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Abstract

Let T be a set of n points in Rd. We show that a (k, !)-kernel of T of size
O(k/!(d!1)/2) can be computed in time O(n + k2/!d!1), where a (k, !)-kernel is a
subset of T that !-approximates the directional width of T , for any direction, when
k outliers can be ignored in that direction. A (k, !)-kernel is instrumental in solving
shape fitting problems with k outliers, like computing the minimum-width annulus
covering all but k of the input points. The size of the new kernel improves over the
previous known upper bound O(k/!d!1) [HW04], and is tight in the worst case. The
new algorithm works by repeatedly “peeling” away (0, !)-kernels. We demonstrate the
practicality of our algorithm by showing its empirical performance on various inputs.

We also present a simple incremental algorithm for (1 + !)-fitting various shapes
through a set of points with at most k outliers. The algorithm works by repeatedly
“grating” critical points into a working set, till the working set provides the required
approximation. We prove that the size of the working set is independent of n, and
thus results in a simple and practical, near-linear-time algorithm for shape fitting with
outliers. We illustrate the versatility and practicality of this technique by implementing
approximation algorithms for minimum enclosing circle and minimum-width annulus.

1 Introduction

In many areas such as computational geometry, computer graphics, machine learning, and
data mining, considerable work has been done on computing various descriptors of the ex-
tent of a set T of n points in Rd. These descriptors, called extent measures, either compute
certain statistics of T itself such as diameter and width, or compute some (possibly non-
convex) geometric shape enclosing T with respect to a certain optimization criterion, such
as computing the smallest radius of a sphere or cylinder, the minimum volume (or surface
area) of a box, and the smallest spherical or cylindrical shell that contain T . Motivated by
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more recent applications, there has also been work on maintaining extent measures of a set
of moving points, e.g., using the kinetic data structure framework [AGHV01, BGH99].

The existing exact algorithms for computing extent measures are generally expensive.
For example, the best known algorithm for computing the smallest enclosing cylindrical
shell in R3 requires O(n5) time [AAS01]. Consequently, attention has shifted to develop-
ing faster approximation algorithms; see, e.g., [AAHS00, AAS01, BH01, Cha02a]. Agar-
wal et al. [AHV04, AHV05] proposed a unified framework for computing numerous extent
measures approximately in low dimensions. Their approach is to first extract a small subset
from the input, known as the coreset, and then return the extent measure of this subset
as an approximation to that of the original input. The running time of their algorithm,
substantially improving upon many previous results, is typically of the form O(n + 1/!c),
where n is the input size, c is a constant that may depend on the dimension d, and ! is the
approximation error.

Most of the existing work assumes that the input does not contain noisy data. However in
the real world, noise may come from di!erent sources during data acquisition, transmission,
storage and processing, and is unavoidable in general. Meanwhile, most extent measures are
very sensitive to noise; a small number of inaccurate data items (i.e., the so-called outliers)
may substantially a!ect extent measures of the whole input. In order to compute more
reliable extent measures on the input, it is thus natural to assume that the outlier points
should be excluded from consideration. For example, the smallest enclosing cylinder problem
with k outliers is formulated as finding the smallest cylinder that covers all but at most k of
the input points.

Following up the work in [AHV04, HW04], we consider the problem of finding robust
coresets for various extent measures that are able to handle outliers. Assuming there are
at most k outliers in the input, our goal is to compute a coreset of small size, so that the
best solution on the coreset with at most k outliers would provide an !-approximation to
the original input with at most k outliers. We are mainly concerned with the case in which
the number k of outliers is small compared to the input size n. Otherwise, random-sampling
techniques have been e!ectively used to handle outliers [AH05].

Problem statement. Let T be a set of n points in Rd. For a direction u " Sd!1 and
an integer 0 # k < n, the level of a point a " Rd in direction u is the number of points
p " P such that $u, p% > $u, a%, i.e., the number of points in T that lie in the open halfspace
bounded by the hyperplane $u, x & a% = 0. This notion of level is the dual of the level of a
point in an arrangement of hyperplanes [Mat02]. Let T k[u] (resp. Tk[u]) denote the point
of T whose level is k (resp. n & k & 1) in direction u. Let Uk(u, T ) =

!
u, T k[u]

"
denote the

k-level of T in direction u. Let Lk(u, T ) = $u, Tk[u]% = &Uk(&u, T ). For parameters k and
", the (k, ")-directional width of T in direction u, denoted by Ek,!(u, T ), is defined as

Ek,!(u, T ) = Uk(u, T ) & L!(u, T ).

