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Abstract

Reasoningaboutagentpreferenceon a set of
alternatves,andthe aggreyationof suchprefer
encesinto somesocialrankingis a fundamental
issuein reasoningaboutuncertaintyand multi-
agentsystemsWhenthesetof agentsandtheset
of alternatvescoincide,we getthe rankingsys-
temssetting. A famoustype of rankingsystems
arepagerankingsystemsn thecontext of search
engines. In this paperwe presentan extensve
axiomaticstudy of rankingsystems.In particu-
lar, we considertwo fundamentabxioms: Tran-
sitivity, and Ranked Independencef Irrelevant
Alternatives. Surprisingly we nd thatthereis
no generalsocialrankingrule that satis esboth
requirements. Furthermore,we shawv that our
impossibility result holds undervariousrestric-
tions on the classof ranking problemsconsid-
ered. Eachof theseaxiomscanbe individually
satis ed. Moreover, we shav a completeaxiom-
atizationof approval voting using one of these
axioms.We alsobrie y considertheissueof in-
centivesin rankingsystems.

1 Intr oduction

Therankingof agentshasedon otheragents'inputis fun-
damentato multi-agentsystemgseee.g. [6, 15]). More-
over, it hasbecomea centralingredientof a variety of In-
ternetsites,whereperhapghe mostfamousexamplesare
Googles PageRankalgorithm[13 and eBay's reputation
system[14.

This basicproblemintroducesa new socialchoicemodel.
In the classicaltheory of social choice,as manifestedby
Arrow[2], a setof agents/etersis calledto rank a setof
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alternatves. Giventhe agents'input, i.e. the agents'indi-
vidual rankings,a socialrankingof the alternatvesis gen-
erated.Thetheorystudiesdesiredpropertiesof the aggre-
gation of agents'rankingsinto a socialranking. In par
ticular, Arrow's celebratedmpossibilitytheorem[2 shawvs
thatthereis noaggreyationrule thatsatis essomeminimal
requirementswhile by relaxingary of theserequirements
appropriatesocial aggreyationrules canbe de ned. The
novel featureof the ranking systemssettingis thatthe set
of agentsandthesetof alternatvescoincide Thereforejn
suchsettingonemay needto considetthetransitive effects
of voting. For example,if agenta reportson the impor-
tanceof (i.e. votesfor) agentb thenthis mayin uence the
credibility of a reportby b on the importanceof agentc;
theseindirect effects shouldbe consideredvhenwe wish
to aggreyatetheinformationprovided by theagentsinto a
socialranking.

Notice that a naturalinterpretation/applicationf this set-
ting is the ranking of Internet pages. In this case,the
setof agentsrepresentshe setof Internetpages,andthe
links from a pagep to a set of pagesQ can be viewed
asatwo-level rankingwhereagentsin Q are preferredby
agent(page) to theagents(pagesyhicharenotin Q. The
problemof nding an appropriatesocial rankingin this
caseis in factthe problemof (global) pageranking. Par-
ticularapproachefor obtaininga usefulpagerankinghave
beenimplementedy searctenginesuchasGoogle[13.

Thetheoryof socialchoiceconsistof two complementary
axiomaticperspecties:

The descriptie perspectie: givena particularrule r
for theaggreationof individualrankingsinto asocial
ranking, nd asetof axiomsthataresoundandcom-
pletefor r. Thatis, nd asetof requirementshatr
satis es; morewer, every socialaggreyationrule that
satis estheserequirementshouldcoincidewith r. A
resultshoving suchanaxiomatizatioris termedarep-
resentatiortheoemandit captureghe exactessence
of (andassumption®ehind)the useof the particular
rule.



The normatie perspecire: devise a set of require-
mentsthata socialaggreyationrule shouldsatisfy and
try to nd whetherthereis a social aggreyationrule
thatsatis estheserequirements.

Many effortshave beeninvestedn thedescriptveapproach
in theframework of theclassicatheoryof socialchoice.In
that setting, representationheoremshave beenpresente
to major voting rules such as the majority rule[1]] (see
[12] for anoverview). Recently we have successfullyap-
plied the descriptve perspectie in the context of ranking
systemsby providing a representatiotheorem[] for the
well-known PageRankalgorithm[13], which is the basis
of Googles searchtechnology([4.

