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Abstract

Reasoningaboutagentpreferenceson a set of
alternatives,andthe aggregationof suchprefer-
encesinto somesocialrankingis a fundamental
issuein reasoningaboutuncertaintyand multi-
agentsystems.Whenthesetof agentsandtheset
of alternativescoincide,we get the rankingsys-
temssetting. A famoustypeof rankingsystems
arepagerankingsystemsin thecontext of search
engines. In this paperwe presentan extensive
axiomaticstudyof rankingsystems.In particu-
lar, we considertwo fundamentalaxioms:Tran-
sitivity, andRanked Independenceof Irrelevant
Alternatives. Surprisingly, we �nd that thereis
no generalsocialrankingrule that satis�esboth
requirements. Furthermore,we show that our
impossibility result holdsundervariousrestric-
tions on the classof ranking problemsconsid-
ered. Eachof theseaxiomscanbe individually
satis�ed. Moreover, we show a completeaxiom-
atizationof approval voting using one of these
axioms.We alsobrie�y considertheissueof in-
centivesin rankingsystems.

1 Intr oduction

Therankingof agentsbasedon otheragents'input is fun-
damentalto multi-agentsystems(seee.g. [6, 15]). More-
over, it hasbecomea centralingredientof a varietyof In-
ternetsites,whereperhapsthemostfamousexamplesare
Google's PageRankalgorithm[13] and eBay's reputation
system[14].

This basicproblemintroducesa new socialchoicemodel.
In the classicaltheoryof social choice,asmanifestedby
Arrow[2], a setof agents/votersis called to rank a setof
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alternatives. Given theagents'input, i.e. theagents'indi-
vidual rankings,a socialrankingof thealternativesis gen-
erated.Thetheorystudiesdesiredpropertiesof theaggre-
gation of agents'rankingsinto a social ranking. In par-
ticular, Arrow'scelebratedimpossibilitytheorem[2] shows
thatthereis noaggregationrulethatsatis�essomeminimal
requirements,while by relaxingany of theserequirements
appropriatesocial aggregationrules can be de�ned. The
novel featureof the rankingsystemssettingis that theset
of agentsandthesetof alternativescoincide. Therefore,in
suchsettingonemayneedto considerthetransitiveeffects
of voting. For example,if agenta reportson the impor-
tanceof (i.e. votesfor) agentb thenthis mayin�uence the
credibility of a reportby b on the importanceof agentc;
theseindirect effectsshouldbe consideredwhenwe wish
to aggregatethe informationprovidedby theagentsinto a
socialranking.

Notice that a naturalinterpretation/applicationof this set-
ting is the ranking of Internet pages. In this case,the
setof agentsrepresentsthe setof Internetpages,and the
links from a pagep to a set of pagesQ can be viewed
asa two-level rankingwhereagentsin Q arepreferredby
agent(page)p to theagents(pages)whicharenot in Q. The
problem of �nding an appropriatesocial ranking in this
caseis in fact the problemof (global) pageranking. Par-
ticularapproachesfor obtainingausefulpagerankinghave
beenimplementedby searchenginessuchasGoogle[13].

Thetheoryof socialchoiceconsistsof two complementary
axiomaticperspectives:

� The descriptive perspective: givena particularrule r
for theaggregationof individualrankingsinto asocial
ranking,�nd a setof axiomsthataresoundandcom-
pletefor r . That is, �nd a setof requirementsthat r
satis�es;moreover, every socialaggregationrule that
satis�estheserequirementsshouldcoincidewith r . A
resultshowingsuchanaxiomatizationis termedarep-
resentationtheoremandit capturestheexactessence
of (andassumptionsbehind)theuseof theparticular
rule.



� The normative perspective: devise a set of require-
mentsthatasocialaggregationruleshouldsatisfy, and
try to �nd whetherthereis a socialaggregationrule
thatsatis�estheserequirements.

Many effortshavebeeninvestedin thedescriptiveapproach
in theframeworkof theclassicaltheoryof socialchoice.In
that setting,representationtheoremshave beenpresented
to major voting rules suchas the majority rule[11] (see
[12] for anoverview). Recently, we have successfullyap-
plied the descriptive perspective in the context of ranking
systemsby providing a representationtheorem[1] for the
well-known PageRankalgorithm[13], which is the basis
of Google'ssearchtechnology[4].

