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5 Stereo Vision

5.1 Introduction

The input to stereo vision is a set of two or more images of the same scene taken at the same
time from cameras in different positions. The output is a depth map, that is, a function 7 (x;) of
position in image number 1 that gives the Z. coordinate of the point visible at x; in the reference
frame of camera 1.

This Section considers only the two-camera stereo problem. Several papers on multiview stereo
exist as well [3, 1, 5, 6].

The positions and orientations of the two cameras in the world are assumed to be known, and
can be determined as discussed in the Section on camera calibration. Typically, the world reference
frame for stereo is attached to a rig to which the cameras are solidly mounted. As a consequence,
the rig can be moved, together with the world reference frame, without changing the positions and
orientations of the cameras relative to each other. Because of this choice, it is more appropriate to
rename the world reference system to be the stereo rig reference system.

Even more specifically, the stereo rig reference system is usually made to coincide with the
reference system of camera 1. This choice is adopted here as well. Because of this, the depth map
can be rewritten more simply as follows:

Ze(x1) = Z(x1) .

A point with coordinates X in the rig reference system projects to point x; in image 1 and x5 in
image 2. These two point are said to correspond to each other. From the differences in the image
positions of corresponding points, a computation called triangulation determines the coordinates
X of the point in the world, relative to the rig reference system.

Triangulation is straightforward geometry, while determining pairs of corresponding points is a
hard task, the so-called correspondence problem. Because the relative position of the two cameras
is known, it turns out that the point x, corresponding to a given point X; is constrained to be on
a single, known line in image 2, called the epipolar line of point x;. This relationship holds for
images that are immune from distortion, so the first step is to correct the images using knowledge
of the distortion coefficients k; and k4, as shown in the Section on camera calibration. After this
step, straight lines in the world map to straight lines in the images. The geometry of the epipolar
line constraint is explained in Section 5.2.

It is always possible to transform the two images from a stereo pair so that epipolar lines
coincide with rows in the image arrays. This transformation is called rectification, and is discussed
in Section 5.3. Rectification simplifies the programming of both correspondence and triangulation
algorithms, and is therefore performed almost always.

Section 5.4 discusses triangulation for both a general and a rectified camera pair. Section 5.5
tackles the hard correspondence problem.

5.2 Epipolar Geometry

Figure 5.1 shows the main elements of the epipolar geometry of a stereo pair.



5.2

epipolar plane

center of‘é

projection \ine of X,

\ o\a‘
epipole 1 % ep®
\ center of

epipole 2 projection

Figure 5.1: Essential elements of the epipolar geometry of a stereo pair.

The world point X and the centers of projection of the two cameras identify a plane in space,
the epipolar plane of point X. The Figure shows a triangle of this plane, delimited by the two
projection rays and by the baseline of the stereo pair, that is, the line segment that connects the two
centers of projection.

If the image planes are thought of extending indefinitely, the baseline intersects the two image
planes at two points called the epipoles of the two images. In particular, if the baseline is parallel
to an image plane, then the corresponding epipole is a point at infinity.

The epipoles are fixed points for a given camera pair configuration. With cameras somewhat
tilted towards each other, and with a sufficiently wide field of view, the epipoles would be image
points. Epipole 1 would be literally the image of the center of projection of camera 2 in image
1, and viceversa. Even if the two cameras do not physically see each other, we maintain this
description in an abstract sense: each epipole is the image of one camera in the other image. Note
that the epipole takes its number from the image in which it appears, not from the camera of which
it is the image.

The epipolar plane intersects the two image planes along the two epipolar lines of point X,
which by construction pass through the two projection points x; and x, and through the two
epipoles. Thus, epipolar lines come in corresponding pairs, and the correspondence is established



5.3

by the single epipolar plane for the given point X.

For a different world point X, the epipolar plane changes, and with it do the image projections
of X and the epipolar lines. However, all epipolar planes contain the baseline. Thus, the set of
epipolar planes forms a pencil of planes, supported by the line through the baseline.!

Suppose now that we are given the two images and point x; in image 1. We do not know
where the corresponding point x; is in the other image, nor where the world point X is?>. However,
the two centers of projection and point x; identify the epipolar plane, and this in turn determines
the epipolar line of point x; in image 2. The point x; must be somewhere on this line, so this
construction reduces the search for x, from a rectangle (image 2 in its entirety) to a line segment
(the part of epipolar line contained in image 2).

This same construction holds for any other point x; on the epipolar line in image 1, so the
search for stereo correspondences is most efficiently performed for one pair of corresponding
epipolar lines at a time.

