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Abstract. Penetration depth (PD) is a measure that indicates the amount
of overlap between two objects. The most popular version is the transla-
tional penetration depth, which is the minimum amount of distance by
which the two overlapping objects must be translated in order to separate
them. A variant of this classical version of the problem is computation of
generalized penetration depth (GPD), in which rotational motion is also
allowed in addition to translation. In this paper, we survey important
results related to computation of PD and GPD for objects in R

2 and R
3.

1 Introduction

For any two objects {A,B} ⊆ R
n the Euclidean distance between A and

B is defined as:

d(A,B) = min
a∈A
b∈B

||a− b||.

However, if A and B intersect, this measure is 0 and does not indicate the
extent of intersection. Penetration depth (also referred to as intersection
depth) is a measure that indicates the extent of overlap. In our discussion
we shall assume that the object A is movable while the object B is fixed.
Given a direction u, the directional penetration depth between A and
B, ρu(A,B) is defined as the minimum amount of translational motion
along the direction u, required to make the interior of A disjoint from B.
Note, that if the two objects are disjoint then ρu(A,B) = 0. The (overall)
penetration depth, ρ(A,B) is defined as minimum amount of translational
motion required in any direction required to make the interior of A disjoint
from B, i.e.

ρ(A,B) = min
t∈Rn

{||t|| : A ∩ int(B + t) = ∅},

where B + t denotes translation of the object B by the vector t.

This notion of penetration depth can be studied by endowing addi-
tional degrees of freedom to the object A, e.g. allowing rotation. But doing
so increases the complexity of computing the penetration depth. Most of



the research till date has been in computing the translational depth, and
recently there has been some work in allowing rotational motion to the
object A. In this survey, we will depict results related to the computation
of penetration depth in dimensions 2 and 3.

Determining intersection depth between two objects is useful in a
variety of domains. For example, in interactive graphics it is useful in
computing the proximity between the objects. In penalty based simu-
lation methods PD is used to compute the non-penetrating constraint
force. More generally, in application domains such as VLSI layout design,
robotics, computer-aided-design etc where proximity of objects is impor-
tant, computation of PD can be very helfpul. In this paper we present
survey various techniques used to compute penetration depth between
objects in R

k, for k = 2 or 3.

This paper is organized as follows: in section 2 we survey results for
computing translational penetration depth in R

2, in section 3 we present
results related to computing translational penetration depth between
polytopes in R

3, in section 4 we describe recent work on generalized pen-
etration depth where rotational motion is also allowed and we conclude
section 5 with a few open problems.

2 Penetration depth computation in R
2.

In this section we survey results for computing penetration depth of sim-
ple polygons in two dimensions. For two convex polygons A, B, with n1

and n2 vertices respectively, Keerthi et. al [13] propose an algorithm that
computes the directional penetration depth in O(log n1 log n2) time and
overall penetration depth in O(n1+n2) time. We will present the more ef-
ficient algorithms developed by Dobkin et. al [7] to compute penetration
depth of two polygons which have improved running time for the case
of convex polygons. They also develop algorithms to efficiently compute
penetration depth when one of polygons is non-convex and the other is
convex. Their approach is based on computing the Minkowski sum of the
two convex polygons and using it to compute the penetration depth.

The Minkowski sum of two sets A and B is defined as:

A⊕B = {a+ b : a ∈ A, b ∈ B.}

The following lemmas, by Guibas and Stolfi [11], shows how computing
Minkowski sum can help in computing penetration depth.



Lemma 1. For any two polyhedra A, B and two vectors s, t, we have
(A+ s) ∩ (B + t) 6= ∅ iff s− t ∈ A⊕−B.

Lemma 2. If A, B are convex polygons, with n1 and n2 vertices then
A⊕B is also a convex polygon with n1 +n2 vertices and can be computed
in time O(n1 + n2) by merging the edges of A and B in slope order.