An excellentexamplefor thenormative perspective is Ar-
row's impossibility theoremmentionedabove. In [17],
wepresentedsomepreliminaryresultsfor rankingsystems
wherethesetof votersandthesetof alternativescoincide.
However, theaxiomspresentedin thatwork consistof sev-
eral very strongrequirementswhich naturally lead to an
impossibilityresult.

In thispaperweprovideanextensivestudyof rankingsys-
tems.We introducetwo fundamentalaxioms.Oneof these
axiomscapturesthe transitive effectsof voting in ranking
systems,and the other adaptsArrow's well-known inde-
pendenceof irrelevantalternatives(IIA) axiomto thecon-
text of rankingsystems.Surprisingly, we �nd thatno gen-
eral rankingsystemcansimultaneouslysatisfy thesetwo
axioms!Wefurthershow thatourimpossibilityresultholds
undervariousrestrictionson theclassof rankingproblems
considered.On theotherhand,we show thateachof these
axiomscanbeindividually satis�ed.Moreover, weuseour
IIA axiomto presentapositiveresultin theform of arepre-
sentationtheoremfor thewell-knownapprovalvotingrank-
ing system,whichrankstheagentsbasedon thenumberof
votesreceived. This axiomatizationshows that when ig-
noring transitive effects,thereis only onerankingsystem
thatsatis�esour IIA axiom. Finally, we considertheissue
of incentivesin rankingsystems,anddemonstratethat the
issueof incentivecompatibilitycannotbeeasilytackled.

This paperis structuredasfollows: Section2 formally de-
�nes our settingand the notion of rankingsystems.Sec-
tions 3 and 4 introduceour axioms of Transitivity and
Ranked Independenceof Irrelevant Alternatives respec-
tively. Our main impossibility result is presentedin Sec-
tion 5, andfurtherstrengthenedin Section6. Our positive
result, in the form of an axiomatizationfor the Approval
Votingrankingsystemin presentedin Section7. In Section
8 we show animpossibilityresultwhenconsideringincen-
tive compatibility in our setting.Finally, someconcluding
remarksaregivenin Section9.
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Figure1: Exampleof Transitivity

2 Ranking Systems

Before describingour resultsregardingranking systems,
we must�rst formally de�ne whatwe meanby thewords
“rankingsystem”in termsof graphsandlinearorderings:

De�nition 2.1. Let A besomeset.A relationR � A � A
is calledan orderingon A if it is re�exive, transitive, and
complete.Let L (A) denotethesetof orderingsonA.

Notation2.2. Let � beanordering,then' is theequality
predicateof � , and� is thestrictorderinducedby � . For-
mally, a ' b if andonly if a � b andb � a; anda � b if
andonly if a � bbut notb � a.

Giventheabovewe cande�ne whata rankingsystemis:

De�nition 2.3. Let GV bethesetof all graphswith vertex
setV . A rankingsystemF is a functional that for every
�nite vertex setV mapsgraphsG 2 GV to an ordering
� F

G2 L(V). If F is apartialfunctionthenit is calledapar-
tial rankingsystem, otherwiseit is calledageneral ranking
system.

One can view this settingas a variation/extensionof the
classicaltheoryof social choiceasmodeledby [2]. The
ranking systemssetting differs in two main properties.
First, in thissettingweassumethatthesetof votersandthe
setof alternativescoincide,andsecond,we allow agents
only two levels of preferenceover the alternatives,asop-
posedto Arrow's settingwhereagentscould rankalterna-
tivesarbitrarily.

3 Transitivity

A basicpropertyonewould assumeof rankingsystemsis
that if an agenta's votersarerankedhigherthanthoseof
agentb, thenagenta shouldberankedhigherthanagentb.
Thisnotionis formally capturedbelow:

De�nition 3.1. Let F bea rankingsystem.We saythatF
satis�esstrongtransitivityif for all graphsG = (V; E) and
for all verticesv1; v2 2 V : Assumethereis a 1-1 mapping
f : P(v1) 7! P(v2) s.t. for all v 2 P(v1): v � f (v).
Furtherassumethat either f is not onto or for somev 2
P(v1): v � f (v). Then,v1 � v2.

Considerfor examplethegraphG in Figure1 andany rank-
ing systemF thatsatis�esstrongtransitivity. F mustrank
vertex d below all othervertices,asit hasnopredecessors,
unlikeall othervertices.If weassumethata � F

G b, thenby



strongtransitivity we mustconcludethat b � F
G c aswell.