For simplicity, we denote Ek,k(u, T ) by Ek(u, T ) and E0(u, T ) by E(u, T ).
Given a set T of n points in Rd, a parameter ! > 0 and an integer 0 # k < n/2, a subset

S ' P is called a (k, !)-kernel of T if for every u " Sd!1 and every 0 # a, b # k, we have

(1 & !) · Ea,b(u, T ) # Ea,b(u, S) # Ea,b(u, T ).
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Note that (0, !)-kernel is the same as the notion of !-kernel defined by Agarwal et al. [AHV04].
In this paper, we are interested in computing a (k, !)-kernel of small size for any given

point set P ( Rd and parameters k and !. Once we can compute small (k, !)-kernels e"-
ciently, we will immediately be able to compute robust coresets for various extent measures,
using the standard linearization and duality transforms; see [AHV04] for details.

Related results. The notion of !-kernels was introduced by Agarwal et al. [AHV04] and
e"cient algorithms for computing an !-kernel of a set of n points in Rd were given in [AHV04,
Cha04, YAPV04]. Yu et al. [YAPV04] also gave an incremental algorithm for fitting various
shapes through a given set of points. See [AHV05] for a review of known results on coresets.

Although there has been much work on approximating a level in an arrangement of
hyperplanes using the random-sampling and !-approximation techniques [Cha93, Mat91],
this line of work has focused on computing a piecewise-linear surface of small complexity
that lies within levels (±!)k for a given integer k ) 0. These algorithms do not extend to
approximating a level in the sense defined here.

Perhaps the simplest case in which one can easily show the existence of a small (k, !)-
kernel is when all points in T are collinear. One simply returns the first and last k + 1
points along this line as the desired (k, !)-kernel. In fact, this kernel has exactly the same
k-level directional width as T , for all directions. Note that the size of this kernel is 2k + 2,
which is independent of the input size. Generalizing this simple example, Har-Peled and
Wang [HW04] showed that for any point set P ( Rd, one can compute a (k, !)-kernel of size
O(k/!d!1). Their algorithm is based on a recursive construction, and runs in O(n + k/!d!1)
time. Their result led to approximation algorithms for computing various extent measures
with k outliers, whose running times are of the form O(n + (k/!)c).

Our results. In Section 2 we prove that there exists a (k, !)-kernel of size O(k/!(d!1)/2)
for any set T of n points in Rd. This result matches the lower bound #(k/!(d!1)/2). Our
construction is surprisingly simple and intuitive, and it naturally extends the recent results
of Agarwal et al. [AHV04], Chan [Cha04], and Yu et al. [YAPV04]. The running time of
our algorithm is bounded by O(n + k2/!d!1). Our result immediately implies improved
approximation algorithms on a wide range of problems discussed in [HW04]. To name a few,
we can compute an !-approximation of the diameter with k outliers in O(n+k2/!d!1) time; an
!-approximation of the minimum-width spherical shell with k outliers in O(n+k2d+1/!2d(d+1))
time; and find a subset of size O(k/!d) for a set of linearly moving points in Rd so that at
any time the diameter (width, smallest-enclosing box, etc.) with k outliers of the subset is
an !-approximation of that of the original moving point set.

Our algorithm is very simple to implement. We tested it on a variety of inputs for d # 8.
Our empirical results show that our algorithm works well in low dimensions (d # 4) both in
terms of size of the kernel and the running time.

In Section 3 we present an incremental algorithm for shape fitting with k outliers, which
is an extension of the incremental algorithm by Yu et al. [YAPV04]. The algorithm works
by repeatedly “grating” points from the original point set into a working set; the points that
violate the current solution for the working set the most are selected by the algorithm. We
prove that the number of iterations of the algorithm is O((k3/!d)d!1), which is independent
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of n. We believe that this bound can be improved. Our empirical results show that the
algorithm converges fairly quickly in practice. Interestingly, while the algorithm itself does
not make explicit use of (k, !)-kernels at all, its analysis crucially relies on our algorithm for
constructing (k, !)-kernels.

2 Construction of (k, !)-Kernel

In this section, we describe an iterative algorithm for constructing a (k, !)-kernel for a set T
of n points in Rd. Without loss of generality, we assume that ! # 1/2.

