
CPS296.2 Geometric Optimization March 06, 2007

Lecture 16: Greedy and randomized algorithms

(Guest) Lecturer: Bardia Sadri Scribe: Albert Yu

In this lecture we will study greedy and randomized algorithms for solving geometric packing and covering
problems.

16.1 The Set Cover Problem

Definition 1 Given a set system(U,S) consisting of a universeU of n elements and a collectionS =
{S1, . . . , Sk} of subsets ofU , and a cost functionc : S → Q+, a minimum set coveris a minimum cost
subcollection ofS that covers all elements ofU .

For simplicity we only look at theuniformcase where every set inS has cost1. The results can be extended
to the non-uniform case.

Definition 2 The frequencyof an element ofU is the number of sets inS that contain the element. The
frequency of the most frequent element ofU is denoted byf . The special case off = 2 is also known as the
vertex cover problem.

Theorem 1 TheMINIMUM SET COVER problem is NP-complete.

16.1.1 Greedy Set Cover

The first approximation algorithm that we consider in this lecture is the greedy set cover algorithm.

Algorithm 1 A greedy set cover algorithm

Inputs:S = {S1, . . . , Sk}, U = a universe
Output:S ′ = minimum set cover
1: S ′ ← {}
2: while U 6= NULL
3: SelectSj ∈ S s.t.Sj covers the most elements inU
4: Remove the covered elements fromU
5: S ′ = S ′ ∪ {Sj}
6: end while
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7: return S ′

The greedy set cover algorithm works in iterations. At each iteration, the algorithm picks the set inS that
covers the largest number of elements inU and removes the covered elements fromU . It stops whenU is
emptied. The final picked sub-collection is returned then as the solution.

Theorem 2 The greedy algorithm is anHn factor approximation algorithm for the minimum set cover prob-
lem, whereHn = 1 + 1/2 + . . . + 1/n.

Proof: We want to distribute the cost of adding a setSi to the elements ofU that it covers for the first time.
Since every set inS has cost 1, the cost of covering an elementx is 1

|T | , whereT is the set of all elements
that get covered for the first time along withx. Let c(x) denote the cost of covering an elementx. Note that

∑
x∈U c(x) = size of the computed cover.

Let ω denote the size of an optimal cover forU when the algorithm starts. At the beginning of each iteration,
there is a cover of sizeω or less that covers every element that is left inU — any subcollection ofS that
could cover the originalU can cover what is left of it.

Assumek elements are left inU at the beginning of an iteration. An important observation is that if there are
ω sets that cover all the remainingk elements, there exists a set that covers at leastk/ω of what is left. Since
we greedily choose the set that removes the most elements, at leastk/ω elements would be removed in the
current iteration. Thus,c(x) ≤ 1

k/ω = ω/k for all elementsx which are removed in the current iteration.

It is easy to see that total cost of all iterations

∑
x∈U

c(x) ≤
n∑

i=1

ω

n− i + 1
=

(
1 +

1
2

+ . . . +
1
n

)
· ω.

The greedy algorithm achieves the best possible approximation as witnessed by the following results.

Theorem 3 The minimum set cover problems has no(1− o(1)) ln(n) approximation scheme unless NP has
quasi-polynomial time algorithms, i.e.NP ⊆ DTIME

(
npolylog(n)

)
.

(A proof of the above theorem can be found in [3]).

16.1.2 Set Systems of Bounded VC-Dimension

Definition 3 Given a set system(U,S) consisting of a universeU of sizen and a collectionS of subsets of
U , a minimum hitting setis the smallest subsetH of U that intersects (hits) everyS ∈ S.
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Claim 1 MINIMUM SET COVER and MINIMUM HITTING SET are the equivalent problem.

Sketch of Proof Let (U,S) be an instance for the set cover problem. We will make adual instance(U ′,S ′)
for the hitting set problem in such a way that the feasible solutions of the two instances make a one-to-one
correspondence. For everyx ∈ U defineSx as the collection of all the sets inS that containx. The set
system dual to(U,S) is (S, {Sx : x ∈ U}). It is not hard to verify that that set covers of the former set
system correspond to hitting sets of latter and have the same cardinality. See figure16.1.

Figure 16.1:

Hitting sets are easier to work with since they resembleε-nets. The difference between hitting sets andε-nets
is that every set that is small enough will be missed byε-nets. To make the notion of anε-net more flexible
we define aweightedversion of it.

Definition 4 Suppose(U,S) is a set system andw : U → N is aweightfunction. The weight of a setS ∈ S
is simply the sum of the weights of its elements. A setN ⊆ U is a weightedε-net for(U,S, w) if N ∩ S 6= ∅
wheneverS ∈ S andw(S) ≥ ε · w(U).