Let A, B be two polyhedra with n1 and n2 vertices respectively.
Choose a point a ∈ A as the origin and the reference point for the place-
ment of the polyhedron A. For the polyhedra B let b denote the reference
point of B, with respect to the origin above. By the lemma 1, comput-
ing the penetration depth in a given direction α is same as computing a
minimum t such that b + tα /∈ A ⊕ (−B). Therefore, finding ρα is same
as finding the intersection point of a ray with A ⊕ (−B). By adopting
the techniques of Guibas and Stolfi [11] such an intersection point can be
found in O(log n) time, where n = max(n1, n2). To determine the overall
penetration depth, it is required to find the point on A ⊕−B closest to
b. This can be done in O(n) time by computing the distance of b to every
edge of A⊕−B and choosing the minimum. The medial axis of a polygon
is defined as the locus of all points which are equidistant from at least
two points from the boundary of the polygon. For a convex polygon the
medial axis can be computed in O(n) time. By building a point location
data structure for the medial axis diagram, one can compute in O(log n)
time the penetration depth ρ(A,B + t) after O(n) time preprocessing.

When A is allowed to be nonconvex, A⊕−B can have Ω(n1n2) ver-
tices. In order to extend these results to the case where A is a nonconvex
polygon and B is a convex polygon, Dobkin et. al propose the following
approach:

1. Compute a triangulation of A, let A =
⋃k
i=1 Ti, where Ti is a triangle.

2. Find an “implicit” representation of Ri = Ti ⊕−B.
3. Find an “implicit” representation for the boundary of R =

⋃k
i=1Ri.

The Minkowski sum of triangles Ti with −B require storing the 3
edges of the triangles Ti in slope order among the edges of B. This is
done implicitly by storing an index in the appropriate position of the edge
array used to store B. The union of the convolved rectangles R consists
of convex arcs and line segments. In the implicit representation, only the
edges are explicitly stored. We denote this explicitly stored boundary of
R by Λ. Once the boundary of R has been computed, the directional PD
can be computed by intersecting a ray from b in the given direction u



with each of the O(n1) bounding edges and arcs of R and computing the
point on the boundary closest to b. This can be done in O(n1 log n2) time
as computing the intersection of a ray with a line takes O(1) time and
computing the intersection of a ray with a convex arc of n2 vertices takes
O(log n2) time. To compute the overall penetration depth, the following
steps are executed:

1. Compute r = minp∈Λ ||b− p||.
2. Compute V (b, r) = V (b)∩D(b, r), where V (b) is the visibility polygon

of b and D(b, r) is the disck of radius r centered at q.
3. Compute ρ(A,B + b) = minp∈V (b,r) ||b− p||.

Steps, 1, 2 take O(n1 log(n1 +n2)+n2) time while step 3 takes O(n1 +n2)
time, so the above procedure takes O(n1 log(n1 + n2) + n2) time.

Computing the penetration depth between two non-convex polygons
is substantially harder as the Minkowski sum can have complexity Ω(n4).

3 Penetration depth computation in R
3

In this section we present some of the key algorithms developed to com-
pute penetration depth between two polytopes in three dimensions.

3.1 Penetration depth using Minkowski sums

Cameron and Culley propose an algorithm [5] that uses the Minkowski
sum of of the two polytopes A, B as input and finds the point on the
boundary of M = A ⊕ −B closest to the origin O. The input to their
algorithm is a list H of half-spaces representing M , such that for each
h ∈ H, there is a facet of M that lies in h.

1. First find the point p1, which is the orthogonal projection of the origin
onto the hyperplane hf representing the farthest halfspace from O in
h.

2. If p1 /∈M , find a list Lf of halfspaces that intersect hf . The intersec-
tion of the halfspaces is a polygon Pf .

3. If the furthest linear half-space from p1 does not contain any edge of
Pf , it is removed from Lf , this is continued until the furthest linear
half-space has an edge of Pf .