2.1 Algorithm

Set # = !/4. Our algorithm consists of 2k + 1 iterations. In the beginning of the ith
iteration, for 0 # i # 2k, we have a set Pi ' P ; initially P0 = P . We compute a #-kernel Ti

of Pi, using an existing algorithm for computing #-kernels [AHV04, Cha04, YAPV04]. We
set Pi+1 = Pi \ Ti. After 2k + 1 iterations, the algorithm returns S =

#2k
i=0 Ti as the desired

(k, !)-kernel.
Intuitively, Ti approximates the extent of Pi. By peeling away Ti from Pi, important

points (in the sense of approximating the extent measures) on the next level of T get “ex-
posed” and can then be subsequently captured in the next iteration. By repeating this
peeling process enough times, the union of these point sets approximates the extents of
all the first k-levels. Similar peeling ideas have been used for halfspace range search-
ing [AAE+00, CGL85, CP86] and computing k-hulls [CSY87]. However, despite the un-
derlying intuition, it is still somewhat surprising that this “peeling” approach really works
for computing (k, !)-kernels, given the fact that only a small number of points are removed
in each iteration, while the number of points in T lying at levels at most k could be as large
as #(n).

2.2 Proof of correctness

In order to prove that S, the subset returned by the algorithm, is a (k, !)-kernel of T , we fix
an arbitrary direction u " Sd!1 and argue that

Ea,b(u, S) ) (1 & !) · Ea,b(u, T ),

for all 0 # a, b # k. We only discuss the case a = b = k; other cases can be handled by
slightly modifying the argument given below. Let

Vk!1(u, T ) = $T 0[u], T 1[u], · · · , T k!1[u],

Tk!1[u], Tk!2[u], · · · , T0[u]%

denote the ordered sequence of points realizing the top/bottom k& 1 levels of T in direction
u. We call the ith iteration of the algorithm successful (with respect to direction u) if
Vk!1(u, T ) * Ti += , or unsuccessful otherwise.
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Lemma 2.1 If the ith iteration is unsuccessful, then E(u, Pi) # (1 + !/2) Ek(u, T ).
In fact, L0(u, Pi) ) Lk(u, T ) & (!/2)Ek(u, T ) and U0(u, Pi) # Uk(u, T ) + (!/2)Ek(u, T ).

Proof: Since Ti * Vk!1(u, T ) = ,, we have E(u, Ti) # Ek(u, T ). By construction, Ti is a
#-kernel of Pi, and as such,

E(u, Pi) # E(u, Ti)/(1 & #) # (1 + !/2) Ek(u, T ).

The other claims in this lemma can be proved in a similar manner.

q2

q0

q3

q1

p3

p1

p2

p0

u

E3(u, P )

E(u,Pi)

!
2
· E3(u, P )

E(u,Ti)

Figure 1: Illustration of Lemma 2.1. Double circles represent points in Ti. The union of
double circles and solid circles represent points in Pi. Empty circles represent points in
P \ Pi =

#i!1
j=0 Tj . Here pi = T i[u] and qi = Ti[u].

Lemma 2.2 The set S is a (k, !)-kernel of T .

Proof: Suppose the ith iteration of the algorithm is not successful, and there exists " # k
such that T ![u] /" S, then T ![u] " Pi. Since Ti is a #-kernel of Pi,

U0(u, Ti) ) U0(u, Pi) & # E(u, Pi)

) U!(u, T ) & (!/4)(1 + !/2) Ek(u, T )

(By Lemma 2.1)

) Uk(u, T )& (!/2) Ek(u, T ).

Let Q =
$
p " P | $u, p% ) Uk(u, T )& (!/2) Ek(u, T )

%
. The preceding argument implies that

|Q * Ti| ) 1.
Let m be the total number of successful iterations of the algorithm. If m # k, then, by the

above argument, there are at least 2k +1&m ) k +1 points in S that are also in Q. On the
other hand, if m > k, then

&&S * T 0...k!1[u]
&& ) m&k, and there are 2k +1&m other points in

S that are in Q. Hence there are always at least k +1 points of S that belong to Q, implying
that Uk(u, S) ) Uk(u, T ) & (!/2) Ek(u, T ). Similarly, Lk(u, S) # Lk(u, T ) + (!/2) Ek(u, T ).
Putting this together, we get that

Ek(u, S) = Uk(u, S) & Lk(u, S) ) (1 & !)Ek(u, T ).
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2.3 Time complexity

Chan [Cha04] has shown that a #-kernel of size O(1/#(d!1)/2) can be computed in O(n +
1/#d!1) time. Plugging these bounds, we obtain an algorithm for computing (k, !)-kernels
of size O(k/#(d!1)/2) with running time O(nk + k/!d!1). We can improve the running time
to O(n + k2/!d!1), using the following observation: for any point set P ( Rd, if R ( P is a
(k, !1)-kernel of T , and S ( R is a (k, !2)-kernel of R, then S is a (k, !1 + !2)-kernel of T .

