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4.1

Today’s topics

•• FunctionsFunctions

– Notations and terms

– One-to-One vs. Onto

– Floor, ceiling, and identity

•• Reading: Sections 1.8Reading: Sections 1.8

•• UpcomingUpcoming

–– AlgorithmsAlgorithms
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On to section 1.8… Functions

•• From calculus, you are familiar with theFrom calculus, you are familiar with the

concept of a real-valued function concept of a real-valued function ff,,

which assigns to each number which assigns to each number xx RR a a

particular value particular value yy==ff((xx), where ), where yy RR..

•• But, the notion of a function can also beBut, the notion of a function can also be

naturally generalized to the concept ofnaturally generalized to the concept of

assigning elements of assigning elements of anyany set to elements set to elements

of of anyany set.  (Also known as a  set.  (Also known as a mapmap.).)
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Function: Formal Definition

•• For any sets For any sets AA, , BB, we say that a , we say that a functionfunction  ff

from (or from (or ““mappingmapping””) A to B) A to B ( (ff::AA BB) is a) is a

particular assignment of exactly oneparticular assignment of exactly one

element element ff((xx)) BB to each element  to each element xx A.A.

•• Some further generalizations of this idea:Some further generalizations of this idea:

–– A A partial partial (non-(non-totaltotal))  function function ff assigns  assigns zero orzero or

oneone elements of  elements of BB to each element  to each element xx AA..

–– Functions of Functions of nn arguments; relations ( arguments; relations (chch. 6).. 6).
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Graphical Representations

•• Functions can be represented graphically inFunctions can be represented graphically in

several ways:several ways:
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Functions We’ve Seen So Far

•• A A propositionproposition can be viewed as a function can be viewed as a function

from from ““situationssituations”” to truth values { to truth values {TT,,FF}}

–– A logic system called A logic system called situation theorysituation theory..

–– pp==““It is raining.It is raining.””; ; ss=our situation here,now=our situation here,now

–– pp((ss)) {{TT,,FF}.}.

•• A A propositional operatorpropositional operator can be viewed as can be viewed as

a function from a function from ordered pairsordered pairs of truth of truth

values to truth values: values to truth values: e.g.e.g., , ((((FF,,TT)) = )) = TT..

Another example: ((T,F)) = F.
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A Neat Trick

•• Sometimes we write Sometimes we write YYXX to denote the set  to denote the set FF
of of allall possible functions  possible functions ff::XX YY..

•• This notation is especially appropriate,This notation is especially appropriate,
because for finite because for finite XX, , YY, we have , we have ||FF| = || = |YY||||XX||..

•• If we use representations If we use representations FF 00, , TT 11, , 22::
{{00,,11}={}={FF,,TT}, then a subset }, then a subset TT SS is just a is just a

function from function from SS to  to 22, so the power set of , so the power set of SS
(set of all such fns.)(set of all such fns.)  is is 22S  S  in this notation.in this notation.
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Some Function Terminology

•• If it is written that If it is written that ff::AA BB, and , and ff((aa)=)=bb
(where (where aa AA &  & bb BB), then we say:), then we say:

–– AA is the  is the domaindomain of  of ff..

–– BB is the  is the codomaincodomain  of of ff..

–– bb is the  is the imageimage of  of a a under under ff..

–– aa is a  is a pre-imagepre-image of  of bb under  under f.f.

•• In general, In general, bb may have more than 1 pre-image. may have more than 1 pre-image.

–– The The rangerange  RR BB  of of f f is is RR={={bb |  | aa  ff((aa)=)=bb } }..

We also say

the signature

of f is A B.
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Range versus Codomain

•• The range of a function might The range of a function might notnot be its be its

whole whole codomaincodomain..

•• The The codomaincodomain is the set that the function is is the set that the function is

declareddeclared to map all domain values into. to map all domain values into.

•• The range is the The range is the particularparticular set of values in set of values in

the the codomaincodomain that the function  that the function actuallyactually

maps elements of the domain to.maps elements of the domain to.
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Range vs. Codomain - Example

•• Suppose I declare to you that: Suppose I declare to you that: ““ff is a is a

function mapping students in this class tofunction mapping students in this class to

the set of grades {A,B,C,D,E}.the set of grades {A,B,C,D,E}.””

•• At this point, you know At this point, you know ff’’ss  codomaincodomain is: is:

__________, and its range is ________.__________, and its range is ________.

•• Suppose the grades turn out all As and Bs.Suppose the grades turn out all As and Bs.

•• Then the range of Then the range of f f is _________, but itsis _________, but its

codomaincodomain is __________________. is __________________.

CompSci 102 © Michael Frank
4.10

Operators (general definition)

•• An An nn-ary-ary  operatoroperator  overover (or  (or onon) the set ) the set SS is is

any function from the set of ordered any function from the set of ordered nn--

tuplestuples of elements of  of elements of SS, to , to SS itself. itself.

•• E.g.E.g., if , if SS={={TT,,FF}, }, ¬¬ can be seen as a unary can be seen as a unary

operator, and operator, and ,,  are binary operators on  are binary operators on SS..

