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3.1 Interior Point Methods

So far the two methods we have studied for solving linear programs were the simplex method and the ellipsoid
method. The simplex method traverses the boundary of the polyhedron along its edges, so its running time
depends on the complexity of the polyhedron, even though we don’t really care about the polyhedron but are
only interested in one of its vertices. The ellipsoid method always remains outside of the polyhedron, and
keeps on shrinking the ellipsoid until it finds a point inside the polyhedron. So one could think of the ellipsoid
method as an exterior point method. In this lecture we describe interior point methods, which instead take the
approach of always remaining inside the polyhedron, by starting inside and following a path to the boundary.
This means the complexity of these methods does not really depend on the complexity of the polyhedron.

There are a number of different interior point methods, but the one we will focus on is the log barrier method.
The idea of this approach is to simulate a force at the boundary which is repelling the path in order to keep it
inside of the polyhedron at all times. At the beginning the force is very strong, which restricts the search to
a small area in the center of the polyhedron, and the force weakens with time to allow the path to eventually
reach the boundary and find the optimal vertex of the polyhedron.

3.1.1 Log Barrier Method

Suppose we wish to solve

max cT x x ∈ Rn

s.t. Ax ≤ b

x ≥ 0

First we redefine the problem as:

max cT x + µ
∑m

i=1 ln(aT
i x− bi)

The parameter µ ≥ 0 is used to adjust the strength of the barrier force. When µ is large, the influence of the
cT x term is minimal and the search is constrained to a small region far from the boundary of the polyhedron.
As µ gets smaller, the search can get closer to the boundary.

3-1



Lecture 3: January 18, 2007 3-2

Definition 1 x∗µ = max cT x + µ
∑m

i=1 ln(aT
i x− bi)

Claim 1 For any given µ, x∗µ exists and is unique.

Definition 2 {x∗µ|µ ≥ 0} is called the central path.

The idea of the algorithm is to start at x∗µ for some large value of µ and follow the central path by decreasing
µ until the optimum is reached on the boundary of the polyhedron. The actual algorithm will only follow the
central path approximately since computing x∗µ exactly is difficult. It is easier for the algorithm to deal with
the linear program in standard form, with equality constraints (i.e. max cT x s.t. Ax = b, x ≥ 0). In this
setting the log-barrier problem becomes:

max cT x + µ
∑n

i=1 lnxi

Ax = b

This problem can be solved using Lagrange multipliers. In general, consider the following optimization
problem:

max f(x)

g1(x) = 0, g2(x) = 0, ...gm(x) = 0

If x is an optimum for this problem, it must satisfy the condition:

∃y1, ...yms.t.g1(x) = g2(x) = ...gm(x) = 0,5f(x) =
m∑

i=1

yi 5 gi(x),

where5 f(x) =

(
∂f(x)
∂x1

, ...
∂f(x)
∂xn

)

Returning to our linear-programming setting, we have the conditions:

Ax = b

c + µ
( 1

x1
, ...,

1
xn

)
= AT y, x ≥ 0

Let s = µ( 1
x1

, ..., 1
xn

). Then we have:

Ax = b

AT y − s = c

sT x = µ · 1
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We are looking for the set of points {(x∗µ, y∗µ, s∗µ)|µ > 0}. This is called the primal-dual central path. The
algorithm starts with a large value of µ, finds the point x∗µ and then reduces the value of µ using the Newton
method before the next iteration. The update step is :µi+1 = (1 − (1/(

√
n))µi, which changes µ gradually

enough to avoid overshooting the optimum. It is difficult to compute the optimal values of (x∗µ, y∗µ, s∗µ), so
instead we find (x̃µ, ỹµ, s̃µ) which satisfy the conditions and are not too far from the optimal values. At each
step we have the old (x̃µ, ỹµ, s̃µ) and the new µ. Since µ has not changed much, we can think of the new
values as (x̃µ +∆x, ỹµ +∆y, s̃µ +∆s), and finding the differences can be shown to be a step of the Newton
iterative method for solving the system of equations. The details of finding the initial point and of each step
can be found in the handout given in class.