We first invoke the O(n + k/!d!1)-time algorithm of Har-Peled and Wang [HW04] to
compute a (k, !/2)-kernel R of T of size O(k/!d!1), and then apply the above O(nk+k/!d!1)-
time algorithm on R to compute a (k, !/2)-kernel S of R of size O(k/!(d!1)/2). The resulting
set S is the desired (k, !)-kernel of T , and the total running time is bounded by O(n+k2/!d!1).
We conclude with the following theorem.

Theorem 2.3 Give a set T of n points in Rd and parameters k, ! > 0, one can compute, in
O(n + k2/!d!1) time, a (k, !)-kernel of T of size O(k/!(d!1)/2).

It is easy to verify that for a point set T which is a #(
-
!)-net of the unit hypersphere

(i.e., the minimum distance in T is #(
-
!)), all points of T must be in (0, !)-kernel of T . By

replicating k +1 times every point of T , the resulting point set P " has the property that any
(k, !)-kernel of P " must contain #(k/!(d!1)/2) points. Thus, in the worst case, a (k, !)-kernel
for T is of size #(k/!(d!1)/2).

We also note that the number of iterations in the iterative algorithm for computing (k, !)-
kernels should be at least 2k+1 in order for the algorithm to work correctly. Indeed, consider
a set of #(n) densely distributed points on [&1, 1] on the x-axis, together with the following
2k +2 points on the y-axis: (0, 1/!k!1), (0, 1/!k!2), · · · , (0, 1); (0,&!), (0,&!2), · · · , (0,&!k);
(0,&!k+1), (0, !k+1). If the number of iterations is 2k, the algorithm may only output the
first 2k points on the y-axis together with a set of other points on the x-axis, which is clearly
not a (k, !)-kernel in the y-direction.

2.4 Extensions

Let F be a family of d-variate polynomials. The (k, l)-extent of F at x " Rd, denoted by
Ek,l(x,F), is defined by

Ek,l(x,F) = fk(x) & fl(x),

where fk(x) is the kth largest value in the set {f(x) | f " F}, and fl(x) is the lth smallest
value in the set {f(x) | f " F}. A subset G ' F is a (k, !)-kernel of F if for any 0 # a, b # k
and any x " Rd, we have

(1 & !) · Ea,b(x,F) # Ea,b(x,G) # Ea,b(x,F).

We say that the dimension of linearization of F is m if there exists a map $ : Rd . Rm so
that each function f " F maps to a linear function hf with the property that f(x) = hf ($(x))
for all x " Rd. Using Theorem 2.3 together with the standard linearization and duality
transforms as described in [AHV04], we immediately have the following.
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Theorem 2.4 Let F be a family of n polynomials, and let m be the dimension of lineariza-
tion of F . Given parameters k, ! > 0, one can compute a (k, !)-kernel of F of size O(k/!m/2)
in O(n + k2/!m) time.

We need the following lemma to compute (k, !)-kernels of roots of polynomials; the proof
has been omitted for brevity.

Lemma 2.5 Let 0 < ! < 1, 0 # a # A # B # b, and r ) 1 be an integer. If Br & Ar )
(1 & !r)(br & ar), then B & A ) (1 & !)(b & a).

The above lemma is an improved version of a similar observation made in [HW04]. Using

this lemma, it follows that in order to compute a (k, !)-kernel of
'
f 1/r

1 , · · · , f 1/r
n

(
, where

each fi is a polynomial, it is su"cient to compute a (k, !r)-kernel of {f1, · · · , fn}. Using
Theorem 2.4, we then have the following.

Theorem 2.6 Let F =
'

f 1/r
1 , · · · , f 1/r

n

(
be a family of n functions, where each fi is a

polynomial and r is a positive integer. Let m be the dimension of linearization of {f1, · · · , fn}.
Given parameters k, ! > 0, one can compute a (k, !)-kernel of F of size O(k/!rm/2) in
O(n + k2/!rm) time.

Theorems 2.4 and 2.6 immediately imply improved results for the various problems men-
tioned in the introduction. We omit further details from this version.

3 Incremental Algorithm

In this section we present a simple incremental algorithm for shape fitting with k outliers.
The algorithm does not make explicit use of (k, !)-kernels. However, by exploiting the
construction of (k, !)-kernels from the previous section, we show that the number of iterations
performed by the algorithm is independent of the input size n. For simplicity, we describe the
algorithm for the special case in which we wish to find a minimum-width slab that contains
all but at most k points of a point set. As in [YAPV04], the same approach can be extended
to a number of other shapes, including cylinders, spherical shells, and cylindrical shells.

