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Lecture 10: ε-approximation, ε-nets, and Cuttings

Lecturer: Pankaj K. Agarwal Scribe: Shashidhara K. Ganjugunte

In this lecture we continue our study on approximations, and also study the cuttings, and apply them to linear
programming.

10.1 ε-approximations, ε-nets

The following theorem shows how to compose range spaces using Boolean operators and obtain bounds on
VC-dimension of the resulting range space.

Theorem 1 Let {Σ1 = (X1, R1), . . . Σk = (Xk, Rk)}, be a set of range spaces and let Σ = (X, R1 ⊕
R2⊕ . . . Rk) be a composite range space, where ⊕ can be any of the Boolean operators namely, conjunction,
disjunction, or negation. If VC-dim(Σi) ≤ d, for all 1 ≤ i ≤ k, then VC-dim(Σ) ≤ dk ln k. Furthermore, if
all the Boolean operations are conjunctions or if all are disjunctions then the VC-dim(Σ) ≤ dk.

Let H be a set of n hyperplanes in R
d and R = {{h ∈ H : r ∩ h 6= ∅} : r is a segment ∈ R

d} and
H = (H, R) be the range space. The above theorem implies that VC-dim(H) = d.

The following theorem is useful for cascading of range spaces and to obtain bounds on the VC-dimension of
the resulting range space.

Theorem 2 (Cascading theorem): Let Σ = (X, R). Let A ⊆ X be an ε-approximation of Σ. If B ⊆ A is
an ε-approximation of ΣA, then B is a 2ε-approximation of Σ.

In the linear programming(LP) algorithm based on random sampling, discussed in lecture 4, we had claimed
that the expected number of constraints violating the optimal solution of a random subset is small. This claim
with a somewhat weaker bound (within an extra log-factor) is an immediate consequence of the result on
ε-nets.

10.2 Cuttings

Let H be a set of n hyperplanes in R
d. We define a generalized simplex as the intersection of at most d + 1

halfspaces. As an example, in two dimensions a generalized triangle is illustrated in the Figure 10.1. For
the rest of this section we refer to the generalized simplicies or triangles simply as simplices or triangles
respectively.
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Definition Let H be a set of n hyperplanes in R
d and let r ≥ 1 be a parameter. A triangulation Ξ of R

d is a
1
r

-cutting of H if each simplex Ξ crosses at most n

r
hyperplanes of H .

The claim below gives a lower bound on the number of d−simplices s in Ξ.

h1

h2

h3

∆123

Figure 10.1: A generalized triangle ∆123.

Claim 1 The size of a 1
r

-cutting for a set H of hyperplanes in R
d is Ω(rd).

Sketch of Proof We sketch the proof only for the case d = 2. Let Ξ be a cutting of H . Since each
simplex ∆ ∈ Xi intersects at most n/r hyperplanes, ∆ contains O(( n

r
)d) vertices of the arrangement of H .

However, the arrangement has Ω(nd) vertices, so the number of simplicies in Ξ is Ω(rd).

The following lemma gives an upper bound on the number triangles for a cutting in R
2.

Lemma 1 (Cutting Lemma) Any finite set H of hyperplanes in R
d has a 1

r
-cutting of size O(rd).

Figure 10.2: A O(r2log2r) bound on the cutting size, the solid lines form the sample set R, the dashed lines
are added to get a valid triangulation, and the dotted lines are lines of the original set H but not part of the set
R.

A weaker bound on the number of cuttings for d = 2 is given by the following lemma.
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Lemma 2 (Weak Cutting Lemma) A finite set L of n lines in R
2 has a 1

r
-cutting of size O(r2 log2 r).

Sketch of Proof Let E = {{e ∈ L : e ∩ l 6= ∅} : e is a segment }. Let Σ = (L, E); Choose a 2
3r
−net

R ⊆ L of Σ of size O(r log r). Compute the triangulation of the arrangement A(R), by adding edges
suitably so that each face of the arrangement becomes a (generalized) triangle as shown in Figure 10.2. This
arrangement now defines a triangulation Ξ of R

2. We first show, that it is a valid cutting, i.e., no triangle of
the triangulation intersects more than n/r lines of H , and then show that the desired bound follows trivially.

Since the interior of an edge e of Ξ does not cross any line of L and R is a 2
3r

-net of Σ, e crosses at most 2n

3r

lines of L. Therefore each triangle of Ξ intersects at most n

r
lines of L. So we have a valid cutting.

The size of R is O(r log r), so there are at most O(r2 log2 r) vertices of the triangulation. Since the number
of vertices is an upper bound on the number of triangles, the size of the cutting is O(r2 log2 r).

In order to prove the tighter upper bound, it can be shown using a 2-level random sampling argument (see for
e.g. [1, 3], [2]) that the size of R can be O(r), giving the tight O(r2) bound in 2-dimensions. This argument
can then be extended to give a bound O(rd) bound for the general case.

10.2.1 Applications

Cuttings are used to design divide-and-conquer algorithms, for prune and search and also for approximation
algorithms. It is also used for linear programming. Here is a sketch of a cutting based LP algorithm.

Let G be a set of n constraints in R
d. The optimum solution w(G) can be computed using the following

approach:

1. Compute a 1/r-cutting Ξ of the hyperplanes bounding the constraints in G.

2. Invoke the LP algorithm restricted to the hyperplane containing each facet of the simplex. This is
similar to multidimensional parametric search since Ξ = O(rd).

3. Find the simplex ∆ ∈ Ξ that contains w(G).

4. Solve the problem recursively in ∆ with at most n

r
constraints.

The running time T (n, d) can be bounded as: T (n, d) = T ( n

r
, d)+O(rd)T (n, d−1). The first term accounts

for recursion and the second term accounts for the decision problem problem in d − 1 dimensions. Solving
the above we have running time to be O(2O(d2)n).
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