•• Another example: Another example:  and  and  are binary are binary

operators on the set of all sets.operators on the set of all sets.
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Constructing Function Operators

•• If If •• ( (““dotdot””) is any operator over ) is any operator over BB, then we, then we

can extend can extend •• to also denote an operator to also denote an operator

over over functionsfunctions  ff::AA BB..

•• E.g.E.g.: Given any binary operator : Given any binary operator ••::BB BB BB,,

and functions and functions ff,,gg::AA BB, we define, we define

((f f ••  gg):):AA BB  to be the function defined by:to be the function defined by:

aa AA, (, (f f ••  gg)()(aa) = ) = ff((aa))••gg((aa))..
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Function Operator Example

•• ++,,  ( (““plusplus””,,““timestimes””) are binary operators) are binary operators

over over RR. (Normal addition & multiplication.). (Normal addition & multiplication.)

•• Therefore, we can also add and multiplyTherefore, we can also add and multiply

functionsfunctions  ff,,gg::RR RR::

–– ((f f ++  gg):):RR RR,,  where (where (f f ++ g g)()(xx) = ) = ff((xx))  ++ g g((xx))

–– ((f f   gg):):RR RR, where (, where (f f   gg)()(xx) = ) = ff((xx))   g g((xx))
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Function Composition Operator

•• For functions For functions gg::AA BB  and and ff::BB CC, there is a, there is a

special operator called special operator called compose compose ((““ ””).).

–– It It composescomposes (creates) a new function out of  (creates) a new function out of ff

and and gg by applying  by applying ff to the result of applying  to the result of applying g.g.

–– We say (We say (ff gg):):AA CC, where , where ((ff gg)()(aa) :) :   ff((gg((aa)).)).

–– Note Note gg((aa)) BB, so , so ff((gg((aa)) is defined and )) is defined and CC..

–– Note that Note that  (like Cartesian  (like Cartesian , but , but unlike +,unlike +, ,,

) is non-commuting. (Generally, ) is non-commuting. (Generally, ff gg    gg ff.).)

Note match here.
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Images of Sets under Functions

•• Given Given ff::AA BB, and , and SS AA,,

•• The The imageimage of  of SS under  under ff is simply the set of is simply the set of

all images (under all images (under ff) of the elements of ) of the elements of SS..

ff((SS) :) :  { {ff((ss) | ) | ss SS}}

            :            :  { {bb |  |  s s SS: : ff((ss)=)=bb}}..

•• Note the range of Note the range of ff can be defined as can be defined as

simply the image (under simply the image (under ff) of ) of ff’’ss domain! domain!
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One-to-One Functions

•• A function is A function is one-to-one (1-1)one-to-one (1-1), or , or injectiveinjective, or , or an injectionan injection, , iff iff everyevery

element of its range has element of its range has onlyonly 1 pre-image. 1 pre-image.

–– Formally: given Formally: given ff::AA B,B,

““x x is injectiveis injective”” : :  ( (¬¬ xx,,yy: : xx y y   ff((xx))==ff((yy))).).

•• Only Only one element of the domain is mapped  element of the domain is mapped toto any given  any given oneone element element

of the range.of the range.

–– Domain & range have same cardinality. What about Domain & range have same cardinality. What about codomaincodomain??

•• Memory jogger:  Each element of the domain is Memory jogger:  Each element of the domain is injectedinjected into a into a

different element of the range.different element of the range.

–– Compare Compare ““each dose of vaccine is injected into a different patient.each dose of vaccine is injected into a different patient.””
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One-to-One Illustration

•• Bipartite (2-part) graph representations ofBipartite (2-part) graph representations of

functions that are (or not) one-to-one:functions that are (or not) one-to-one:
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Sufficient Conditions for 1-1ness

•• For functions For functions ff over numbers, we say: over numbers, we say:

–– ff is  is strictlystrictly (or  (or monotonicallymonotonically) ) increasingincreasing  iffiff

x>y x>y   ff((xx))>f>f((yy))  for all for all x,yx,y in domain; in domain;

–– ff is  is strictlystrictly (or  (or monotonicallymonotonically) ) decreasingdecreasing  iffiff

x>y x>y   ff((xx))<f<f((yy))  for all for all x,yx,y in domain; in domain;

•• If If ff is either strictly increasing or strictly is either strictly increasing or strictly

decreasing, then decreasing, then ff is one-to-one.  is one-to-one. E.g.E.g.  xx33

–– Converse is not necessarily true. E.g. Converse is not necessarily true. E.g. 1/1/xx
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Onto (Surjective) Functions

•• A function A function ff::AA BB is  is ontoonto or  or surjectivesurjective or  or aa

surjectionsurjection  iffiff its range is equal to its its range is equal to its

codomaincodomain ( ( bb BB, , aa AA: : ff((aa)=)=bb).).

•• Think: An Think: An ontoonto function maps the set  function maps the set AA

ontoonto (over, covering) the  (over, covering) the entiretyentirety of the set of the set

BB, not just over a piece of it., not just over a piece of it.