An excellentexamplefor the normative perspectie is Ar-
row's impossibility theoremmentionedabove. In [17],
we presentedomepreliminaryresultsfor rankingsystems
wherethe setof votersandthe setof alternatvescoincide.
However, theaxiomspresentedh thatwork consistof sev-
eral very strongrequirementswvhich naturally lead to an
impossibilityresult.

In this paperwe provide anextensie studyof rankingsys-
tems.We introducetwo fundamentabxioms.Oneof these
axiomscaptureghe transitve effectsof voting in ranking
systems,and the other adaptsArrow's well-known inde-
pendencef irrelevantalternatves(l1A) axiomto the con-
text of rankingsystems Surprisingly we nd thatno gen-
eral ranking systemcan simultaneouslysatisfy thesetwo

axioms!Wefurthershav thatourimpossibilityresultholds
undervariousrestrictionson the classof rankingproblems
consideredOn the otherhand,we show thateachof these
axiomscanbeindividually satis ed. Moreover, we useour

[IA axiomto present positive resultin theform of arepre-
sentatiortheorenfor thewell-known approval voting rank-
ing systemwhich ranksthe agentsasecn the numberof

votesreceied. This axiomatizationshavs that whenig-

noring transitive effects, thereis only onerankingsystem
thatsatis esour IIA axiom. Finally, we considertheissue
of incentivesin rankingsystemsanddemonstrat¢éhatthe
issueof incentive compatibility cannotbe easilytackled.

This paperis structuredasfollows: Section2 formally de-
nes our settingandthe notion of ranking systems.Sec-
tions 3 and 4 introduce our axioms of Transitvity and
Ranled Independenceof Irrelevant Alternatives respec-
tively. Our mainimpossibility resultis presentedn Sec-
tion 5, andfurther strengtheneih Section6. Our positive
result,in the form of an axiomatizationfor the Approval
Votingrankingsystemin presentedh Section?. In Section
8 we shaw animpossibilityresultwhenconsideringncen-
tive compatibilityin our setting. Finally, someconcluding

remarksaregivenin Section9.

Figurel: Exampleof Transitivity

2 Ranking Systems

d Before describingour resultsregarding ranking systems,

we must rst formally de ne whatwe meanby the words
“ranking system”in termsof graphsandlinearorderings:

De nition 2.1. Let A besomeset.A relatonR A A
is calledanorderingon A if it is re exive, transitive, and
complete.Let L (A) denotethesetof orderingson A.

Notation2.2. Let beanordering,then’ istheequality

predicateof ,and isthestrictorderinducedby . For-
mally,a’ bif andonlyifa bandb a; anda bif
andonlyifa bbutnotb a.

Giventheabove we cande ne whatarankingsystemis:

De nition 2.3. Let Gy bethesetof all graphswith vertex
setV. A rankingsysten¥ is a functionalthatfor every
nite vertex setV mapsgraphsG 2 Gy to anordering

£2 L(V). If F isapartialfunctionthenit is calleda par-
tial rankingsystemotherwiset is calledagenel ranking
system

One canview this settingas a variation/extensionof the
classicaltheory of social choiceas modeledby [2]. The
ranking systemssetting differs in two main properties.
First,in this settingwe assumehatthe setof votersandthe
setof alternatves coincide,and second,we allow agents
only two levels of preferenceover the alternaties,asop-
posedto Arrow's settingwhereagentscould rank alterna-
tivesarbitrarily.

3 Transitivity

A basicpropertyonewould assumeof rankingsystemss
thatif anagenta's votersareranked higherthanthoseof
agentb, thenagenta shouldberanked higherthanagenth.
This notionis formally capturedoelow:

De nition 3.1. Let F bearankingsystem.We saythatF

satis esstrongtransitivityif for all graphsG = (V; E) and
for all verticesvy; v, 2 V: Assumethereis a1-1 mapping
f i P(vy) 7! P(v2) sit. forallv 2 P(vy): v (V).
Furtherassumethat eitherf is not onto or for somev 2

P(vi):v f(v). Thenyvy v,.