But thenwe mustconcludethatb � F
G a (asb's predeces-

sora is rankedlower thana's predecessorc, anda hasan
additionalpredecessord), which leadsto a contradiction.
Givenb � F

G a, againby transitivity, we mustconcludethat
c � F

G b, so theonly rankingfor thegraphG that satis�es
strongtransitivity is d � F

G c � F
G b � F

G a.

In [17], wehavesuggestedanalgorithmthatde�nesarank-
ing systemthatsatis�esstrongtransitivity by iteratively re-
�ning anorderingof thevertices.

Note that the PageRankranking systemde�ned in [13]
doesnot satisfystrongtransitivity. This is dueto the fact
thatPageRankreducestheweightof links (or votes)from
nodeswhichhaveahigherout-degree.Thus,assumingYa-
hoo! andMicrosoftareequallyranked,a link from Yahoo!
meansless than a link from Microsoft, becauseYahoo!
links to moreexternalpagesthandoesMicrosoft. Noting
this fact,we canweakenthede�nition of transitivity to re-
quirethatthepredecessorsof thecomparedagentshavean
equalout-degree:

De�nition 3.2. Let F bea rankingsystem.We saythatF
satis�esweaktransitivity if for all graphsG = (V; E) and
for all verticesv1; v2 2 V : Assumethereis a 1-1 mapping
f : P(v1) 7! P(v2) s.t. for all v 2 P(v1): v � f (v) and
jS(v)j = jS(f (v)) j. Furtherassumethat either f is not
ontoor for somev 2 P(v1): v � f (v). Then,v1 � v2.

Indeed,an idealizedversionof thePageRankrankingsys-
tem de�ned on strongly connectedgraphssatis�es this
weakenedversionof transitivity. Furthermore,as strong
transitivity implies weak transitiviry, the existanceof a
ranking systemis still ensuredwhen we considerweak
transitivity in placeof strongtransitivity.

4 Ranked Independenceof Irr elevant
Alter natives

A standardassumptionin socialchoicesettingsis that an
agent'srelativerankshouldonly dependon(someproperty
of) their immediatepredecessors.Suchaxiomsareusually
calledindependenceof irrelevantalternatives(IIA) axioms.

In oursetting,werequiretherelativerankingof two agents
mustonly dependonthepairwisecomparisonsof theranks
of their predecessors,andnot on their identity or cardinal
value. Our IIA axiom,calledranked IIA, differs from the
onesuggestedby [2] in thefactthatwedonotconsiderthe
identityof thevoters,but rathertheir relativerank.

For example,considerthegraphin Figure2. Furthermore,
assumea rankingsystemF hasrankedtheverticesof this
graphasfollowing: a ' b � c ' d � e ' f . Now look
at thecomparisonbetweenc andd. c'spredecessors,a and
b, arebothrankedequally, andbothrankedlower thand's
predecessorf . This is alsotruewhenconsideringeandf –
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Figure2: An exampleof RIIA.

e's predecessorsc andd arebothrankedequally, andboth
rankedlowerthanf 'spredecessore. Therefore,if weagree
with rankedIIA, therelationbetweenc andd, andtherela-
tion betweene andf mustbethesame,which indeedit is
– bothc ' d ande ' f . However, this samesituationalso
occurswhencomparingc andf (c's predecessorsa andb
areequallyrankedandranked lower thanf 's predecessor
e), but in this casec � f . So, we canconcludethat the
rankingsystemF which producedtheserankingsdoesnot
satisfyrankedIIA.

To formally de�ne this condition, one must considerall
possibilitiesof comparingtwo nodesin agraphbasedonly
onordinalcomparisonsof theirpredecessors.Wecall these
possibilitiescomparisonpro�les:

De�nition 4.1. A comparisonpro�le is a pair ha; bi
where a = (a1 ; : : : ; an ), b = (b1 ; : : : ; bm ),
a1; : : : ; an ; b1; : : : ; bm 2 N, a1 � a2 � � � � � an , and
b1 � b2 � � � � � bm . Let P bethesetof all suchpro�les.

A rankingsystemF , a graphG = (V; E), anda pair of
verticesv1; v2 2 V aresaidto satisfysucha comparison
pro�le ha; bi if thereexist 1-1 mappingsf 1 : P(v1) 7!
f 1 : : : ng andf 2 : P(v2) 7! f 1 : : : mg suchthatgivenf :
(f 1g � P(v1)) [ (f 2g � P(v2)) 7! N de�ned as:

f (1; v) = af 1 (v)

f (2; u) = bf 2 (u) ;

f (i; x) � f (j; y) , x � F
G y for all (i; x); (j; y) 2 (f 1g �

P(v1)) [ (f 2g � P(v2)) .

