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Lecture 8: Parametric Searching: Randomized Techniques
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In this lecture we will study randomized techniques applied in the context of parametric searching. In particu-
lar, we will explore two randomized optimization techniques: prune and search and a recursive approach. For
these two techniques, we shall use the problem computing diameter of a point set as an illustrating example.

8.1 Randomized Incremental Algorithms

Let A(x) : R
2 → R≥0 be an objective function whose value needs to be maximized over a set P =

{x1, . . . , xn} of geometric objects such as points, hyperplanes etc. In order to simplify the discussion, for
the rest of this lecture we assume that P is a set of points in R

2. Formally, the goal is to compute:

max
1≤i≤n

A(xi).

The following randomized algorithm is a standard method to compute the maximum.

Algorithm 1 Diameter 1(P )
1: curr = - ∞
2: for i = 1 to n do
3: if A(xi) > curr then
4: curr = A(xi)
5: end if
6: end for
7: return curr

Let the time to execute the steps 3 and 4 be D (i.e. “decision”) and E (i.e. “evaluation”) respectively. The
expected running time of the above algorithm is then O(Dn + E log n). In general, the values A(xi) are not
computed apriori but rather on the fly. So, if the value of D is much less than E, then this algorithm is an
improvement over the naive O(En) algorithm, which evaluates every A(xi) and selects the maximum value.

As an example, let A(x) = max1≤i≤n ||x − xi||. That is, A(x) represents the maximum distance between x
and a point of P . The diameter δ of P is then defined as the maximum distance between any pair of points in
P , or

δ(P ) = max
i

A(xi).

In this case, computing A(xi) for any given i is expensive as it takes Ω(n) time and therefore a naive algorithm
which computes A(xi) for every 1 ≤ i ≤ n would take Ω(n2) time. The running time can be significantly
improved using this approach. Given a value r, the decision problem for x ∈ R

2 is to determine whether
Ax ≤ r:
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Decision(x,r): Is A(x) ≤ r? I.e, is maxi ||x − xi|| ≤ r?

Let D(xi, r) denote the closed disk of radius r with xi as the center and let I(r) =
⋂n

i=1 D(xi, r), see figure
8.1. The decision problem “Ax ≤ r” is also equilvalent to the query: Does x ∈ I(r)?

I(r)

r

x1

x2

x3

Figure 8.1: Region of common intersection I(r)
of circles of radius r used in the decision prob-
lem

I(r) =
⋂n

i=1 D(xi, r) is a circular convex polygon, can
be computed in O(n log n) time by adapting an algorithm
that computes the convex hull of a finite set of points in
R

2. Since I(r) is updated only when step 4 is executed,
we charge O(n log n) to the time spent in computing I(r)
to this step. Since point location takes O(log n) time, we
have D = O(log n) and E = O(n log n). The expected
running time becomes O(n log2 n). Although, there are
algorithms that compute the diameter of a point set in R

2

in O(n log n) time, the advantage of the above approach
is that it generalizes to higher dimensions as well. For
example, I(r) in R

3 can be computed in O(n log n) ran-
domized expected time, thereby implying that the diame-
ter of an n-point set in R

3 can be computed in O(n log2 n)
expected time. In the remainder of this lecture, we shall
see how the running time can be improved by more so-
phisticated randomized techniques.

8.2 Prune and Search

In this technique, the evaluation is performed for some random values of the input points. Then using a
relatively less expensive decision procedure, values that do not affect the final result are discarded. For
example, in the case of the diameter problem the points xj ∈ I(r) can be discarded.

Algorithm 2 Diameter 2(P )

1: Choose a random point xi ∈ P
2: Compute r = A(xi) and I(r)
3: Discard all points xj in P such that xj ∈ I(r)
4: if P = ∅ then
5: return r
6: else
7: return Diameter 2(P )
8: end if

The step that determines whether xj ∈ I(r) takes time O(n log n), so if T (n) is the maximum expected
running time then it is given by the recurrence

T (n) ≤ O(n log n) +
1

n

n−1∑

i=0

T (i)

= O(n log n).
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8.3 Recursive Decomposition

At a very high level recursive decomposition technqiue is a divide-and-conquer technique that splits the set
P into smaller parts and solves the subproblems recursively as needed in a random order. For the technique
to work however, the following assumptions are needed:
Suppose the set P can be decomposed into s subsets (where s ∈ Z>0) such that:

1.
⋃s

i=1 Pi = P

2. |Pi| ≤ αn (where 0 < α < 1).

3. A(P ) = max1≤i≤s A(Pi)

The recursive decomposition algorithm is outlined below, it also assumes that the when the number of points
is smaller than a constant threshold c we can use a brute force algorithm to solve the problem in constant
amount of time.

Algorithm 3 Recursive Opt(P )

1: if |P | ≤ c then
2: return A(P )
3: end if
4: π = random permutation of [s]
5: curr = −∞
6: for i = 1 to s do
7: if A(Pπ(i)) > curr then
8: curr = Recursive Opt (Pπ(i)) (∗)
9: end if

10: end for
11: return curr

Let Ni be a binary random variable which is set to 1 if the step (∗) was executed for Pi and to 0 otherwise.
Then the running time of the algorithm T (P ) is given by:

T (P ) =

s∑

i=1

NiT (Pi) + sD(Pi).

Taking expectations, and noting that Ni and T (Pi) are independent

E[T (P )] =

s∑

i=1

(E[Ni]E[T (Pi)]) + O(D(n))

T (n) ≤ T (αn)

s∑

i=1

E[Ni] + O(D(n))

T (n) ≤ T (αn)(1 + ln r) + O(D(n))
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If α ln r < 1 then the T (n) = O(D(n)), otherwise each of the Pi is recursively decomposed k times such
that αk ln sk < 1. This yields sk subproblems each of size αkn. So, the total running time remains O(D(n)).

As an example, for the diameter problem, we can decompose P = P ′
1 ∪ P ′

2 ∪ P ′
3 where P ′

i are subsets of P
such that |P ′

i | ≤ n/3. Define P1 = P ′
1 ∪ P ′

2, P2 = P ′
2 ∪ P ′

3, P3 = P ′
3 ∪ P ′

1. Now, |Pi| ≤ 2/3, i.e. α = 2/3
and we can apply the above method. More details about the techniques outlined above can be found in [1].

All the computations mentioned so far have been exact, in the next few lectures we shall study approximation
techniques namely, ε-nets and ε-approximations along with a technique known as random sampling.
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