4. The algorithm then recursively finds the point p2 closest to p1 on Pf .
5. If p2 lies in the interior of an edge then it will be the point closest to

the origin



6. Otherwise, exhaustively search for the point closer to the origin by
first finding all the half spaces in H \ hf that pass through p2 and
considering all edges that intersect the sphere with origin as center
and radius ||p2|| as candidates.

Their algorithm needs the Minkowski sum as input, and also does not
have theoretical analysis.

3.2 Directional penetration depth using Dobkin-Kirkpatrick

hierarchy

For the case of convex polytopes, Dobkin et. al [7] propose an algorithm
which after linear time preprocessing, computes directional penetration
depth in O(log n1 log n2) time for any direction. In the preprocessing step
they build two hierarchies of polytopes, namely the inner and outer hier-
archies. These are popularly known as Dobin and Kirkpatrick hierarchies
[8–10]. In the discussion below, we closely follow the notation of [7]. Let
V (P ) denote the vertex set of a polytope P , and let H(P ) denote the set
of planes containing the facets of P . A polytope sequence P1, P2, . . . , Pk
is an inner (resp. outer) hierarchy of a polytope P , if ∀1 ≤ i < k:

1. P1 = P , and Pk is a simplex.

2. Pi+1 ⊂ Pi and V (Pi+1) ⊂ V (Pi) (resp. for outer hierarchy, Pi+1 ⊃ Pi
and H(Pi+1) ⊂ H(Pi)).

3. V (Pi) \V (Pi+1) is an independent set in Pi (resp. for outer hierarchy,
H(Pi) \H(Pi+1) bounds an independent set of facets in Pi).

Dobkin et. al [9] prove that for every convex polytope P , such hierar-
chies of height O(log |P |) can be constructed in linear time. One advantage
of building such a hierarchy is that we can find the first intersection of a
directed line or that of a line or a plane translating from infinity in the
direction u, with P in O(log |P |) time. So, given a polytope A with con-
stant complexity ρu(A,P ) can be computed in O(log n) time. In order to
compute the ρu(A,B) for convex polytopes A, B, the algorithm devised
by Dobkin et. al, alternates between two phases one of which tries to find
an intersecting pair Ai, Bi of the corresponding hierarchies and the other
that computes ρu(Ai−1, Bi−1). The algorithm terminates once ρu(A1, B1)
is determined. Since the depth of the hierarchy is O(log n), the overall
running time is O(log n1 log n2) = O(log2 n).



3.3 Deep Dual space: An incremental algorithm to compute

PD

We now describe an incremental algorithm due to Kim et. al [14]. For
a convex polytope P the width W (P ) is defined as the minimum dis-
tance between two parallel planes supporting P . The penetration depth
is related to width, as for example, ρ(A,A) = W (A). Let ZAB denote
the set of pairs of planes (Z1, Z2) such that Z1 supports the polytope A
and Z2 supports polytope B and the outer facet normals are in opposite
directions for Z1 and Z2. The following equation relates width and PD:

ρ(A,B) = min
(Z1,Z2)∈ZAB

d(Z1, Z2),

where d(Z1, Z2) is the distance between planes Z1, Z2.

The following lemma by Houle and Toussaint [12] which was used in
their width computation algorithm is useful in restricting the candidate
set of support planes to be considered to compute ρ(A,B).

Lemma 3. The width of a point set P ⊆ R
3 is the minimum distance

between parallel supporting planes and the planes that realize this mini-
mum distance pass through either an antipodal vertex-facet (VF) pair or
an antipodal edge-edge(EE) pair of the convex hull P .