For example,in the exampleconsideredabove, all of the
pairs(c;d), (c; f ), and(e;f ) satisfythecomparisonpro�le
h(1; 1); (2)i .

We now requirethatfor everysuchpro�le therankingsys-
temranksthenodesconsistently:

De�nition 4.2. Let F be a rankingsystem. We say that
F satis�esranked independenceof irrelevant alternatives
(RIIA) if thereexistsa mappingf : P 7! f 0; 1g suchthat
for every graphG = (V; E) andfor every pair of vertices
v1; v2 2 V andfor everycomparisonpro�le p 2 P thatv1

andv2 satisfy, v1 � F
G v2 , f (p) = 1.

As RIIA is an independenceproperty, the rankingsystem
F= , thatranksall agentsequally, satis�esRIIA. A morein-
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Figure3: Graphsfor theproofof Theorem5.1

terestingrankingsystemthatsatis�esRIIA is theapproval
voting rankingsystem,de�ned below.

De�nition 4.3. Theapproval votingrankingsystemAV is
therankingsystemde�ned by:

v1 � AV
G v2 , jP(v1)j � jP(v2)j

A full axiomatizationof theapprovalvotingrankingsystem
is givenin section7.

5 Impossibility

Our main result illustratesthe impossibility of satisfying
(weak)transitivity andRIIA simultaneously.

Theorem5.1. Thereis nogeneral rankingsystemthatsat-
is�es weaktransitivityandRIIA.

Proof. Assumefor contradictionthat thereexists a rank-
ing systemF that satis�es weak transitivity and RIIA.
Consider�rst the graph G1 in Figure 3(a). First, note
that a1 and a2 satisfy some comparisonpro�le pa =
((x; y); (x; y)) becausethey have identical predecessors.
Thus, by RIIA, a1 � F

G1
a2 , a2 � F

G1
a1, and there-

fore a1 ' F
G1

a2. By weaktransitivity, it is easyto seethat
c � F

G1
a1 andc � F

G1
b. If we assumeb � F

G1
a1, thenby

weaktransitivity, a1 � F
G1

bwhichcontradictsour assump-
tion. Sowe concludethatc � F

G1
a1 � F

G1
b.

Now considerthegraphG2 in Figure3(b). Again,by RIIA,
a1 ' F

G2
a2. By weak transitivity, it is easyto seethat

a1 � F
G2

c andb � F
G2

c. If we assumea1 � F
G2

b, then
by weaktransitivity, b � F

G2
a1 which contradictsour as-

sumption.Sowe concludethatb � F
G2

a1 � F
G2

c.

Considerthecomparisonpro�le p = ((1; 3); (2; 2)). Given
F , a1 and b satisfy p in G1 (becausec � F

G1
a1 ' F

G1

a2 � F
G1

b) andin G2 (becauseb � F
G2

a1 ' F
G2

a2 � F
G2

c).
Thus,by RIIA, a1 � F

G1
b , a1 � F

G2
b, which is a contra-

diction to thefactthata1 � F
G1

bbut b � F
G2

a1.

This result is quite a surprise,as it meansthat every rea-
sonablede�nition of arankingsystemmusteitherconsider
cardinalvaluesfor nodesand/oredges(like [13]), or oper-
ateordinallyonaglobalscale(like [1]).

6 Relaxing Generality

A hiddenassumptionin our impossibility resultis thefact
that we consideredonly generalrankingsystems.In this
sectionwe analyzeseveral specialclassesof graphsthat
relateto commonrankingscenarios.

6.1 Small Graphs

A naturallimitation on a preferencegraphis a capon the
numberof vertices(agents)thatparticipatein theranking.
Indeed,whentherearethreeor lessagentsinvolvedin the
ranking,strongtransitivity andRIIA canbesimultaneously
satis�ed. An appropriaterankingalgorithmfor this caseis
theonewesuggestedin [17].

However, whentherearefour or moreagents,strongtran-
sitivity and RIIA cannotbe simultaneouslysatis�ed (the
proof is similar to that of Theorem5.1, but with vertex d
removed in both graphs). When � ve or more agentsare
involved,evenweaktransitivity andRIIA cannotbesimul-
taneouslysatis�ed,asimpliedby theproofof Theorem5.1.

