11 Mathematical I nduction CLAIM. Foralln >0, we haved ! i = ("1).

In philosophydeduction is the process of taking a general PROOF. First, we note thay~;_oi = 0 = (3). Now, we
statement and applying it to a specific instance. For exam-assume inductively that for > 0, we have

ple: all students must do homework, and | am a student; el

therefore, | must do homework. In contrastduction is Z S <”>
the process of creating a general statement from observa- 2
tions. For example: all cars | have owned need to be re-

paired at some point; therefore, all cars will need to be |fwe addn on both sides, we obtain

repaired at some point. A similar concept is used in math- n n

ematics to prove that a statement is true for all integers. Zz = ( ) +n

To distinguish it from the less specific philosophical no- i=0

tion, we call itmathematical induction of which we will _ (n—=1D)n n 2n
introduce two forms. We begin by considering an example - 2 2

from Section 4, showing that the idea behind Mathemati-

. . . : ia(n+)n _ /41 .
cal Induction is a familiar one. whichis =" = ("]'). Thus, by the Principle of Math-

ematical Induction,

n
Euclid’sDivision Theorem. We find the smallest coun- ZZ _ (n + 1>
terexample in order to prove the following theorem. et 2
- i i [
EucLID’s DIVISION THEOREM. Lettingn > 1, for forall non-negative integers.
every non-negative integen there are unique integegs To analyze why this proof is correct, we lefk) be the
and0 < r < n such thatn = ng +r. statement that the claim is true far= k. Forn = 1 we

havep(1) A [p(1) = p(2)]. Hence, we get(2) by Modus
PROOF. Assume the opposite, that is, there is a non- Ponens. We can see that this continues:
negative integern for which no suchy andr exist. We
choose the smallest sugh Note thatn cannot be smaller p(1) A [p(1) = p(2)] hence p(2);
thann, else we havg = 0 andr = m, andm cannot be p(2) A p(2) = p(3)] hence p(3);
equal ton, else we havg = 1 andr = 0. It follows that
m’ = m — n is a positive integer less than. Thus, there '
exist integerg’ and0 <’ < n such thatn’ = ng’ + . p(n—1)A[p(n—1) = p(n)] hence p(n);
If we addn on both sides, we obtain = (¢’ + 1)n + r'.
If we takeq = ¢’ + 1 andr = 1/, we getm = nq + r,
with 0 < r < n. Thus, by the Principle of Reduction to

Thus, andp(n — 1) = for all n > ng implies
Absurdity, such integerg andr exist. p(no) p(n=1) = p(n) " o fmp

p(n) forall n > nyg.
Let p(k) be the statement that there exist integeasd
0 < r < nwith &k = ng + r. Then, the above proof can

be summarized by Theweak form. We formalize the proof technique into

the first, weak form of the principle. The vast majority of

p(m —n) A=p(m) = p(m) A —p(m). ?pplications of Mathematical Induction use this particula
orm.
This is the contradiction that impliesp(m) cannot be
true. We now focus on the statemeittn — n) = p(m). MATHEMATICAL INDUCTION (WEAK FORM). If the
This is the idea of Mathematical Induction which bypasses statemenp(no ) is true, and the statementn—1) = p(n)
the construction of a contradiction. is true for alln > ng, thenp(n) is true for all integers
n > ng.

Example: sum of integers. We consider the familiar , . .

problem of summing the first positive integers. Recall To write a proof using the weak form of Mathematical In-

that (n+1) _ n(n+1) duction, we thus take the following four steps: it should
)=

2 have the following components:
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Base Case: p(ng) is true.

Inductive Hypothesis: p(n — 1) is true.
Inductive Step: p(n — 1) = p(n).
Inductive Conclusion: p(n) for all n > ny.

Very often but not always, the inductive step is the most
difficult part of the proof. In practice, we usually sketch

the inductive proof, only spelling out the portions that are
not obvious.

Example: sum of powers of two. If we can guess the
closed form expression for a finite sum, it is often easy to
use induction to prove that it is correct, if it is.

CLAIM. For all integers: > 1, we have) " | 27! =
2m —1.

PrROOFE We prove the claim by the weak form of the Prin-
ciple of Mathematical Induction. We observe that the
equality holds whem = 1 becausey.!_,2i"! = 1 =

21 — 1. Assume inductively that the claim holds for- 1.
We get ton by adding2”~! on both sides:

n n—1
221’71 — 221'71 _|_2n71
=1 1=1
— (277,—1 _ 1) + 2n—l
= 2" -1

Here, we use the inductive assumption to go from the first
to the second line. Thus, by the Principle of Mathematical
Induction,y"" , 2~ =27 — 1foralln > 1.

Thestrongform. Sometimes itis not enough to use the
validity of p(n — 1) to derivep(n). Indeed, we have(n —
2) available angh(n — 3) and so on. Why not use them?

MATHEMATICAL INDUCTION (STRONG FORM). If the
statemenp(ny) is true and the statementng) A p(ng +
1)A -~ Ap(n—1) = p(n)is true for alln > ny, then
p(n) is true for all integers: > ny.

Notice that the strong form of the Principle of Mathemat-
ical Induction implies the weak form.

Example: prime factor decomposition. We use the
strong form to prove that every integer has a decompo-
sition into prime factors.
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CLAIM. Every integem > 2 is the product of prime
numbers.

PrROOFE We know that is a prime number and thus also
a product of prime numbers. Suppose now that we know
that every positive number less thais a product of prime
numbers. Then, ifi is a prime number we are done. Oth-
erwise,n is not a prime number. By definition of prime
number, we can write it is the product of two smaller pos-
itive integers,n = a - b. By our supposition, both and

b are products of prime numbers. The product,b, is
obtained by merging the two products, which is again a
product of prime numbers. Therefore, by the strong form
of the Principle of Mathematical Induction, every integer
n > 2is a product of prime numbers.

We have used an even stronger statement before,
namely that the decomposition into prime factors is
unigue. We can use the Reduction to Absurdity to prove
unigueness. Suppossds the smallest positive integer that
has two different decompositions. Let> 2 be the small-
est prime factor in the two decompositions. It does not be-
long to the other decomposition, else we could cancel the
two occurrences ofi and get a smaller integer with two
different decompositions. Clearhy,mod a = 0. Further-
more,r; = b; mod a # 0 for each prime factob; in the
other decomposition af. We have

(H bi> mod a
(H ri> mod a.

Since all the; are smaller than anda is a prime number,
the latter product can only be zero if one or thes zero.

But this contradicts that all thig are prime numbers larger
thana. We thus conclude that every integer larger than one
has a unique decomposition into prime factors.

n mod a

Summary. Mathematical Induction is a tool to prove
that a property is true for all positive integers. We used
Modus Ponens to prove the weak as well as the strong
form of the Principle of Mathematical Induction.