A slab % is the region bounded by two parallel hyperplanes. The width of % is the distance
between the two bounding hyperplanes. The hyperplane passing through the middle of % is
called the center hyperplane of %. For a given parameter ! > 0, we will use (1+!)% to denote
the slab obtained by scaling % by the factor of (1 + !) with respect to its center hyperplane.
Let N" " Sd!1 denote the direction in the positive hemisphere normal to the hyperplanes
bounding %.

3.1 Algorithm

Let Aopt(R, k) be an algorithm that returns a slab of the minimum width that contains all
but at most k points of R. The incremental algorithm proceeds as follows. We start with an
arbitrary subset R ' P of constant size and compute % = Aopt(R, k). If (1 + !)% covers all
but at most k points of T , then we stop because we have found an !-approximation of the
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minimum-width slab containing all but at most k points of T . Otherwise, we add the points
of Vk(u, T ) = {T i[u], Ti[u] | 0 # i # k} to R and repeat the above step.

!

N"

Figure 2: One iteration of the incremental algorithm. Solid circles represent points in R,
and double circles represent points to be added into R in this iteration.

Note that the algorithm always terminates. If the number of iterations of the algorithm
is small, the running time would also be small. Next, we obtain a bound on the number of
iterations that is independent of n.

3.2 Analysis

We will show that there exists a family H of O(k3/!d) great hyperspheres on Sd!1 with
the following property: the algorithm stops as soon as it computes a slab %1 such that,
for some slab %2 computed in an earlier iteration, N"1 and N"2 lie in the same cell of the
arrangement A(H) of H. This would immediately imply an O((k3/!d)d!1) bound on the
number of iterations.

Fix # = !/100. Let S be a (k, #)-kernel of T computed using the algorithm in Section 2.1.

Lemma 3.1 Let S be a set of n points in Rd. There exists a set H of O(n2) great hy-
perspheres in Sd!1 so that for any u, v " Sd!1 lying in the same cell of A(H), we have
Si[u] = Si[v], for i = 0, . . . , n & 1.

Proof: For any pair of points p, q " S, let hpq be the great hypersphere in Sd!1, defined
by the equation

$u, p% = $u, q% , u " Sd!1.

We let H = {hpq | p, q " S}. Clearly |H| = O(n2). Consider any cell $ " A(H). By
construction, it is easy to see that the relative ordering of the elements in {$u, p% | p " S} is
the same for all u " $. Hence, Si[u] = Si[v] for any u, v " $, as desired.

Lemma 3.2 Let S be a set of n a!nely independent points in Rd, and let # > 0 be a
parameter. There exists a set H of O(1/#) great hyperspheres in Sd!1 so that for any u, v "
Sd!1 lying in the same cell of A(H) and for any two points p, q " S,

|$u & v, p & q%| # # · E(u, S).
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Proof: Let Bd ' Rd be a unit ball centered at the origin. By John’s Ellipsoid Theo-
rem [Mat02], there exists an a"ne transform & so that (1/d) · Bd ' CH(&(S)) ' Bd.

Suppose & : Rd . Rd can be written in the form &(p) = AT · p + q0 for p " Rd, where
A is a nonsingular matrix and q0 " Rd is a constant vector. Then & also induces a map
)& : Sd!1 . Sd!1, defined by )&(u) = A!1u/

**A!1u
** for any direction u " Sd!1.

Agarwal et al. [AHV04] proved that there exists a set H of O(1/#) great hyperspheres
in Sd!1, such that for any u, v " Sd!1 lying in the same cell of A(H), /)u & )v/ # #/d, where
)u = )&(u) and )v = )& (v). Note that E()u, &(S)) ) 2/d, and for any p, q " S, /&(p & q)/ # 2.
Thus,

| $)u & )v, &(p & q)% | # /)u & )v/ ·/&(p & q)/
# 2#/d # # · E()u, &(S)),

which is equivalent to what we had to prove.

Lemma 3.3 Let u " Sd!1 be a direction. Let S be the (k, #)-kernel computed by the algorithm
of Section 2.1. And let X = T \ S. Then,

E(u, X 0
$
Sk[u], Sk[u]

%
) # (1 + #) · Ek(u, T ).