6.2 SingleVoteSetting

Another natural limitation on the domainof graphsthat
we might be interested in is the restriction of each
agent(vertex) to exactlyonevote(successor).For example,
in the voting paradigmthis could be viewed as a setting
whereeveryagentvotesfor exactlyoneagent.Thefollow-
ing propositionshowsthatevenin thissimplesettingweak
transitivity andRIIA cannotbesimultaneouslysatis�ed.

Proposition 6.1. Let G1 be the set of all graphs G =
(V; E) such that jS(v)j = 1 for all v 2 V . There is no
partial rankingsystemover G1 that satis�esweaktransi-
tivity andRIIA.

Proof. Assumefor contradictionthatthereis apartialrank-
ing systemF over G1 that satis�es weaktransitivity and
RIIA. Let f : P 7! f 0; 1g bethemappingfrom thede�ni-
tion of RIIA for F .

Let G1 2 G1 be the graphin Figure4a. By weak tran-
sitivity, x1 ' F

G1
x2 � F

G1
b � F

G1
a. (a; b) satis�es

the comparisonpro�le h(1; 1; 2); (3)i , so we must have
f h(1; 1; 2); (3)i = 0. Now let G2 2 G1 be the graph
in Figure 4b. By weak transitivity x1 ' F

G2
x2 � F

G2

y � F
G2

a � F
G2

b. (b;a) satis�es the comparisonpro�le
h(2; 3); (1; 4)i , sowemusthave f h(2; 3); (1; 4)i = 0.
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Figure4: Graphsfrom theproofof proposition6.1

Let G3 2 G1 bethegraphin Figure4c. By weaktransitiv-
ity it is easyto seethatx1 ' F

G3
� � � ' F

G3
x7 � F

G3
y1 ' F

G3

y2 � F
G3

c � F
G3

d. Furthermore,by weaktransitivity we
concludethata � F

G3
b anda0 � F

G3
b0 from c � F

G3
d; and

y1 � F
G3

b from x3 � F
G3

d. Now considerthe vertex pair
(c;b0). Wehaveshown thatx1 ' F

G3
x2 � F

G3
y1 � F

G3
b. So,

(c;b0) satis�es thecomparisonpro�le h(1; 1; 2); (3)i , thus
by RIIA b0 � F

G3
c. Now considerthevertex pair (b;a). We

have alreadyshown that a0 � F
G3

b0 � F
G3

c � F
G3

d. So,
(a; b) satis�es the comparisonpro�le h(2; 3); (1; 4)i , thus
by RIIA b � F

G3
a. However, we have alreadyshown that

a � F
G3

b – a contradiction. Thus, the rankingsystemF
cannotexist.

6.3 Bipartite Setting

In the world of reputationsystems[6, 15], we frequently
observeadistinctionbetweentwo typesof agentssuchthat
eachtypeof agentonly ranksagentsof theothertype. For
examplebuyersonly interactwith sellersandvice versa.
This typeof limitation is capturedby requiringtheprefer-
encegraphsto bebipartite,asde�ned below.

De�nition 6.2. A graphG = (V; E) is calledbipartite if
thereexist V1; V2 suchthat V = V1 [ V2, V1 \ V2 = ; ,
andE � (V1 � V2) [ (V2 � V1). Let GB bethesetof all
bipartitegraphs.

Our impossibility resultextendsto the limited domainof
bipartitegraphs.

Proposition 6.3. There is no partial rankingsystemover
GB \ G1 thatsatis�esweaktransitivityandRIIA.

Proof. Theproofis exactlythesameasfor G1, considering
thatall graphsin Figure4 arebipartite.

6.4 Strongly ConnectedGraphs

Thewell-known PageRankrankingsystemis (ideally) de-
�ned on thesetof stronglyconnectedgraphs.That is, the
setof graphswherethereexistsadirectedpathbetweenany
two vertices.

Let usdenotethesetof all stronglyconnectedgraphsGSC .
Thefollowing propositionextendsour impossibility result
to stronglyconnectedgraphs.

Proposition 6.4. There is no partial rankingsystemover
GSC .

Proof. Theproofis similarto theproofof Theorem5.1,but
with anadditionalvertex e in bothgraphsthathasedgesto
andfrom all othervertices.

7 Axiomatization of Approval Voting

In the previoussectionswe have seenmostly negative re-
sultswhicharisewhentrying to accommodate(weak)tran-
sitivity andRIIA. We haveshown thatalthougheachof the
axiomscanbe satis�ed seperately, thereexists no general
rankingsystemthatsatis�esbothaxioms.