To find a mathematical relationship between two corresponding epipolar lines, let R, t, be the
transformation of coordinates from camera 1 to camera 2. This means that the center of projection
of camera 2 is at t in the system of reference of camera 1, and the rows i’, j©, k’ of the rotation
matrix R are the unit vectors of the axes of the camera 2 reference system, expressed in the refer-
ence system of camera 1. In other words, a point with coordinates X; in the system of reference
of camera 1 has the following coordinates in the system of reference of camera 2:

and conversely
X, =R'Xy+t. 2)

Then the vector t is along and has the same length as the baseline.

The projection rays for two arbitrary points in the two images are generically two skew lines in
space. The projection rays of two corresponding points, on the the other hand, are coplanar with
the baseline. This observation leads to the relationship between epipolar lines as follows.

When expressed in the frame of camera 1, the directions of the projection rays through corre-
sponding image points x.; and X, are along the vectors

Pec1 and RTPCQ

_ Xl o X2

Coplanarity can be expressed by stating that the triple product of RTp.,, t, and p; is zero:

where?

(R'Pea) (t X pe1) =0

'We use the term “baseline” for the line segment. However, this term is also often used for the entire /ine through
the two centers of projection.

2Except that X must be somewhere along the projection ray of x;.

3The vectors p.1 and p.s can be viewed as the version in homogeneous coordinates of x.; and X.o.
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or
PLR(t X pe) =0.

The cross product int parentheses is a vector v orthogonal to the baseline and the first projection
ray. The inner product of RTp., and v being zero expresses the fact that these two vectors are
mutually orthogonal, so that R p,, is in the plane of t and p.; (literally, R? p., is orthogonal to a
vector v that is orthogonal to both t and p.).

As discussed in the Math supplement, the cross product of a vector t with another vector can
be put in matrix form:

0 —t3 ts
t X pe1 = txpea Where t, = t3 0 -t
—ty 1 0
so that
pZ;Epd =0 where EF=Rt,. 3)

The first equation in (3) is called the epipolar constraint and the matrix FE is called the essential
matrix.

The key property of the essential matrix is that it lets us find pairs of corresponding epipolar
lines in a stereo pair. To this end, consider the geometric meaning of equation (3): This equation
expresses the coplanarity between two specific points, p.; and p.2, on the same epipolar plane.
However, the reasoning used to derive that equation does not depend on which two points are
considered, as long as they are on the same plane. In other words, the equation must hold for any
pair of points that are on the same epipolar plane. This of course includes any pair of image points
that are on the same epipolar plane. For instance, if x.; (and therefore p.;) is fixed in the first
image, then any point x., for which equation (3) holds (x. collects the first two coordinates of
P2, and the third coordinate is 1) must be on the epipolar line of x;.

More formally, the product

l; = Epa “4)

for fixed p.; is a column vector, and equation (3) becomes
pZng =0

(hopefully you now see the reason for the apparently awkward choice of indices in the definition
(4)). This is the equation of a line in the second image: if o = [la1, oo, l23}T, then this equation
reads

oo + laoyeo — las = 0.

This is the equation of the epipolar line of x.; in the second image.
Conversely, if x., is fixed in the second image, then the product

11T = [ lin Lo lis } = PZ;E
is a row vector, and equation (3) becomes

lfpcl =0
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which is the equation of the epipolar line of x. in the first image:
e +hoyer —liz =0,

In order to compute the essential matrix F, it is useful to understand its algebraic properties.
To this end, note first that the matrix t, has rank two if t is nonzero (and obviously rank zero if
t = 0). This is because
tyt=txt=0

so the null space* of t, is nontrivial: The vector t is in the null space of t,, so this matrix can
only have at most two linearly independent rows. On the other hand, the second and third row of
t, are obviously independent if ¢; # 0; the first and third row are independent if ¢, # 0; and the
first and second row are independent if 3 # 0. Thus, if t is nonzero, at least two rows of t are
independent. In summary, exactly two rows of t, are independent if t # 0, so t, has rank two.

Since R is full rank (it has determinant 1), the product £ = Rt has rank 2 if t # 0. Also,
since tt = 0, we have

Et=0.

A similar equation ought to hold even if we switched the order in which the two cameras are listed.
From equation (1) with X; = 0, we see that the baseline vector as viewed from camera 2 is

t' = R(0 — t) = —Rt

and
(t/)TE — _tTRTE — —tTRTRtX — —tTtX _ (txt)T _ OT .
Here we used the fact that t is skew symmetric:
tz; - _tX .
Thus,

In other words, t spans the null space of F and Rt spans its left null space.> The two image points
corresponding to the baseline vectors t and 2t are called the epipoles:

Here, division by the third component makes that component equal to —1, so a point on the image
plane is obtained. The following convention® is customary when the third component is zero:

1 t i’t
el =— | t if t35=0 and e, = — | j’t if kT't=0.
Il | g Il |7

4The null space of a matrix is the space of vectors that are orthogonal to its rows.