Proof: Since the algorithm described in Section 2.1 performs 2k + 1 iterations, at least
one of them, say the iteration i, was unsuccessful with respect to direction u. By Lemma 2.1,
we know that

L0(u, X) ) L0(u, Pi) ) Lk(u, T ) & (#/2) · Ek(u, T ), (1)

U0(u, X) # U0(u, Pi) # Uk(u, T ) + (#/2) · Ek(u, T ). (2)

Therefore,

E(u, X 0
$
Sk[u], Sk[u]

%
) = max

+!
u, Sk[u]

"
,U0(u, X)

,
& min($u, Sk[u]% ,L0(u, X))

= max(Uk(u, S),U0(u, X)) & min(Lk(u, S),L0(u, X))

# (Uk(u, T ) + (#/2) · Ek(u, T )) &(Lk(u, T ) & (#/2) · Ek(u, T ))

(By Eq. (1) and Eq. (2))

# (1 + #)Ek(u, T ).

Using Lemma Lemma 3.1 and Lemma 3.2, we construct a decomposition % of Sd!1 as
follows. For each p, q " S, let Hpq be a family of O(1/#) great hyperspheres that satisfy
Lemma 3.2 for X 0 {p, q}. Let G be the set of O(|S|2) great hyperspheres that satisfy
Lemma 3.1 for the set S. Set

H = G 0
- .

p,q#S

Hpq

/
.

Note that |H| = O(|S|2 + |S|2 /#) = O(k2/!d). Let % be the decomposition of Sd!1 induced
by A(H). The number of cells in % is O(|H|d!1) = O((k2/!d)d!1).

Lemma 3.4 For any two directions u, v " Sd!1 lying in the same cell of %, we have
Ek(u, T ) # (1 + 8#)Ek(v, T ).
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Proof: Since u, v lie in the same cell of %, Sk[u] = Sk[v] and Sk[u] = Sk[v]. Therefore,

Ek(u, S) & Ek(v, S) =
!
u & v, Sk[u] & Sk[u]

"
.

Let Q = X 0
$
Sk[u], Sk[u]

%
. Thus,

|Ek(u, S) & Ek(v, S)| #
&&!u & v, Sk[u] & Q0[u]

"&& +
&&!u & v, Q0[u] & Q0[u]

"&&
+ |$u & v, Q0[u] & S0[u]%| .

By applying Lemma 3.2 to Q, we obtain

Ek(u, S) & Ek(v, S) # 3# · E(u, Q) # 3#(1 + #) · Ek(u, T ) # 6# · Ek(u, T ),

where the second inequality follows from Lemma 3.3. Therefore,

Ek(v, T ) ) Ek(v, S) ) Ek(u, S) & 6# · Ek(u, T )

) (1 & 7#) · Ek(u, T ) ) Ek(u, T )/(1 + 8#),

since # is su"ciently small.
We now state the main lemma of the analysis.

Lemma 3.5 Let u, v " Sd!1 be any two directions lying in the same cell of %. Then, for
any 0 # a, b # k, we have

Ea,b(v, Vk(u, T )) ) (1 & !) · Ea,b(v, T ).

Proof: We prove the claim for the case a, b = k; the argument easily adapts to other
cases. We prove that for " # k, we have

!
v, T ![u]

"
) Uk(v, T ) & (!/2) · Ek(v, T ).

Observe that Vk(u, S) = Vk(v, S) (we remind the reader that V is an ordered set, as
such equality here means also identical ordering by level). In particular, if T ![u] " S then!
v, T ![u]

"
) U!(v, S) ) Uk(v, S) ) Uk(v, T ).

Thus, consider the case where T ![u] " X. Since " # k, it holds
!
u, Sk[u]

"
#

!
u, T k[u]

"
#!

u, T ![u]
"
, implying that

!
u, Sk[u] & T ![u]

"
# 0. Therefore,

!
v, Sk[u] & T ![u]

"
=

!
u, Sk[u] & T ![u]

"
+

!
v & u, Sk[u] & T ![u]

"
#

!
v & u, Sk[u] & T ![u]

"
. (3)

Note that u, v lie in the same cell of %, and T ![u], Sk[u] " Q = X 0
$
Sk[u], Sk[u]

%
. By

applying Lemma 3.2 to the right-hand side of Eq. (3),
!
v, Sk[u] & T ![u]

"
# # · E(u, Q) # #(1 + #) · Ek(u, T ) # 4# · Ek(v, T ), (4)

where the last two inequalities follow from Lemma 3.3 and Lemma 3.4. Observing that
Sk[u] = Sk[v] and using Eq. (4), we obtain

!
v, T ![u]

"
)

!
v, Sk[u]

"
& 4# · Ek(v, T ) =

!
v, Sk[v]

"
& 4# · Ek(v, T )

) Uk(v, T ) & 5# · Ek(v, T ) ) Uk(v, T ) & (!/2) · Ek(v, T ).