We have previously shown[17] a non-trivial rankingsys-
temthatsatis�es(weak)transitivity, but havenotyetshown
sucha rankingsystemfor RIIA. In this sectionwe provide
a representationtheoremfor a ranking systemthat satis-
�es RIIA but not weaktransitivity — the approval voting
rankingsystem.This systemrankstheagentsbasedon the
numberof voteseachagentreceived,with no regardto the
rank of the voters. The axiomatizationwe provide in this
sectionshowsthepowerof RIIA, asit shows thatthereex-
ists only one (interesting)ranking systemthat satis�es it
without introducingtransitiveeffects.

In orderto specifyouraxiomatization,recall thefollowing
classicalde�nitions from thetheoryof socialchoice:

The positive responseaxiom essentiallymeansthat if an
agentreceivesadditionalvotes,its rankmustimprove:

De�nition 7.1. Let F be a ranking system. F satis�es
positive responseif for all graphsG = (V; E) and for
all (v1; v2) 2 (V � V ) n E, and for all v3 2 V : Let
G0 = (V; E [ (v1; v2)) . If v3 � F

G v2, thenv3 � F
G0 v2.

Theanonymity andneutralityaxiomsmeanthatthenames
of thevotersandalternativesrespectively donotmatterfor
theranking:



De�nition 7.2. A rankingsystemF satis�esanonymityif
for all G = (V; E), for all permutations� : V 7! V , and
for all v1; v2 2 V : Let E 0 = f (� (v1); v2)j(v1; v2) 2 Eg.
Then,v1 � F

(V;E ) v2 , v1 � F
(V;E 0) v2.

De�nition 7.3. A rankingsystemF satis�esneutrality if
for all G = (V; E), for all permutations� : V 7! V , and
for all v1; v2 2 V : Let E 0 = f (v1; � (v2)) j(v1; v2) 2 Eg.
Then,v1 � F

(V;E ) v2 , v1 � F
(V;E 0) v2.

Arrow's classicalIndependenceof Irrelevant Alternatives
axiom requiresthat the relative rank of two agentsbe de-
pendantonly on the setof agentsthat preferredoneover
theother.

De�nition 7.4. A rankingsystemF satis�esArrow's In-
dependenceof IrrelevantAlternatives(AIIA) if for all G =
(V; E), for all G0 = (V; E 0), and for all v1; v2 2 V :
Let PG (v1) n PG (v2) = PG0(v1) n PG0(v2) andPG (v2) n
PG (v1) = PG0(v2) n PG0(v1). Then,v1 � F

G v2 , v1 � F
G0

v2.

Our representationtheoremstatesthat togetherwith posi-
tive responseandRIIA, any oneof thethreeindependence
conditionsabove(anonymity, neutrality, andAIIA) arees-
sentialandsuf�cient for a rankingsystembeingAV 1. In
addition,we show thatasin theclassicalsocialchoiceset-
ting whenonly consideringtwo-level preferences,positive
response,anonymity, neutrality, andAIIA areanessential
andsuf�cient representationof approvalvoting. Thisresult
extendsthewell known axiomatizationof themajority rule
dueto [11]:

Proposition 7.5. (May's Theorem)A social welfare func-
tional over two alternativesis a majority social welfare
functional if and only if it satis�es anonymity, neutrality,
andpositiveresponse.

We cannow formally stateour theorem:

Theorem 7.6. Let F be a general rankingsystem.Then,
thefollowing statementsareequivalent:

1. F is theapproval votingrankingsystem(F = AV )

2. F satis�es positive response, anonymity, neutrality,
andAIIA

3. F satis�espositiveresponse, RIIA, andeitheroneof
anonymity, neutrality, andAIIA

Proof. (Sketch)It is easyto seethatAV satis�espositive
response,RIIA, anonymity,neutrality, andAIIA. It remains
to show that(2) and(3) entail(1) above.

To prove(2) entails(1), assumethatF satis�espositivere-
sponse,anonymity, neutrality, andAIIA. Let G = (V; E)

1In fact, an even weaker condition of decoupling, that in
essenceallows us to permutethe graphstructurewhile keeping
theedges'namesis suf�cient in thiscase.

x

v

u

Figure 5: Example of graph G for the pro�le
h(1; 3; 3); (2; 4)i

be somegraphand let v1; v2 2 V be someagents. By
AIIA, therelativerankingof v1 andv2 dependsonly onthe
setsPG (v1) n PG (v2) andPG (v2) n PG (v1). We havenow
narrowedour considerationto a setof agentswith prefer-
encesover two alternatives,so we canapply Proposition
7.5to completeourproof.