SThe left null space of a matrix is the space of vectors that are orthogonal to its columns.

®This convention would become natural if camera geometry were restated in homogeneous coordinates. The
benefits of doing so, however, do not justify the additional machinery for our purposes.
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Of course, equation (5) yields also
Fe;, =0 and ETe, =0.
Finally, for any vector v orthogonal to t, the definition of cross product yields
lewvll = el V1) -
Since rotation matrices do not change the norm of vectors, we also have
IEVI| = [[Rtxvi[ = [[txvi] = [[t] [[v]] -

Together with equations (5), this result shows that the essential matrix £ has two nonzero singular
values equal to each other (and to ||t||), and a zero singular value. The left and right singular
vectors corresponding to the zero singular value are unit vectors along the epipoles,
€1 €2
vy=—— and us3=-—".
e ez

Since the other two singular values are equal to each other, the corresponding singular vectors are
arbitrary, as long as they are orthogonal to each other and (i) u;, u, are orthogonal to us and (ii)
V1, Vo are orthogonal to vs.

The essential matrix is always used in homogeneous equations, so it can be normalized so that
its two nonzero singular values are equal to one. This is equivalent to normalizing the length of
the baseline translation vector t. Similarly, the norm of the epipoles when the baseline is parallel
to the image plane (so that the third component of the epipole is zero) is irrelevant.

The preceding discussion is summarized in Table 1.

The relationship between corresponding points expressed by the epipolar constraint of equa-
tion (3) requires camera calibration, because the coordinates x. in the camera reference frame are
assumed to be known. If lens distortion alone is known, the epipolar constraint can be expressed
directly in image coordinates. In that case, the relationship between camera and image coordinates
is affine:

X; = SX. + Xo

(see the Section on image formation), and conversely

X, = S7H(x; — %) .

p= | %

p. = Ap; where A= [

If we let

we can write

S_l S_1X0
o 1
and the epipolar constraint becomes

ngATEAp,-l =0
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For a stereo camera pair with nonzero baseline, let
Xy = R(X; —t)
be the coordinate transformation from camera 1 to camera 2, and define
by=[ b b bis ] =t/t] and by=[ by by by |’ = —Rt/|t]|

to be respectively (1) the unit vector pointing from the center of projection of camera 1 to
that of camera 2, expressed in camera reference system 1, and (ii) the unit vector pointing
from the center of projection of camera 2 to that of camera 1, expressed in camera reference
system 2. Call these two vectors the first and second unit epipoles of the stereo pair, and
define the epipoles as follows:

. —by /b3 if b3 #£0 nd o — —by/bos if o3 #£ 0
! [bn b12 O]T lf b13:O 2 [bgl b22 0:|T lf 62320

The essential matrix of the stereo pair is the matrix

0 _b13 b12
E = Rblx =R b13 0 —b11
_b12 bll 0

If point x.; = (.1, Y1) in image 1 corresponds to point X.o = (X2, Ye2) in image 2, then
X.1 18 on the epipolar line of x.,, which has equation

1111'01 +l12y51 — 113 =0 where l? = [ l11 llg l13 } = [ XZQ —1 }E .

Conversely, x. is on the epipolar line of x.;, which has equation

I1zeo + lo2yer — I =0 where 1, = [ lor I lgs }T =E [ )ici } -

The singular value decomposition of F is

E=USVT =[w u uy]diag(1,1,0) [vi vo vs]" (6)

where
usg = bQ and V3 = b1

and uy, uy, vy, vy are any vectors for which U and V' become orthogonal.

Table 1: Definition and properties of the essential matrix.
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that is,
PLEpPi1 =0 where F=A"EA. (7)

The matrix F'is called the fundamental matrix in the literature.
The fundamental matrix allows finding the epipolar lines in image coordinates, rather than in
camera coordinates: Given point p;; in image 1, the corresponding epipolar line in image 2 is

piTng =0 where my = Fp;
and conversely, given point p;2 in image 2, the corresponding epipolar line in image 1 is
m|{p; =0 where m] =pLF.

The algebraic properties of F' are similar to those of E: the fundamental matrix /' has rank 2,
has a singular value of zero, and the corresponding left and right singular vectors are the epipoles in
images 2 and 1 if they are normalized so that the third coordinate is one (with the usual convention
when the third coordinate is zero). However, the two nonzero singular values are no longer equal
to each other.

