch:

' During E step, we make F(Q**1,1%) = logP(D|!%).
E step: g E step Q ) = logP(D]!*)
Edimate distribution over labels givena certain bxel model. ' During M step, we choose! k*1 that increasesF.

' Redall that F is a lower bound,

M step: F(QX*  thetak*1) I logP(D|1**?).
Choose new paramders for model to maximize expected
log-likelihood of obseved data and hidden variables. ' Implies

logP(D|1%) I logP(D]|tk*1)

' Impliesconvergace! (Why?)




Notes

Thingsto remember:

' Often closedform for both E and M step.

' Must specify stoppirg criteria.

' Complexiy depends on number of iterations and time to
compute E and M steps.

' May (will) convergeto local optimum.

Exampe: EM for GMM

Initial model parameters.

Exampe: EM for GMM

After Prstiteration

Exampe: EM for GMM

After second iteration



Exampe: EM for GMM Exampe: EM for GMM

After third iteration After fourth iteration

Exampe: EM for GMM Exampe: EM for GMM

After bfth iteration After sixth iteration




Exampe: EM for GMM

After convergace

How to Pick K?

Do we want to pick the K that maximizeslikelihood?

Rehtion to K-Means

Similarities
K-Mears used GMM with:
! covariance! = | (Pxe)

' uniform P(Zx) (Pxed)
' unknown means

Alternated estimating labels and recomputing unknowvn mode
paameers.

Di! erence
Makes OfardOassignment to cluster during E step.

How to Pick K?

Do we want to pick the K that maximizeslikelihood?

Other options:

' Crossvdidation
' Add complexily penalty to objecive function
' Prior knowledge



Summary

Clugering:

Infer assgnmentsto hidden variables and hidden model parameters
simultaneously

EM Algorithm:
Powerful, popular, generd method for doing this.

EM Applications

Imagesegnentation

SLAM

Edimating motion modelsfor tracking
Hidden Markov Models

etc.