To prove(3) entails(1), assumethatF satis�espositivere-
sponse,RIIA andeitheranonymity or neutralityor AIIA.
As F satis�esRIIA wecanlimit ourdiscussionto compar-
isonpro�les. Let f : P 7! f 0; 1g bethefunctionfrom the
de�nition of RIIA. Wewill usethenotationa � b to mean
f ha; bi = 1, a � b to meanf hb; ai = 0, anda ' b to
meana � b andb � a.

By the de�nition of RIIA, it is easyto seethat a ' a
for all a. By positive responseit is also easy to see
that (1; 1; : : : ; 1

| {z }
n

) � (1; 1; : : : ; 1
| {z }

m

) if f n � m. Let P =

h(a1; : : : ; an ); (b1; : : : ; bm )i be a comparisonpro�le. Let
G = (V; E) be the following graph(an exampleof such
graphfor thepro�le h(1; 3; 3); (2; 4)i is in Figure5):

V = f x1; : : : ; xmax f an ;bm gg [

[f v1; : : : ; vn ; v0
1; : : : ; v0

n ; vg [

[f u1; : : : ; um ; u0
1; : : : ; u0

m ; ug

E = f (x i ; vj )ji � aj g [ f (x i ; uj )ji � bj g [

[f (vi ; v)ji = 1; : : : ; ng [ f (ui ; u)ji = 1; : : : ; mg:

It is easyto seethat in the graphG, v and u satisfy the
pro�le P. Let � bethefollowing permutation:

� (x) =

8
>>>><

>>>>:

v0
i x = vi

vi x = v0
i

u0
i x = ui

ui x = u0
i

x Otherwise:



The remainderof the proof dependson which additional
axiomF satis�es:

� If F satis�esanonymity, let E 0 = f (� (x); y)j(x; y) 2
Eg. Note that in the graph (V; E 0) v and u sat-
isfy the pro�le h(1; 1; : : : ; 1

| {z }
n

); (1; 1; : : : ; 1
| {z }

m

)i , andthus

v � F
(V;E 0) u , n � m. By anonymity, u � F

(V;E ) v ,

u � F
(V;E 0) v, thusproving that f (P) = 1 , n � m

for an arbitrarycomparisonpro�le P, andthusF =
AV .

� If F satis�esneutrality, let E 0 = f (x; � (y)) j(x; y) 2
Eg. Note that in the graph (V; E 0) v and u sat-
isfy the pro�le h(1; 1; : : : ; 1

| {z }
n

); (1; 1; : : : ; 1
| {z }

m

)i , andthus

v � F
(V;E 0) u , n � m. By neutrality, u � F

(V;E ) v ,

u � F
(V;E 0) v, againshowing thatf (P) = 1 , n � m

for an arbitrarycomparisonpro�le P, andthusF =
AV .

� If F satis�esAIIA, let E 0 = f (x; � (y)) j(x; y) 2 Eg
asbefore.So,alsov � F

(V;E 0) u , n � m. Notethat
PG (v) = P(V;E 0) (v) andPG (u) = P(V;E 0) (u), soby
AIIA, u � F

(V;E ) v , u � F
(V;E 0) v, andthusasbefore,

F = AV .

8 Incentives

Rankingsystemsdonotexist in emptyspace.Theresultsof
rankingsystemsfrequentlyhaveimplicationsfor theagents
beingranked,which arethesameagentsthatareinvolved
in the ranking. Therefore,the incentivesof theseagents
shouldin many casesbetakeninto consideration.

In our approach,we requirethat our rankingsystemwill
not rank agentsbetter for statinguntruepreferences,but
we assumethat theagentsareinterestedonly in their own
ranking(andnot,say, in therankingof thosethey prefer).

Furthermore,we assumea strongpreferenceof theagents
with regardto their rank: Eachagentwould like to mini-
mizethenumberof agentsrankedhigherthanherself,and
thenminimize the numberof agentsranked equalto her-
self. We call this propertystrongincentivecompatibility.

De�nition 8.1. Let F be a ranking system. F satis-
�es strongincentivecompatibilityif for all truepreference
graphsG = (V; E), for all verticesv 2 V , andfor all re-
portedpreferencesV 0 � V for v: Let E 0 = E nf (v; x)jx 2
V g [ f (v; x)jx 2 V 0g andG0 = (V; E 0) be the reported
preferencegraph. Then, jf x 2 V jv � F

G0 xgj � jf x 2
V jv � F

G xgj; andif jf x 2 V jv � F
G0 xgj = jf x 2 V jv � F

G
xgj thenjf x 2 V jv ' F

G0 xgj � jf x 2 V jv ' F
G xgj.