Considerffor examplethegraphG in Figurel andary rank-
ing systemF thatsatis esstrongtransitivity. F mustrank
vertex d below all otherverticesasit hasno predecessors,
unlike all othervertices.If weassumehata £ b, thenby



strongtransitvity we mustconcludethatb & c aswell.
But thenwe mustconcludethatb £ a (asb's predeces-
sora is rankedlower thana's predecessat, anda hasan
additionalpredecessod), which leadsto a contradiction.
Givenb & a, againby transitvity, we mustconcludethat
c & b, sotheonly rankingfor the graphG thatsatis es
strongtransitvity isd 5 ¢ Eb EFa

In[17], we have suggestednalgorithmthatde nesarank-
ing systemhatsatis esstrongtransitivity by iteratively re-
ning anorderingof thevertices.

Note that the PageRankranking systemde ned in [13]
doesnot satisfy strongtransitiity. This is dueto the fact
that PageRankeduceghe weight of links (or votes)from
nodeswhich have ahigherout-degree. Thus,assumingra-
hoo! andMicrosoftareequallyranked,alink from Yahoo!
meanslessthan a link from Microsoft, becauseyahoo!
links to more externalpagesthandoesMicrosoft. Noting
this fact,we canwealenthe de nition of transitvity to re-
quirethatthe predecessorsf the comparechgentshave an
equalout-degree:

De nition 3.2. Let F bearankingsystem.We saythatF

satis esweaktransitivityif for all graphsG = (V;E) and
for all verticesvy; v, 2 V: Assumethereis a1-1 mapping
f :P(v1) 7! P(vp)st.forallv2 P(vq): v f(v)and
iS(v)j = jS(f (v))j. Furtherassumethat eitherf is not
ontoorfor somev 2 P(v1): v f(v). Thenyvy v,.

Indeed,anidealizedversionof the PageRankankingsys-
tem de ned on strongly connectedgraphssatis es this
wealenedversionof transitivity. Furthermore as strong
transitivity implies weak transitviry, the existanceof a
ranking systemis still ensuredwhen we considerweak
transitiity in placeof strongtransitivity.

4 Ranked Independenceof Irr elevant
Alter natives

A standardassumptiorin social choicesettingsis thatan
agentsrelative rankshouldonly dependbn (someproperty
of) theirimmediatepredecessorsSuchaxiomsareusually
calledindependencef irrelevantalternatves(l1A) axioms.

In our setting,we requiretherelative rankingof two agents
mustonly dependnthe pairwisecomparisonsf theranks
of their predecessorsnd not on their identity or cardinal
value. Our lIA axiom, calledranked IIA, differsfrom the

onesuggestethy [2] in thefactthatwe do not considerthe

identity of the voters,but rathertheir relative rank.

For example,considerthe graphin Figure2. Furthermore,
assume rankingsystemF hasrankedthe verticesof this
graphasfollowing:a' b c¢' d e' f. Nowlook
atthecomparisorbetweerc andd. c's predecessors, and
b, arebothranked equally andbothrankedlower thand's
predecessdr. Thisis alsotruewhenconsideringe andf —

O
0’0

Figure2: An exampleof RIIA.

€'s predecessorsandd arebothrankedequally andboth
rankedlowerthanf 'spredecessae. Thereforejf weagree
with rankedllA, therelationbetweerc andd, andtherela-
tion betweere andf mustbethe samewhich indeedit is
—bothc' dande' f. However, this samesituationalso
occurswhencomparingc andf (c's predecessora andb
areequallyranked andranked lower thanf 's predecessor
€), but in thiscasec  f. So, we canconcludethat the
rankingsystemF which producedheserankingsdoesnot
satisfyrankedllA.

To formally de ne this condition, one must considerall

possibilitiesof comparingwo nodesin agraphbasednly

onordinalcomparisonsf theirpredecessordVe call these
possibilitiescomparisorpro les:

De nition 4.1. A comparisonpro le is a pair ha;bi
where a = (a;:::;an), b =
ag;iianbiiibn 2 N, ag a an, and
bn . Let P bethesetof all suchpro les.