Similarly, we can prove that for any 0 # " # k, we have $v, T![u]% # Lk(v, T )+(!/2)·Ek(v, T ).
Hence, Ek(v, Vk(u, T )) ) (1 & !) · Ek(v, T ), as claimed.
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Theorem 3.6 The number of iterations of the incremental algorithm for fitting the minimum-
width slab with k outliers is bounded by O((k3/!d)d!1), which is independent of n.

Proof: Let ui " Sd!1 be the direction orthogonal to the slab computed in the ith iteration.
We say that a cell $ " % is visited if ui " $. Then during the execution of the algorithm,
once a cell is visited for the second time, the algorithm would satisfy the stopping criteria
by Lemma 3.5. Thus the number of iterations is bounded by |%| + 1 = O((k3/!d)d!1).

We have not tried to optimize our bound, but we believe that it can be improved. As
shown in Section 4, the number of iterations in practice is usually much smaller than the
proved bound here.

4 Experiments

In this section, we demonstrate the e!ectiveness of our algorithms by evaluating their per-
formances on various synthetic and real data. All our experiments were conducted on a Dell
PowerEdge 650 server equipped with 3GHz Pentium IV processor and 3GB memory, running
Linux 2.4.20.

Computing (k, !)-kernels. We implemented a simpler version of our (k, !)-kernel algo-
rithm, which does not invoke Har-Peled and Wang’s algorithm [HW04] first. We used an
implementation of Yu et al. [YAPV04] for computing #-kernels in each iteration. Although
the worst-case running time of the algorithm is larger than the one mentioned in Theorem 2.3,
it is simple and works well in practice.

We used three types of synthetic inputs as well as a few large 3D geometric models [LGM]:

(1) Points uniformly distributed on a sphere (sphere);

(2) Points uniformly distributed on a cylindrical surface (cylinder);

(3) Clustered point sets (clustered), consisting of 20 equal-sized clusters whose centers
are uniformly distributed in the unit square and radii uniformly distributed between
[0, 0.2];

(4) 3D geometric models: bunny (1 36K points), dragon (1 438K points), Buddha (1
544K points).

For each input data, we ran our (k, !)-kernel algorithm with k = 5. The algorithm performs
11 iterations and chooses roughly 100 points into Ti in each iteration. The output sizes of
the algorithm vary between 800 and 1100. To compute the approximation error between
the k-level extents of the kernel S and of the input T , we choose a set 2 of 1000 random
directions from Sd!1, and compute

err = max
u#$

Ek(u, T ) & Ek(u, S)

Ek(u, T )
.

Tables 1 and 2 summarize the approximation error and running time of the algorithm, for
each input data. As can be seen, our algorithm worked well in low dimensions (d # 4) both
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in terms of the approximation error and the running time. Our algorithm also performs quite
well on real data sets such as the 3D geometric models. In high dimensions, we anticipate
that the performance of our algorithm will deteriorate because of the curse of dimensionality.

We also recorded how the approximation error decreases for each of the first 40 levels,
after each iteration of the algorithm. The results are shown in Figure 3. Observe that
the approximation error for every level monotonically decreases during the execution of the
algorithm. Moreover, the error decreases rapidly in the first few iterations and then it
stabilizes. For example, in our experiments for d = 3, the error reduces to less than 0.1
within 7 iterations even for k = 40 and then it decreases very slowly with each iteration.
This phenomenon suggests that in practice it is unnecessary to run the algorithm for full
2k + 1 iterations in order to compute (k, !)-kernels. The larger the number of iterations
is, the larger the kernel size becomes, but the approximation error does not decrease much
further.

Input Input Approximation Error Running time
Type Size d = 3 d = 4 d = 5 d = 8 d = 3 d = 4 d = 5 d = 8

104 0.022 0.052 0.091 0.165 2.7 4.8 7.7 20.6
sphere 105 0.022 0.054 0.103 0.192 9.2 14.5 19.0 42.3

106 0.024 0.055 0.100 0.224 101.4 155.6 194.7 337.3
104 0.005 0.027 0.086 0.179 2.7 4.5 7.2 20.6

cylinder 105 0.015 0.059 0.117 0.243 10.3 13.7 19.7 42.5
106 0.019 0.058 0.125 0.283 129.9 157.9 192.6 335.4
104 0.001 0.010 0.026 0.061 2.5 4.4 7.7 19.0

clustered 105 0.012 0.020 0.031 0.078 7.7 11.5 16.8 36.4
106 0.016 0.021 0.045 0.087 80.1 104.8 138.6 266.5

Table 1: Performance of the (k, !)-kernel algorithm on various synthetic data with k = 5.
Running time is measured in seconds.