To stateour resultwith regardto incentives,we must�rst
de�ne thebasicisomorphismpropertyof rankingsystems
which tells us that the rankingprocedureshouldbe inde-
pendentof thenameswechoosefor thevertices.

De�nition 8.2. A rankingsystemF satis�esisomorphism
if for every isomorphismfunction ' : V1 7! V2, and
two isomorphicgraphsG 2 GV1 ; ' (G) 2 GV2 : � F

' (G)=

' (� F
G ).

The following result shows that the only ranking system
that satis�es strong incentive compatibility and isomor-
phism, is the indifferent rankingsystemF= which ranks
all agentsequally.

Proposition 8.3. Let F be a ranking systemthat satis-
�es isomorphismandstrongincentivecompatibility. Then,
F = F= .

Proof. We will provethatfor any G = (V; E), andfor any
v1; v2 2 V : v1 � F

G v2. Theproof is by inductionon jE j.

Induction Base: AssumeE = ; , andlet v1; v2 2 V be
vertices. The graphis self-isomorphicwith respectto the
replacementof v1 and v2, and thus v1 � v2 (otherwise,
v1 6� v2 andalsov2 6� v1 which is impossible).

Inducti ve Step: Assumecorrectnessfor jE j � n and
prove for jE j = n + 1. Assumefor contradictionthat for
somev1; v2 2 V : v1 6� v2. Let v 2 V beavertex suchthat
S(v) 6= ; (suchavertex existsbecausejE j > 0). Notethat
jf x 2 V jv ' F

G xgj < jV j, becauseotherwisev1 � F
G x � F

G
v2. Let E 0 = E nf (v; x)jx 2 V g andG0 = (V; E 0). By the
assumptionof induction,jf x 2 V jv ' F

G0 xgj = jV j. Thus,
jf x 2 V jv � F

G0 xgj = 0. By strongincentive compatibil-
ity, 0 � jf x 2 V jv � F

G xgj � jf x 2 V jv � F
G0 xgj = 0,

thusjV j = jf x 2 V jv ' F
G0 xgj � jf x 2 V jv ' F

G xgj <
jV j whichyieldsacontradiction.

Proposition8.3demonstratesthattheproblemof incentive
compatibilitywith RankingSystemsis ahardproblemthat
cannotbeeasilyhandled.Althoughthis is actuallya char-
acterizationresult,it canalsoserveasanimpossiblityresult
if we requirethat “tri vial” solutionswill not beconsidred,
aswith thenon-dictatorshipaxiomin Arrow'ssetting.

9 Concluding Remarks

Reasoningaboutpreferencesandpreferenceaggregationis
a fundamentaltaskin reasoningaboutmulti-agentsystems
(seee.g.[3, 5, 10]). A typical instanceof preferenceaggre-
gationis thesettingof rankingsystems.Rankingsystems
are fundamentalingredientsof someof the most famous
tools/techniquesin the Internet(e.g. Google's pagerank
andeBay's reputationsystems,amongmany others).

Ouraim in this paperwasto treatrankingsystemsfrom an
axiomaticperspective.Theclassicaltheoryof socialchoice



lay the foundationsto a large part of the rigorouswork
on multi-agentsystems.Indeed,themostclassicalresults
in the theoryof mechanismdesign,suchas the Gibbard-
Satterthwaite Theorem[8, 16] areapplicationsof the the-
ory of socialchoice. Moreover, previous work in AI has
employedthetheoryof socialchoicefor obtainingfounda-
tions for reasoningtasks[7] andmulti-agentcoordination
[9]. It is however interestingto notethat rankingsystems
suggestanovelandnew typeof theoryof socialchoice.We
seethis point asespeciallyattractive,andasa mainreason
for concentratingonthestudyof theaxiomaticfoundations
of rankingsystems.

In this paperwe identi�ed two fundamentalaxioms for
rankingsystems,andconducteda basicaxiomaticstudyof
suchsystems.In particular, wepresentedsurprisingimpos-
sibility results,anda representationtheoremfor the well-
known approval voting scheme. Although we have pre-
sentedaninitial resultwith regardto theissueof incentive
compatibility, furtherresearchin this topic is due.
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