A rankingsystemF, a graphG = (V;E), anda pair of
verticesvy; v, 2 V aresaidto satisfysucha comparison
pro le he;bi if thereexist 1-1 mappingsfi : P(vy) 7!

fl:::ngandf, : P(v2) 7! f1:::mg suchthatgivenf :

(flg P(v1))[ (f2g P(v2)) 7! Nde nedas:

fLv) = ay
f(2,u) = b,
fi;x) Gy, x gyforal(i;x);(y) 2 (fig

P(vi) [ (f2g P(v2)).

For example,in the exampleconsideredabove, all of the
pairs(c;d), (c;f ), and(e;f ) satisfythecomparisorpro le

h(1;1); (2)i.

We now requirethatfor every suchpro le therankingsys-
temranksthe nodesconsistently:

De nition 4.2. Let F be a ranking system. We say that
F satis esranked independencef irr elevant alternatives
(RIIA) if thereexistsamappingf : P 7! f0; 1g suchthat
for every graphG = (V; E) andfor every pair of vertices
v1;V2 2 V andfor every comparisorpro le p 2 P thatv;
andv, satisfyvy & vo, f(p) =1

As RIIA is anindependenceroperty the ranking system
F- , thatranksall agentsequally satis esRIIA. A morein-
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(a) GraphG, (b) GraphG;

Figure3: Graphsfor the proofof Theoremb.1

terestingrankingsystenthat satis esRIIA is theapproval
voting rankingsystemde ned below.

De nition 4.3. Theapproval votingrankingsystemAV is
therankingsystenmde ned by:

e JP (V)]

Vi g Vo2,

iP(v2)i
A full axiomatizatiorof theapprovalvotingrankingsystem
is givenin section?.

5 Impossibility

Our main resultillustratesthe impossibility of satisfying
(weak)transitivity andRIIA simultaneously

Theorem5.1. Theris nogeneal rankingsystenthat sat-
is es weaktransitivityand RIIA.

Proof. Assumefor contradictionthat there exists a rank-
ing systemF that satis es weak transitvity and RIIA.
Consider rst the graph G; in Figure 3(a). First, note
that a; and a, satisfy some comparisonprole p, =

((x; ¥); (x;¥)) becausehey have identical predecessors.

Thus,by RIIA, a2 § a2 , a §, ai, andthere-
forea; ' gl a,. By weaktransitvity, it is easyto seethat
¢ &, aandc ¢ b If weassumé § ai, thenby
weaktransitiity, a; El b which contradictsour assump-
tion. Sowe concludethatc £ a &, b

Now considetthegraphG; in Figure3(b). Again,by RIIA,
a; ' Ez a,. By weaktransitvity, it is easyto seethat
ag §, candb § c If weassumea; ¢, b, then
by weak transitvity, b (F;Z a; which contradictsour as-
sumption.Sowe concludethatb & a; §, c.

Consideithecomparisorpro le p = ((1;3); (2; 2)). Given
F, a; andb satisfyp in G; (becausec § a ',
a; &, bandinG; (becausd § a ' §, a2 §, o).
Thus,byRIIA, a1 & b, a §, b whichisacontra-
dictionto thefactthata; &, bbutb § aj. O

This resultis quite a surprise,asit meansthat every rea-
sonablale nition of arankingsystemmusteitherconsider
cardinalvaluesfor nodesand/oredgeqlike [13]), or oper

ateordinally on aglobalscale(like[1]).

6 Relaxing Generality

A hiddenassumptiorin our impossibility resultis the fact
that we considerednly generalranking systems.In this
sectionwe analyzesereral specialclassesof graphsthat
relateto commonrankingscenarios.

6.1 Small Graphs

A naturallimitation on a preferencegraphis a capon the
numberof vertices(agentsthatparticipatein theranking.
Indeed,whentherearethreeor lessagentdnvolvedin the
ranking,strongtransitivity andRIIA canbesimultaneously
satis ed. An appropriateankingalgorithmfor this caseis
theonewe suggestedh [17].

However, whentherearefour or moreagentsstrongtran-
sitivity and RIIA cannotbe simultaneouslysatis ed (the
proof is similar to that of Theorem5.1, but with vertex d
removed in both graphs). When ve or more agentsare
involved,evenweaktransitvity andRIIA cannotbesimul-
taneouslysatis ed,asimplied by theproofof Theorenb.1.