The usefulness of the fundamental matrix without the essential matrix is somewhat limited by
the need to know the lens distortion parameters: if these are known, then the other intrinsic camera
parameters are likely to be known as well. Nonetheless, the fundamental matrix yields reasonably
good results with little effort when the lens distortion is small. In addition, the fundamental matrix
is useful in stereo matching (see Section 5.3 below), because it allows computing epipolar lines
without explicit transformation to camera coordinates. Of course, once the essential matrix £ is
known, the fundamental matrix F' can be computed through the second of equations (7).

One way to compute the essential or the fundamental matrix is through their definitions in (3)
or (7). However, either matrix can also be computed without knowing the extrinsic parameters
R and t for the stereo pair and, for the fundamental matrix, also without knowing the intrinsic
parameters for the two cameras, except for distortion.

This is now shown for the essential matrix. The epipolar constraint is linear (and homogeneous)
in the entries of the essential matrix £. The equation (3) can be spelled out as follows:

qle=0
where

q = Pa & P2 = [$clp02a Yc1Pc2, _pCQ]

T
- [xclxc% Le1lYe2y, —Lels Ye1Te2y Ye1Ye2y —Yels Le25 Ye2, _]-]
is the Kronecker product of the vectors p.; and p.o and
e = [611, €21, €31, €12, €22, €32, €13, €23, 633] = E()

is the list of the entries in £ in column-major order (the last expression is in Matlab-style notation).
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Given N > 8 (usually many more) pairs of corresponding points, perhaps determined by visual
inspection, one can then write N such equations in the form of an N by 9 homogeneous matrix
equation

Qe=0. (8)

This can be solved for e (see Math supplement) to yield the nine entries of a matrix E. Because of
noise in the entries of (), this matrix does not generally satisfy the properties of an essential matrix.
These can be enforced by letting

E = Udiag(1,1,0)V"  where E =UXVT

is the singular value decomposition of E. The matrix E is the essential matrix that is closest to £
in the least-squares sense (more specifically, in matrix 2-norm).

The procedure for the fundamental matrix is similar, except that once F' has been found by
solving a system analogous to (8) the matrix F'is found as

F = Udiag(oy,09,0)VT  where F = Udiag(oy,09,03) V7

is the SVD of F.

Since each of these procedures finds the result in two separate optimization steps (for instance,
first solve system (8) to find E, then find the closest E to E), the results are not optimal, and
are biased. Various authors[7, 4, 2] have shown ways to improve the results. The method in [4]
preconditions the problem by scaling and translating the image coordinates (separately foe each
image) so that their centroids are at the origin and their RMS spread is one. This makes the
condition number (see Math supplement) of the problem (8) or its equivalent for the fundamental
matrix much smaller than without this scaling and centering, and improves results considerably.
Because the transformation is affine, it can be undone once either FEor Fis computed. In other
words, if

p1 =T1ipa and py = Tope

then E is replaced by 7Y ET}, and similarly for F.

The methods in [7, 2] are more complex, and go ones step further by refining the solution with
a numerical procedure that minimizes the geometrical re-projection error, rather than the algebraic
error implied by equations (3) and (7). This is analogous to what we did for camera calibration,
and yields a consistent (i.e., asymptotically unbiased) estimate.

5.3 Redctification

Given a stereo camera pair, stereo matching, that is, the search for pairs of corresponding points,
could loop over the pixels of, say, camera 1. For each pixel x;;, the fundamental matrix would
yield the corresponding epipolar line m;, and a search for a point x;, corresponding to x;; could
be performed over this line according to one of the methods discussed in Section 5.5 below. This
would imply a second loop, nested within the first, over the epipolar line.
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However, these loops are inefficient. First, the epipolar line my; must be computed. Second,
looping over a general line in the image requires sub-pixel interpolation. A more efficient ap-
proach is to rectify the two images first, that is, transform them to two new images whose epipolar
lines coincide with the image rows, and so that corresponding epipolar lines are rows with equal
subscripts.

A moment’s reflection shows that rectified images would be produced directly by a pair of
identical cameras placed side to side, with their optical axes parallel to each other and at the same
height, and the image sensors coplanar. This is called the standard stereo configuration. It is then
tempting to place the cameras physically in this configuration to make rectification unnecessary.
However, this setup is very difficult to achieve in practice, because it would require a positioning
accuracy of the order of a micrometer and a small fraction of a degree. A more common and
more practical approach is to place the cameras only approximately in the standard configuration,
to achieve maximum overlap of the fields of view, and then rectify the images. The rectification
procedure is described next.

