Topic 19: Minimum Spanning Trees and
Union-Find

(CLRS 23, 21)

CPS 230, Fall 2001

Graphs

Last time we defined (weighted) graphs (either undirected or directed) and introduced
basic graph vocabulary (vertex, edge, degree, path, connected components of undi-
rected graphs, strongly connected components of directe graphs, ...).

We also discussed adjacency list and adjacency matrix representation

nless stated otherwise, we will use adjacency list representation, using (
) space.

We discussed  ( )-time breadth-first ( S) and depth-first search (  S) al-
gorithms and how they can be used to compute, e.g., connected components, shortest
path distances in unweighted graphs, and topological sorting.

We will now start discussing more complicated problems algorithms on weighted graphs.

pa r
roblem  iven a connected, undirected graph (), where each edge () has
weight (). ind a tree that connects all the vertices in  such that it has
minimum weight () ().
ote roblem is to find a (acyclic set connecting all vertices) of
. (We use the term as shorthand for

)-

S problem has many applications in networ ing, communications, scheduling, ....
or example, thin about connecting cities with the minimum amount of wire (cities
are vertices, weight of edges are distances between city pairs).



e xample

Weight of S is 2 1 2 3

S isnot uni ue e.g. () can be exchanged with ()

° algorithm for computing S

Start with spanning tree containing arbitrary vertex and no edges.

row a spanning tree by repeatedly adding the minimum weight edge that con-
nects some vertex in the current tree to some vertex not in the current tree.

e 1 the example, the greedy algorithm would wor as follows (starting at vertex )




e mplementation

o find the minimum weight edge connected to the current tree, we maintain a
priority ueue on the vertices not in the tree. he priority of a vertex is the weight
of the minimum weight edge that connects it to the current tree. ( he priority is

if there is no connecting edge.)

We also maintain a pointer from the adjacency list entry of to the entry for
in the priority ueue.
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While loop runs times we perform S
We perform at most one for each of the edges
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e Correctness
s discussed previously, when we design a greedy algorithm, the hard part is often
to prove that it wor s correctly.

We will prove a theorem below that allows us to prove the correctness of a general
class of greedy algorithms. irst some definitions

is a partition of into sets and
() if and and
if no edge in  crosses the cut

xample Cut respects

VA =T
V\S
. f () is a graph such that is subset of some S of , and
is a cut respecting thereisan S for that contains and the minimum

weight edge () that crosses

e ote he correctness of rim s algorithm follows from the heorem by induction t
each step, let the cut  consist of the edges in the current tree. herefore, at every
step of the way in rim s algorithm, the current set  of edges chosen is a subset of
some S . hus, at the end, when has 1 edges, must bean S

e roof of theorem
Let be S containing . Let () be the minimum weight edge that
crosses
f we are done.

f

Since  is a spanning tree and is therefore connected, there must be (at least)
one other edge () crossing the cut  such that there is a uni ue path



from

to in

his path together with forms a cycle

f we remove edge () from and add instead, we still have spanning

tree

he new spanning tree must have the same weight as  since isan S

and

(

) ()

here isan S containing and

he heorem allows us to describe a very abstract greedy algorithm for S

While

ind cut

ind the minimum weight edge that

Crosses

1

respecting

rim s algorithm follows this abstract algorithm.

r sas

r h

rus al s algorithm is another implementation of the abstract algorithm.

e deain

Start with

rus al s algorithm

trees (one for each vertex).

Consider edges  in increasing order add edge if it connects two trees (in which
case we merge the two trees into one).

xample



e Correctness of rus als algorithm follows from heorem Suppose the minimum
weight edge connects two trees. Let the cut consist of the vertices in one of the
two trees. Let be the current set of edges chosen. he cut respects . y the the-
orem, since the minimum weight edge crosses the cut , thereisan S that contains

and the minimum weight edge.

e herefore, at every step of the way in rus al s algorithm, the current set  of edges

chosen is a subset of some S . hus, at the end, when has 1 edges, must
bean S

e mplementation



R each vertex

()

Sort edges of  in increasing order by weight
R each edge ( ) in order

() ()

We need ( nion- ind) data structure that supports
() Create set consisting of
() nite set containing and set containing
( ) Return uni ue representative for set containing

Weuse ( log ) time to sort edges, and we perform , 1
, and 2 operations.
e Simple solution to nion- ind problem (maintain set system under and

)

aintain elements in same set as a lin ed list with each element having a pointer
to the first element in the list (uni ue representative)

xample
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() a ealist with one element (1) time.

() ollow pointer and return uni ue representative (1) time.



() Lin first element in list with uni ue representative
() after last element in list with uni ue representative ()
() time (since we have to update all uni ue representative pointers in
the list containing )

e With this simple implementation, the 1 operations in rus als
algorithm may ta e () time.

e We can improve the performance of with a very simple modification al-
ways lin the smaller list after the longer list (i.e., update the pointers of the smaller
list)

ne operation can stillta e () time, but the 1
operations collectively ta e a total of ( log ) time.

otal time is proportional to number of uni ue representative pointer changes.

Consider any element
fter pointer for is updated, belongs to a list of si e at least double the
si e of the list it was in previously.
fter pointer changes, is in list of si e at least 2 .
s pointer can be changed at most log times.

e With improvement, rus als algorithm runs in time ( log log )
(( )log ) ( log ),li e rim s algorithm with the standard priority
ueue implementation.

e ote ery recently an ( ) randomi ed minimum spanning tree algorithm
has been developed.

pPr

e t turns out that nion- ind can be improved (but without leading to an improvement
of rus al s algorithm, unless the edges are provided for free in sorted order).

Lin ed list representation can also be viewed as trees of height 1.

xample
L @ W ® @ @ 2
nstead of updating root pointers when performing , we could just lin

one tree below the root of the other.

xample (2,)



@ & @

and ta e (log ) if we always insert the smaller tree
below the larger tree, since every tree will have height (log ) (prove it )

operations ta es ( log )) time.

f we furthermore perform , ind-set operations can be per-
formed even faster
ath-compression  uring each , as we follow the path to the root (the

set s uni ue representative), we lin the traversed nodes directly to the root

xample

Find-set(x)

S

ote that a lot of paths are shortened (decreasing time spent on future
operations) without using extra time

t can be shown that (  log ) is the total time used on the
operations

2 if
e Consider ( ) 2 if 1
2 if 2
() 2
w2
@2 2 2 1
(3) 2 2 3

() 2 (Stac of 2s of height 1)



( )isan fast growing function.

fine 1 if

efine lo .

1e “0g loglog otherwise

log min log 1.
log  is minimum number of times we need to ta e log to get below 1.
log isinverse of ( ).
log slow growing function.

log for all practical values of

ne can even prove that with path-compression the total time spent on

operationsis ( (), where ( ) (afunctional inverse of ¢ ermann s function)
is a function growing even more slowly than log

() for all practical values of