6.2 SingleVote Setting

Another naturalllimitation on the domain of graphsthat
we might be interestedin is the restriction of each
agent(\ertex) to exactly onevote(successorfor example,
in the voting paradigmthis could be viewed as a setting
whereevery agentvotesfor exactly oneagent.Thefollow-
ing propositionshovs thatevenin this simplesettingweak
transitivity andRIIA cannotbe simultaneouslatis ed.

Proposition 6.1. Let G; be the setof all graphsG =
(V;E) such thatjS(v)j = 1forallv 2 V. Theeis no
partial ranking systenmover G; that satis esweaktransi-
tivity andRIIA.

Proof. Assumefor contradictiorthatthereis apartialrank-
ing systemF over G; that satis es weaktransitvity and
RIIA. Letf : P 7! f0;1g bethemappingfrom thede ni-
tion of RIIA for F.

Let G; 2 G; bethe graphin Figure4a. By weaktran-
sitivity, x1 ' §, x2 &, b &, a (ab) satises
the comparisonpro le h1;1;2); (3)i, so we must have
fh1;1;,2);(3)i = 0. Now let G, 2 G; bethe graph
in Figure 4b. By weak transitiity x1 ' & X2 &,
y &, a &, b (ba) satisesthe comparisonpro le
h(2; 3); (1; 4)i, sowe musthave f n(2; 3); (1;4)i = 0.



(b) GraphG;

(c) GraphGs;

Figure4: Graphsrom the proof of proposition6.1

Let Gz 2 G; bethegraphin Figure4c. By weaktransitiv-
ity it is easytoseethatx; ' &, ' &, X7 &, V1' &,
Y2 &, C &, d. Furthermorepy weaktransitvity we
concludethata & banda® § t’fromc §, d; and
y1 &, bfromxs §. d. Now considerthe verte pair
(c;t). Wehaveshowvnthatx; * & x2 &, y1 &, b So,
(c;bY) satis esthe comparisorpro le h1;1;2); (3)i, thus
by RIA B° & c. Now considerthevertex pair (b;a). We
have alreadyshawvn thata® ¢, b & ¢ §, d. So,
(a;b) satis esthe comparisorpro le h2;3); (1;4)i, thus
by RIIA b & a. However, we have alreadyshown that
a 53 b — a contradiction. Thus, the ranking systemF
cannotexist. O

6.3 Bipartite Setting

In the world of reputationsystems[6 15], we frequently
obseneadistinctionbetweertwo typesof agentsuchthat
eachtype of agentonly ranksagentsof the othertype. For

examplebuyersonly interactwith sellersandvice versa.
This type of limitation is capturedby requiringthe prefer

encegraphso bebipartite,asde ned below.

De nition 6.2. A graphG = (V;E) is calledbipartite if
thereexist V1;V, suchthatV = Vi [ Vo, Vi \ Vo, =
andE (M1 Vo) [ (V2 Vi). Let Gg bethesetof all
bipartitegraphs.

Our impossibility resultextendsto the limited domainof
bipartitegraphs.

Proposition 6.3. Thele is no partial ranking systenover
Gg \ Gj thatsatis esweaktransitivityand RIIA.

Proof. Theproofis exactlythesameasfor G1, considering
thatall graphsn Figure4 arebipartite. O

6.4 Strongly ConnectedGraphs

The well-known PageRankankingsystemis (ideally) de-

ned on the setof stronglyconnectedyraphs.Thatis, the
setof graphawvherethereexistsadirectedpathbetweerarny
two vertices.

Letusdenotethesetof all stronglyconnectedyraphsGsc .
Thefollowing propositionextendsour impossibility result
to stronglyconnectedjraphs.

Proposition 6.4. Thele is no partial rankingsystenover
GSC .

Proof. Theproofis similartotheproofof Theorenb.1,but
with anadditionalvertex e in bothgraphsthathasedgedo
andfrom all othervertices. O

7 Axiomatization of Approval Voting

In the previous sectionswe have seenmostly negative re-
sultswhich arisewhentrying to accommodatéveak)tran-
sitivity andRIIA. We have shavn thatalthougheachof the
axiomscanbe satis ed seperatelythereexists no general
rankingsystemthatsatis esbothaxioms.