Rectification can be thought of as the process of defining two new reference systems for camera
1 and camera 2 that correspond to the standard stereo configuration, and then transforming the
camera-coordinate image points into the two new systems. The only transformations allowed are
rotations. This is because translations change the viewpoint, and it is not possible to transform an
image from one viewpoint into an image from a different viewpoint without knowing the geometry
of the world. In addition, linear transformations other than rotations would deform angles between
projection rays, and therefore destroy the integrity of the information contained in the image. Thus,
we want to find a rotation R; of the reference system of camera 1 and a rotation R of the reference
system of camera 2 such that the epipolar constraint (see equation (3)) between the rotated image
points in camera coordinates,

(R2pc2)TE<Rpcl) =0 s

transforms image rows into image rows. In symbols, if we let
T
E'=R,ER;

be the epipolar matrix between the transformed images, we want

Tel
[1'02, Y2 — 1]El Ye1 =0
-1
to boil down to the equation
Y2 = Ye1 -

This is the case if

S = O
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In summary, we want to find rotation matrices /2, and R, such that
0
0
-1

RIYER, =

o O O
o = O

From equation (6),
0
RTER, = RYUdiag(1,1,0)VTR, = | 0
0

The first step is to flip the sign of the third column of U if the determinant of U is positive, and to
flip the sign of the third column of V' if the determinant of V' is positive. These flips are harmless,
because the columns in question are multiplied only by zeros in the matrix diag(1, 1, 0). These sign
flips will make sure that the solutions /2, and R, have determinant 1, rather than -1. The equation
above can be solved by letting, say,

0
0

0
VIR, =1 0
1 -1

o = O

1
0 and RIU =
0

o = O

1
0
0

These are permutation and inversion matrices, and are therefore orthogonal, as can be verified
directly by multiplying them by their transposes:

0 01 0 01 0 0 1 01 O
010 01 0|=1 and 1 0 0 00 —-1]|=1I.
100 1 00 0 -1 0 1 0 0

Their effect is to switch the first and third column (multiplication from the right) of diag(1, 1, 0),
and to cyclically permute its three rows, while changing the sign of the third resulting row. The
determinant of both matrices is -1. Check that this does indeed transform diag(1,1,0) into E’ as
desired. So

0 01 01 0
R=V {010 and Ro=U |0 0 -1
100 10 0

The matrix [?; is a rotation matrix, because it is the product of two orthogonal matrices with
negative determinant. The same conclusion holds for Rs, the product of two orthogonal matrices
with positive determinant.

The transformations

p., = Ripa and pl, = Rape

rotate the image vectors. The results must be normalized by dividing each vector by the negative
of its third component, to project it back onto the image plane.
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In practice, and just as we did for the removal of lens distortion, it is best to loop over the target
coordinates p’,; and p., and retrieve the corresponding values at points

Pa = R{p,;, and pe. = R;pi
in the source image by bilinear interpolation, with

. pel(l . 2)
Al =TT o
Pc1 (3)
This computation is summarized in Table 2.

Pea(l:2) |

and X, = —
? Pea(3)

To Be Continued

5.4 Triangulation

5.5 Correspondence
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Let . .
E = Udiag(1,1,0)V"

be the singular value decomposition of the essential matrix F of a calibrated stereo pair. Let
I(x), I(x) be the images obtained by removing lens distortion from a pair of correspond-
ing images from the stereo pair (see the Section on camera calibration for lens distortion
removal). To produce rectified images /{(x’) and I;(x’), proceed as follows.

o If et~(U) = det([uy, ug,u3]) = 1, then let U = [uy, uy, —us]. Otherwise, let
U=U
o If det(V) = det([vy, va, vs]) = 1, then let V = [vy, vy, —v3]. Otherwise, let V =
V.
e Define
0 01 01 0
Ri=1010[V and R, =U| 0 0 -1
1 00 1 0 0

e For images i = 1,2, and for every pixel at position x’ in target image I/, do the
following

— Let S; and x,; be the intrinsic calibration parameters of camera ¢ (after lens
distortion removal). Determine the location x in the source image I; corre-
sponding to x’ as follows:

/ 1:2)
X/ = S;ll X/—Xm- , Pe = RzT |: XC :| , Xe = _L
( 0) pc(g)

c -1 y X = SuiXetXuio -

— Determine pixel value [;(x) by bilinear interpolation (see Section on image
processing).

— Copy the resulting pixel value to the target image:

I[(x) = L;(x) .

Table 2: Rectification of a stereo pair.