Input Input Kernel Approx Running
Type Size Size Error Time
bunny 35,947 1001 0.012 3.9
dragon 437,645 888 0.016 32.8
buddha 543,652 1064 0.014 35.6

Table 2: Performance of the (k, !)-kernel algorithm on various 3D geometric models with
k = 5. Running time is measured in seconds.

Incremental algorithm. We applied the incremental algorithm to computing an !-
approximate minimum-width annulus of a point set with k outliers in R2. We first imple-
mented a brute-force O(n5) exact algorithm for this problem. Clearly, this algorithm is slow
even on medium-sized input. Here our focus is to study the number of iterations of the incre-
mental algorithm; a faster implementation of the exact algorithm would naturally result in
a faster implementation of the incremental algorithm. We used the slow exact algorithm as
a subroutine to solve the small subproblems in each iteration of the incremental algorithm.
We tested this algorithm on a set of synthetic data, generated by uniformly sampling from
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Figure 3: Approximation errors for di!erent levels in each iteration of the (k, !)-kernel algo-
rithm. The inputs are sphere with 105 points in di!erent dimensions. (a) d = 3; (b) d = 5.
Similar results were observed for other types of inputs as well.

annuli with fixed inner radius r = 1.00 and widths w varying from 0.05 to 5.00, and then
artificially introducing k = 10 extra outlier points. The experimental results are summarized
in Figure 4. As can be seen, the number of iterations of the incremental algorithm is never
more than 5. In other words, the algorithm is able to converge to an approximate solution
very quickly.

We also applied the incremental algorithm to computing an !-approximate smallest en-
closing circle of a point set with k outliers in R2. Again, we implemented a brute-force O(n4)
exact algorithm for this problem to solve the small subproblems in each iteration; implement-
ing a faster algorithm (such as an algorithm by Matoušek [Mat95] or by Chan [Cha02b])
would result in a faster incremental algorithm. We tested our algorithm on a set of synthetic
data, generated by uniformly sampling from a circle of radius r = 1.00, and then artificially
introducing k = 10 extra outlier points. The experimental results are shown in Figure 4.
Similar to the annulus case, the number of iterations of the incremental algorithm is also
small.

In the future, we plan to implement incremental algorithms for other problems as well,
e.g., smallest enclosing box and minimum-width slab with k outliers.

5 Conclusions

In this paper, we presented an iterative algorithm for computing a (k, !)-kernel of size
O(k/!(d!1)/2) for any n-point set P ' Rd. We also presented an incremental algorithm for
fitting various shapes through a set of points with outliers, and exploited the (k, !)-kernel
algorithm to prove that the number of iterations of the incremental algorithm is independent
of n. Both our algorithms are surprisingly simple and work well in practice.

We conclude with two obvious open questions. Can the running time of the (k, !)-kernel
algorithm be improved to O(n + k/!d!1)? Can the number of iterations of the incremental
algorithm for the minimum width slab be improved to O(k/!(d!1)/2) or even O(1/!(d!1)/2)?
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Input Input Running Output
Width Size Time Width

104 6.15 (4) 0.0503
w = 0.05 105 14.51 (5) 0.0498

106 18.26 (5) 0.0497
104 5.74 (4) 0.4987

w = 0.50 105 6.45 (4) 0.4999
106 22.18 (5) 0.4975
104 53.46 (5) 4.9443

w = 5.00 105 67.26 (5) 4.9996
106 75.42 (5) 4.9951

Input Input Running Output
Radius Size Time Radius

104 0.05 (3) 0.993
r = 1.000 105 0.14 (4) 0.999

106 0.41 (4) 0.999

(1) (2)

(3) (4)

Figure 4: Left upper: Performance of the incremental algorithm for computing the
minimum-width annulus with k = 10 outliers. Left lower: Performance of the incremental
algorithm for computing the smallest enclosing circle with k = 10 outliers. The numbers
of iterations performed by the algorithm are in parentheses. Running time is measured in
seconds. Right: Snapshots of the incremental algorithm for computing minimum-width
annulus with k = 3 outliers on an input of size 40. Solid circles represent points in R at the
beginning of each iteration.
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