We have previously shavn[17] a non-trivial ranking sys-
temthatsatis es(weak)transitiity, but have notyetshovn
sucharankingsystenmfor RIIA. In this sectionwe provide
a representationheoremfor a ranking systemthat satis-
es RIIA but not weaktransitvity — the approval voting
rankingsystem.This systenmranksthe agentshasedn the
numberof voteseachagentreceved,with noregardto the
rank of the voters. The axiomatizationwe provide in this
sectionshavsthe power of RIIA, asit shavsthatthereex-
ists only one (interesting)ranking systemthat satis es it
withoutintroducingtransitive effects.

In orderto specifyour axiomatizationrecallthefollowing
classicale nitions from thetheoryof socialchoice:

The positive responseaxiom essentiallymeansthat if an
agentreceivesadditionalvotes,its rankmustimprove:

De nition 7.1. Let F be a ranking system. F satis es
positive responsef for all graphsG = (V;E) and for
all (vi;v2) 2 (V  V)nE, andfor all v3 2 V: Let
GO= (V;E[ (vi;v2). Ifva § vo,thenvy §ova.
Theanorymity andneutralityaxiomsmeanthatthe names
of thevotersandalternatvesrespectiely do not matterfor
theranking:



De nition 7.2. A rankingsystemF satis esanonymityif
forall G = (V;E), for all permutations :V 7! V, and
forall vi;vo 2 Vi LetEC= f( (v1);V2)j(vi;V2) 2 Eg.
Then,vy (FV;E) V2, Vi f\,;E o V2

De nition 7.3. A rankingsystemF satis esneutrlity if
for all G = (V;E), for all permutations :V 7! V, and
forall vi;vo 2 V: LetEC= f(vi; (V2))j(vi;Vv2) 2 Eg.

Thenvi [ gy Va2, Vi (yeo Vo

Arrow's classicallndependencef Irrelevant Alternatives
axiomrequiresthat the relative rank of two agentsbe de-
pendantonly on the setof agentsthat preferredone over
theother

De nition 7.4. A rankingsystemF satis esArrow's In-
dependencef Irr elevantAlternatives(AllA) if for all G =
(V;E), for all G° = (V;E9, andfor all vi;v, 2 V:
Let Pg(v1) NPg(v2) = Pgo(vy) n PGo(vz) andPg (vz) n
Pc(v1) = Pgo(V2) nPgo(v1). Then,v;
Vo.

V2, Vi Go

Our representatiotheoremstatesthat togetherwith posi-
tiveresponsandRIIA, any oneof thethreeindependence
conditionsabore (anorymity, neutrality andAllA) arees-
sentialandsufcient for a rankingsystembeingAV 1. In
addition,we shaw thatasin the classicalkocialchoiceset-
ting whenonly consideringwo-level preferencespositive
responseanorymity, neutrality andAllA areanessential
andsufcient representatioof approval voting. Thisresult
extendsthewell known axiomatizatiorof themajority rule
dueto [11]:

Proposition 7.5. (May's Theoem)A social welfare func-
tional over two alternativesis a majority social welfare
functionalif and only if it satis es anonymity neutrlity,
and positiveresponse

We cannow formally stateourtheorem:

Theorem 7.6. Let F be a geneml ranking system.Then,
thefollowing statementsre equivalent:

1. F istheapproval votingrankingsystemt = AV)

2. F satis es positive responsg anonymity neutrality,
andAllA

3. F satis espositiveresponsgRIIA, and either one of
anonymityneutrality, and AlIA

Proof. (Sketch)lt is easyto seethat AV satis espositive
responseRRIIA, anorymity, neutrality andAllA. It remains
to shav that(2) and(3) entail (1) above.

To prove (2) entails(1), assumehatF satis espositive re-
sponseanorymity, neutrality andAllA. Let G = (V;E)

YIn fact, an even wealer condition of decoupling that in
essencallows us to permutethe graphstructurewhile keeping
theedges'namess sufcient in thiscase.