In order to find the supporting planes passing through V F or EE
pairs, Houle and Toussaint use a duality transform to map the vertices,
edges and facets to circular convex regions, arcs of the great circle and
points on the normal (Gaussian) diagram of the polytopes. The antipodal
pairs can be found by overlapping the upper and the lower hemispheres
and finding the intersections. Kim et. al design an incremental algorithm
that adapts this methodology but constructs the Minkowski sums (or nor-
mal diagrams in dual space) incrementally as required. Their algorithm
is outlined below:

1. Initalization: Choose a vertex from each of the two polytopes, such
that there is a plane supporting both polytopes and passes through
these two vertices. This pair is referred to as the vertex hub pair.
Typically, these are chosen two be extremal vertices in the direction
of the vector δc and −δc, where δc is the vector difference in centroids
of the two polytopes.

2. At each step expand the surface of Minkowski sums by choosing an-
other vertex hub pair that is closest from the origin of Minkowksi
sums.



3. Update the current PD value and iterate until convergence.

The above algorithm converges to a local minima, and may not find exact
PD, and in the worst case can take upto O(n2) time.

3.4 A fast randomized algorithm to compute PD

Every facet of the Minkowski sum M = A ⊕ −B is produced from the
Minkowksi sum of an facet, edge, vertex of A with a vertex, edge, facet
of B respectively. The facets produced by the Minkowski sum of either a
facet or a vertex of B can be computed in O(n1 + n2 log(n1 + n2)) time
[6]. So, in order to find the PD efficiently, it suffices to find the shortest
distance from the origin to the facets of M generated by an edge of A
and an edge of B. Although there are potentially Ω(n1n2) of such pairs,
not all of them can generate a facet of M . Based, on this observation
Agarwal et. al [1, 2] propose an algorithm that first creates a family of
pairs of subsets of the edges and uses them to reduce the number of edge
pairs to be considered. Their algorithm is outlined below:

The family of edge pairs is denoted (as in [1]) F = {(A1, B1), . . . , (Ak, Bk)}
where Ai are subset of edges of A and Bi are subset of edges of B are
such that every pair of edges (ai, bi) ∈ (Ai, Bi), 1 ≤ i ≤ n, generate a
facet of M and for every facet of M generated by a pair of edges say
(va, vb) there is a pair of subsets (Av , Bv) ⊃ (va, vb) with 1 ≤ v ≤ n. Also,
For all (Ai, Bi), lines supporting the edges in Ai and Bi are vertically
separated. Additionally, F can be parititioned suitably, for details of the
partition properties we refer the reader to the original paper. Once such
a decomposition is computed, their algorithm proceeds as follows:

1. Find ∆∗ the minimum of distances from the origin to the facets of M
generated by vertices or faces.

2. For each pair (Ai, Bi) ∈ F choose (a, b) ∈ (Ai, Bi) and compute the
distance ∆i from the origin to the affine hull of (a⊕−b).

3. Return minimum of {∆∗} ∪ {∆i}
n
i=1.

Using the properties of the family F mentioned above, Agarwal et.

al show that the above algorithm runs in O(n
3/4+ε
1 n

3/4+ε
2 + n1+ε

1 + n1+ε
2 )

randomized expected time, for any ε > 0 .
They also propose approximation algorithms that given a parameter

δ > 0 compute the penetration depth in time O(n1 + n2 + (log2(n1 +
n2))/δ), within a factor of 1 + δ. If the penetration is shallow, with Kδ

being the number of facets of M within a distance of 1+ δ(ρ(A,B)), they
also propose an approximation algorithm that computes the penetration



depth in time O(n1 + n2 +Kδ log(n1 + n2) + (log2(n1 + n2))/δ) with an
approximation factor of 1 + δ.

3.5 Miscellaneous

Bergen et. al [4] propose an algorithm for estimating a lower bound on
penetration depth between convex polytopes by expanding a polyhedral
approximation of the Minkowski sum. Kim et. al [15] propose an algo-
rithm to compute an upper bound on PD for general polyhedral models
by decomposing the polyhedra into convex components, and performing
a closest point query using rasterization hardware. The worst case com-
plexity of their algorithm can be O(n4).