The bound on the number of iterations for the algorithm to converge is ≤
√

n · L where L is the size of
the input in bits. A lower bound of Ω(

√
n log n) is known. An interesting question is whether the smooth

analysis of the simplex method can be extended to interior point methods.

3.2 Linear Programming in 2D

We will now look at algorithms for linear programming in low dimensions. In R2, the problem looks like
this:

min y

Gi : aix + biy ≤ ci 1 ≤ i ≤ n

This problem can be solved in O(n log n) time by computing ∩1≤i≤nGi, which is equivalent to computing
the convex hull of n points in R2. However, we only need the lowest point, v∗ ∈ ∩Gi, so can we compute
this point in O(n) time? We describe the prune-and-search algorithm, by Meggido, that computes the desired
point in O(n) time. At each step, it calls a decision algorithm on a point x0, which returns whether x(v∗) is
=, < or > x0, in time linear in the number of constraints. If x(v∗) 6= x0, we are able to throw out a quarter
of the constraints, which will allow the algorithm to run in linear time.

First we will describe how the decision algorithm works. Let G+ = {Gi | bi > 0} and G− = {Gi | bi < 0}.
These different types of constraints are depicted in Figure 3.1. The constraints with bi = 0 only restrict the
x values to a smaller interval and can be ignored. The decision algorithm looks at the intersection points of
each of the constraints with the line x = x0. Let g+ be the lowest intersection point out of the constraints in
G+.

g+ = arg min
gi∈G+

ci − aix0

bi

Similarly, let

g− = arg max
gi∈G−

−ci + aix0

bi

The order of the intersection points of g+ and g− along the line x = x0 along with their slopes determines
whether v∗ lies to the right or left of the vertical line. Figure 3.2 illustrates the different cases possible and
the decision algorithm’s output in each case.

Now we describe the prune procedure which calls the decision algorithm. First we pair the constraints in G+

arbitrarily, and do the same for G−. Let {(g+
1 , g+

2 ), (g+
3 , g+

4 )...(gn−1, gn)} be the set of resulting pairs, and
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Figure 3.1: Different types of constraints.

Figure 3.2: Different cases for determining the relationship between x(v∗) and x0.

let σi be the intersection point of the lines bounding g2i−1 and g2i. Choose x0 as the median of σ1, σ2...σn/2,
and call the decision procedure for x0. Now consider for each intersection point, its relationship to x0. The
cases are depicted in Figure 3.3. For example, if x(v∗) > x0 and σi < x0 is the intersection point of two
constraints from G+ (resp. G−), the constraint with the larger (resp. smaller) slope can be discarded, because
the other constraint will dominate it to the right of x0. Because we chose x0 to be the median, half of the
intersection points lie on the opposite side of x = x0 from v∗, and for each of those pairs we can throw out
one of the constraints. This allows us to throw out 1/4 of the constraints at each iteration. This algorithm is
sketched in Figure 3.2. The recurrence for this algorithm is therefore

T (n) ≤ T (3n/4) + O(n)

T (n) = O(n)

.
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Figure 3.3: The pruning step. The shaded constraints can be thrown out because they are dominated by the
other constraint in the pair.
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——————————————-
LP (G, I = [a, b])
——————————————-

if n ≤ 4 then
Compute v∗ naively
return v∗

end if
Compute σ1, σ2, ...σn/2

x0 ← median (x(σ1), x(σ2), ...x(σn/2)
LP Decision(G,[a, b],x0)
if x(v∗) = x0 then

return x0

else if x0 < x(v∗) then
I = [x0, b]
Prune(G)

else
I = [a, x0]
Prune(G)

end if
LP(G, I)

——————————————

Figure 3.4: Meggido’s prune and search algorithm.
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