Q\OO

Figure 5: Example of graph G for the prole
h(1;3;3); (2;4)i

be somegraphandlet v;v, 2 V be someagents. By

AllA, therelativerankingof v; andv, depend®nly onthe
setsPg (V1) NPg (v2) andPg (v2) n Pg (v1). We have now

narraved our consideratiorto a setof agentswith prefer

encesover two alternatves, so we canapply Proposition
7.5to completeour proof.

To prove (3) entails(1), assumehatF satis espositive re-
sponseRIIA andeitheranorymity or neutrality or AllA.

As F satis esRIIA we canlimit ourdiscussiorto compar
isonpro les. Letf : P 7! f0; 1g bethefunctionfrom the

de nition of RIIA. Wewill usethenotationa b to mean
f;bi = 1,a btomeanfhb;ai = 0,anda' b to
meana bandb a.

By the de nition of RIIA, it is easyto seethat a a
for all a. By positive responseit is also easyto see

that (iL """ }) (il """ }L) iff n m. LetP =

r(al;""an) (by;:is; bm)l be a comparisorpro le. Let
G = (V;E) bethefollowmg graph(an exampleof such
graphfor thepro le h(1; 3;3); (2; 4)i isin Figureb):

vV = le;””Xmaxfanbmgg[
[f vl;""vn,vl;::"vn,vg[
If ug;z:s;um;ud;o;ulug
E = fxisv)ii agl f(xisu)ii bol
[f (vi;v)ji =15 ng[ fuisu)ji = 1;::1;mg:

It is easyto seethat in the graphG, v andu satisfy the
prole P. Let bethefollowing permutation:

% VO x =y

(x) = i
E Ui

x  Otherwise



The remainderof the proof dependson which additional
axiomF satis es:

If F satis esanorymity, letE®= f( (x);y)j(X;y) 2
Eg. Note thatin the graph (V;E9 v and u sat-
isfy the pro le 71151005 Di, andthus
fy thep r(il_{z_}l) (il_{z_})
n m

V g9 U, N m.Byanoymity,u f.e)V,

U {veo Vv, thusprovingthatf (P) =1, n m
for anarbitrarycomparisorpro le P, andthusF =
AV.

If F satis esneutrality let E® = f(x; (y)j(x;y) 2
Eg. Note thatin the graph (V;E9 v and u sat-

isfy the pro le P‘(il_l{z_}) (il_l{z_})' andthus
n m

V. fEg U, N m. Byneutralityu .V,

U . v, againshavingthatf (P) =1, n m

for an arbitrarycomparisorpro le P, andthusF =

AV.

If F satis esAllA, letEC= f(x; (y))j(x;y) 2 Eg
asbefore.So,alsov (FV;EO) u, n m. Notethat
Pc (V) = Pv.eo(v) andPg(u) = P(y.go(u), soby
AlIA, U [ygyV, U (g0 v, andthusasbefore,
F=AvV.

O

8 Incentives

Rankingsystemslonotexistin emptyspace Theresultsof

rankingsystemsrequentlyhaveimplicationsfor theagents
beingranked, which arethe sameagentghatareinvolved

in the ranking. Therefore,the incentves of theseagents
shouldin mary casedetakeninto consideration.

In our approachwe requirethat our ranking systemwill
not rank agentsbetterfor statinguntrue preferencesbhut
we assumehatthe agentsareinterestednly in their own
ranking(andnot,say in therankingof thosethey prefer).

Furthermorewe assume strongpreferenceof the agents
with regardto their rank: Eachagentwould like to mini-
mize the numberof agentsanked higherthanherself,and
then minimize the numberof agentsranked equalto her
self. We call this propertystrongincentve compatibility.

De nition 8.1. Let F be a ranking system. F satis-
es strongincentivecompatibilityif for all true preference
graphsG = (V;E), for all verticesv 2 V, andfor all re-

portedpreference¥ ©  V forv: LetE®= E nf (v; x)jx 2

Vgl f(v;x)jx 2 V% andG° = (V;E9 bethereported
preferencegraph. Then,jfx 2 Vjv o xgj  jfx 2
Vijv  § xgj;andif jfx 2 Vjv Eoxgj=jfx2 Vjv §
xgjthenjfx 2 Vjv' Eoxgj jfx 2 Vjv' § xgj.