4 Generalized Penetration Depth

In this section we describe the salient aspects of recent work on penetra-
tion depth by Zhang et. al [18], wherein rotational motion is also allowed
along with translation. More precisely, let the two polytopes {A,B} ⊆ R

3,
with B being fixed and A allowed to translate and rotate. The configura-
tion space (C-space) C can be described by six parameters (x, y, z, φ, θ, ψ),
where x, y, z are usual cartesian co-ordinates denoting translational mo-
tion and φ, θ, ψ are the Eulerian angles denoting rotational motion. Given
a configuration u, denote the placement of A at u by A(u), and let p(u)
denote the position of a point p ∈ A at u. Given two configurations u, v
let γ be a curve that connects them. Let γ be a curve traced by a point
a ∈ A when the configuration changes from u to v and let L(a, γ) be the
it’s arc length. Let Γ be the set of all curves connecting u, v. Zhang et.
al define a distance metric in the C-space as follows:

Dg(u, v) = min
γ∈Γ

max
a∈A

L(a, γ).

Let q = u− v, an upper bound for the above metric is given by:

Dg(u, v) ≤ πx(q) + πy(q) + πz(q) +Rφπφ(q) +Rθπθ(q) +Rψψ(q), (1)

where π is the projection operator and Rφ, Rθ, Rψ are maximum distance
from any point on A to the X,Y,Z axes respectively.

Using this metric, the generalized penetration depth ρg is defined as
follows:

ρg(A,B) = min
v∈C

{Dg(u, v) : int(A(v) ∩B) = ∅}.



For convex polyhedra in R
3, they prove that ρ(A,B) = ρg(A,B),

where ρ(A,B) is the penetration depth with only translation allowed.
They also present an algorithm to compute the generalized penetration
depth in the case where A the movable object is convex and the comple-
ment of B, namely B̄ is also convex, which is outlined below:

1. Find a configuration u such that A(u) ⊆ B̄.

2. Using the upper bound in equation 1 as an objective function itera-
tively compute a configuration v that yields a tighter bound.

In order to compute the containment they adapt algorithms described
by Milenkovic et. al [16] and Grinde et. al [3] which compute a locally
optimal containment by reducing the problem to an instance of linear
programming. Once the containment configuration is computed, ρg can
be found using equation 1.

For the general case of two non-convex objects, they provide an algo-
rithm that computes a lower bound by finding the inner convex convers,
which are subsets of the polyhedra whose union covers the polyhedra.
The algorithm then computes the minimum pairwise penetration depth
between these covers as a lower bound. The running time for computing
the lower bound is O(nanb) where na, nb are the total number of features
(vertices, edges and facets) of the convex covers of A and B respectively.
They also provide an algorithm that computes an upper bound which is
based on the notion of a piecewise linear separator. Given disjoint non-
convex objects A, B it is known (see Mount [17]) that either a single
plane separates them or a set of linear surfaces separates them. Their
algorithm enumerates all possible separating planes and convex separtors
by evaluating the convexity of boundary of B. For each separator, using
the technique to compute the PD between a convex object and convex
complement described above they compute an upper bound of the pene-
tration depth. The minimum over all the separators gives an overall upper
bound. For details we refer the reader to the original paper.

5 Conclusion

Penetration depth measures the extent of overlap between two intersect-
ing objects. In this paper, we presented a survey of results related to
computing the penetration depth between two objects in R

2 and R
3.

Desigining efficient algorithms for computing penetration depth for non-
convex objects seems to be hard. As such, there are several (to the best
of our knowledge) open problems such as:



1. Can directional penetration depth between two non-convex polygons
in R

2 be computed in sub-quadratic time?

2. Can the translational PD between non-convex polygons (respectively
polytopes) be computed in sub-quartic time (respectively in less than
O(n6) time) with perhaps a constant factor of approximation?

3. Can efficient approximation algorithms with tight bounds be devised
for computing generalized penetration depth between two non-convex
polyhedra in R

3?
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