Claim 2 The problem of computing weightedε-nets for set systems can be reduced to that of computing
unweightedε-nets.
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Proof: Given a set system(U,S) and a weight functionw : U → N , we build a set system(U ′,S ′) as
follows. U ′ containsw(x) distinct copies of every elementx ∈ U . S ′ is made by taking every setS ∈ S and
replace each element ofS with all its copies. It is not hard to observe that a usualε-net for(U ′,S ′) leads to a
weightedε-net for(U,S, w) by picking an element ofU for the weighted net if one of its copies is included
in the unweighted one. Importantly, it can be verified that the VC-dimension of(U ′,S ′) is no more than that
of (U,S) since no subset ofU ′ that contains two copies of the same element can be shattered byS ′.

Algorithm 2 HITTING-SET (U,S)

Let c be the size of a smallest hitting set.
1: Initializew(x) to 1 for allx ∈ U .
2: while (1)
3: find a weightedε-netN for (U,S, w) with ε = 1

2c .
4: if N is a hitting set for(U,S)
5: returnN

6: else
7: find an arbitrary setS ∈ S not hit byN and double the weight of its elements.
6: end while

The idea of the algorithm is that if a setS is not hit byN , its weight is small compared to the weight ofU .
We increase the weight ofS such that the algorithm will pay more attention to this set in the next iterations.

Let H∗ be an optimal hitting set. SinceS must intersectH∗, there exists ax ∈ H∗ such thatw(x) will be
doubled. Afterk iterations,w(H∗) ≥ c × 2k/c andw(U) ≤ n(1 + ε)k. Sincew(H∗) ≤ w(U), we get the
number of iterationsk ≤ 4c ln(n/c).

The algorithm requires the value ofc to be known in order to assign a value toε. We can approximate the
value ofc as follow: We initially setc to be 1. If the process does not terminate afterk iterations, there does
not exist a cover of sizec. We double the value ofc and repeat the process again with the newc. Hence, we
can conclude the following:

Theorem 4 Algorithm 2 computes a hitting set of sizeO(copt · log(copt)).

16.2 Polytope Covering

Definition 5 Given a set of pointsL in convex position and another set of pointsU , a minimum polytope
coveris the smallest subsetC of U such thatL ⊂ conv(C).

Fact 1 Given a polytopeP and a pointp, a facetF of P is visible top if the plane ofF separatesP andp.
See figure16.2.

Fact 2 Let F be a facet of a polytopeP . A pointq seesF if and only ifF is not a facet ofconv(P ∪ {q}).
Moreover,q is contained inP if and only ifq sees no facets ofP . See figure16.3.
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Figure 16.2:

Figure 16.3:

Algorithm 3 VIS-QUERIES

Inputs: a setS of n points and a pointp
1: if p /∈ convS

2: return a facet of convS visible fromp.
3: else
4: return null
5: end if

Visibility queries can be answered inO
(
n log2d+1 n/mγ

)
with m1+δ preprocessing time, whereδ > 0 is

any fixed parameter andγ = 1/bd/2c.

Algorithm 4 POLYTOPE-COVER

Let c be the size of the optimal cover.
01: Initializew(x) to 1 for allx ∈ U .
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02: while (1)
03: Randomly pick a weighted sampleR of points fromU of sizer = 4dc log c

04: Perform visibility queries on every point ofR with respect toL,
05: if no facets ofconv(R) is returned by all the queries
06: return R

07: else
08: foreach facetF of conv(R) that is seen fromL,
09: Compute points inU that also seeF
10: Insert those points into setUF

11: if w(UF ) ≤ 1
2cw(U)

12: double the weights of points ofUF .
13: end if
14: end foreach
15: end if
16: end while

The idea behind the algorithm is the following observation. For anyR ⊂ U , if L 6⊂ conv(R), then some
facetF of conv(R) is visible to some pointp ∈ L andF must also be visible to some pointq in the optimal
coverC.

Proof: For the sake of contradiction, assumeF is not visible to any pointq in the optimal coverC. This
implies q ∈ conv(R). Thus,F is a facet ofconv(R ∪ C) andp /∈ conv(R ∪ C). Hence,p /∈ conv(C).
However, this contradicts to the fact thatC is a cover.

It can be shown that ifR is a random subset ofU , thenUF is expected to contain few points. This leads to
an algorithm that is roughly identical to Clarkson’s linear programming algorithm using weighted sampling.
At each iteration, if all visibility queries return empty answers, then we have found a cover. Otherwise, for
any facetF returned by the query, we double the weights of the points inUF , if w(UF ) ≤ 1

2cw(U), and this
can be shown to happen with probability1/2 or more at each round. Thus in roughly every other iteration
we pick a small set that contains one of the points of the optimal cover. The running time and approximation
ratio analysis is then similar to Algorithm 2. See [1, 2] for details.
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