To stateour resultwith regardto incentves,we must rst
de ne the basicisomorphismpropertyof rankingsystems
which tells us that the ranking procedureshouldbe inde-
pendenbf thenameswve choosefor thevertices.

De nition 8.2. A rankingsystemF satis esisomorphism
if for every isomorphismfunction' : Vi 7! V,, and
two isomorphicgraphsG 2 Gy, ;' (G) 2 Gy,: .F(G)z

(6

The following result shavs that the only ranking system
that satis es strong incentve compatibility and isomokr
phism, is the indifferentranking systemF- which ranks
all agentsqually

Proposition 8.3. Let F be a ranking systemthat satis-
es isomorphismandstrongincentivecompatibility Then,
F=F-.

Proof. We will provethatfor ary G = (V; E), andfor ary
Vi,V 2 V:vg E V2. Theproofis by inductiononjEj.

Induction Base: AssumeE = ;, andletvi;v, 2 V be
vertices. The graphis self-isomorphicwith respecto the
replacementf v; andv,, andthusv; v, (otherwise,
v1 6 v, andalsov, 6 vi whichisimpossible).

Inductive Step: Assumecorrectnesdor jEj n and
provefor JEj = n + 1. Assumefor contradictionthatfor
somevy; Vo 2 V:ivy 6 vo. Letv 2 V beavertex suchthat
S(v) 6 ; (suchavertex existsbecaus¢E|j > 0). Notethat
jfx 2 Vjv' E xgj < jVj, becausetherwisev; § x &
V2. LetE®%= Enf(v;x)jx 2 VgandG®= (V;EY). By the
assumptiorof induction,jf x 2 Vjv' o xgj = jVj. Thus,
jfx 2 Vjv Ko xgj = 0. By strongincentive compatibil-
ity, 0 jfx2Vjv E xgi jfx2Vjv E.xgj=0,
thusjVj = jfx 2 Vjv' Eoxgj jfx 2 Vjv' E xgj<
jVj whichyieldsacontradiction. O

Proposition8.3 demonstratethatthe problemof incentive
compatibilitywith RankingSystemss a hardproblemthat
cannotbe easilyhandled.Althoughthisis actuallya char

acterizatiorresult,it canalsoseneasanimpossiblityresult
if we requirethat“trivial” solutionswill notbe considred,
aswith thenon-dictatorshiaxiomin Arrow's setting.

9 Concluding Remarks

Reasoningboutpreferencesndpreferenceggrayationis

afundamentataskin reasoningaboutmulti-agentsystems
(seee.q.[3, 5, 10)). A typicalinstanceof preferenceggre-
gationis the settingof rankingsystems.Rankingsystems
are fundamentalingredientsof someof the mostfamous
tools/techniquedn the Internet(e.g. Googles pagerank

andeBay's reputationsystemsamongmary others).

Ouraimin this paperwasto treatrankingsystemdrom an
axiomaticperspectie. Theclassicatheoryof socialchoice



lay the foundationsto a large part of the rigorouswork
on multi-agentsystems.Indeed,the mostclassicalresults
in the theory of mechanisndesign,suchasthe Gibbard-
Satterthvaite Theorem[8, 16] areapplicationsof the the-
ory of socialchoice. Moreover, previouswork in Al has
employedthetheoryof socialchoicefor obtainingfounda-
tions for reasoningasks[7] and multi-agentcoordination
[9]. It is howeverinterestingto notethat rankingsystems
suggestnovel andnew typeof theoryof socialchoice.We
seethis point asespeciallyattractve, andasa mainreason
for concentratingnthe studyof theaxiomaticfoundations
of rankingsystems.

In this paperwe identi ed two fundamentalaxioms for
rankingsystemsandconducted basicaxiomaticstudyof
suchsystemsln particular we presentegurprisingmpos-
sibility results,anda representatiotheoremfor the well-
known approval voting scheme. Although we have pre-
sentedaninitial resultwith regardto theissueof incentive
compatibility, furtherresearclin thistopicis due.
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