•• E.g.E.g., for domain & , for domain & codomaincodomain  R,   xx3 3 is onto,is onto,

whereas whereas xx2 2 isnisn’’t.  (Why not?)t.  (Why not?)
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Illustration of Onto

•• Some functions that are, or are not, Some functions that are, or are not, ontoonto

their their codomainscodomains::
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Bijections

•• A function A function ff is said to be  is said to be a one-to-onea one-to-one

correspondencecorrespondence, or , or a a bijectionbijection, or, or

reversiblereversible, or , or invertibleinvertible, , iffiff it is it is

bothboth one-to-one  one-to-one and and onto.onto.

•• For For bijectionsbijections  f:Af:A BB, there exists an, there exists an

inverse ofinverse of  ff, written, written f  f 11::BB AA, which is the, which is the

unique function such thatunique function such that

–– (where (where IIAA is the identity function on  is the identity function on AA))
AIff =o

1
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The Identity Function

•• For any domain For any domain AA, the , the identity function I:Aidentity function I:A
AA (variously written,  (variously written, IIAA, , 11, , 11AA) is the) is the

unique function such that unique function such that aa AA: : II((aa)=)=aa..

•• Some identity functions youSome identity functions you’’ve seen:ve seen:

–– ++inging 0, · 0, ·inging by 1,  by 1, inging with  with TT, , inging with  with FF, , 
inging with  with , , inging with  with UU..

•• Note that the identity function is alwaysNote that the identity function is always
both one-to-one and onto (both one-to-one and onto (bijectivebijective).).
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•• The identity function:The identity function:

Identity Function Illustrations

•
•

•

•

•

•

•
•

•

Domain and range x

y y = I(x) = x
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Graphs of Functions

•• We can represent a function We can represent a function ff::AA BB as a set of as a set of

ordered pairs ordered pairs {({(aa,,ff((aa)) | )) | aa AA}}..

•• Note that Note that aa, there is only 1 pair , there is only 1 pair ((aa,,bb))..

–– Later (ch.6): Later (ch.6): relationsrelations loosen this restriction. loosen this restriction.

•• For functions over numbers, we can representFor functions over numbers, we can represent

an ordered pair (an ordered pair (xx,,yy) as a point on a plane.) as a point on a plane.

–– A function is then drawn as a curve (set of points),A function is then drawn as a curve (set of points),

with only one with only one yy for each  for each xx..

 The function’s graph.
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Aside About Representations

•• It is possible to represent any type ofIt is possible to represent any type of
discrete structure (propositions, bit-strings,discrete structure (propositions, bit-strings,
numbers, sets, ordered pairs, functions) innumbers, sets, ordered pairs, functions) in
terms of virtually any of the otherterms of virtually any of the other
structures (or some combination thereof).structures (or some combination thereof).

•• Probably Probably nonenone of these structures is  of these structures is trulytruly
more fundamental than the othersmore fundamental than the others
(whatever that would mean).  However,(whatever that would mean).  However,
strings, logic, and sets are often used asstrings, logic, and sets are often used as
the foundation for all else.  the foundation for all else.  E.g.E.g. in  in 
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A Couple of Key Functions

•• In discrete math, we will frequently use theIn discrete math, we will frequently use the

following two functions over real numbers:following two functions over real numbers:

–– The The floorfloor function  function ::RR ZZ, where , where xx  ( (““floorfloor

of of xx””) means the largest (most positive) integer) means the largest (most positive) integer

  x.  I.e.x.  I.e., , xx  : :   max({max({ii ZZ||ii xx})})..

–– The The ceilingceiling function  function  : :RR ZZ, where , where xx

((““ceiling of ceiling of xx””) means the smallest (most) means the smallest (most

negative) integer negative) integer   xx. . xx  : :   min({min({ii ZZ||ii xx})})
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Visualizing Floor & Ceiling

•• Real numbers Real numbers ““fall to their floorfall to their floor”” or  or ““rise torise to

their ceiling.their ceiling.””

•• Note that if Note that if xx ZZ,,

xx       xx  & &

xx       xx

•• Note that if Note that if xx ZZ,,

  xx  =  = xx  =  = xx..
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Plots with floor/ceiling

•• Note that for Note that for ff((xx)=)= xx , the graph of , the graph of ff includes the point ( includes the point (aa, 0) for, 0) for

all values of all values of aa such that  such that aa 0 and 0 and a<a<1, but not for the value 1, but not for the value aa=1.=1.

•• We say that the set of points (We say that the set of points (aa,0) that is in ,0) that is in ff does not include its does not include its

limitlimit or  or boundaryboundary point ( point (aa,1).,1).

–– Sets that do not include all of their limit points are generally called Sets that do not include all of their limit points are generally called openopen

setssets..

•• In a plot, we draw a limit point of a curve using an open dotIn a plot, we draw a limit point of a curve using an open dot

(circle) if the limit point is not on the curve, and with a closed(circle) if the limit point is not on the curve, and with a closed

(solid) dot if it is on the curve.(solid) dot if it is on the curve.
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Plots with floor/ceiling: Example

•• Plot of graph of function Plot of graph of function ff((xx) = ) = xx/3/3 ::

x

f(x)

Set of points (x, f(x))

+3

2

+2

3


