
12 Recursion

We now describe how recurrence relations arise from re-
cursive algorithms, and begin to look at ways of solving
them. We have just learned one method that can some-
times be used to solve such a relation, namely Mathemat-
ical Induction. In fact, we can think of recursion as back-
wards induction.

The towers of Hanoi. Recurrence relations naturally
arise in the analysis of the towers of Hanoi problems. Here
we have three pegs,A, B, C, and initially n disks atA,
sorted from large to small; see Figure 10. The task is to
move then disks fromA to C, one by one, without ever
placing a larger disk onto a smaller disk. The following
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Figure 10: We have a sorted stack of disks atA and useB for
temporary storage to move one disk at a time toC. We needB
to avoid any inversions among the disks.

three steps solve this problem:

• recursively moven − 1 disks fromA to B;

• move then-th disk fromA to C;

• recursively moven − 1 disks fromB to C.

When we move disks from one peg to another, we use the
third peg to help. For the main task, we useB to help.
For the first step, we exchange the roles ofB andC, and
for the third step, we exchange the roles ofA andB. The
number of moves is given by the solution to the recurrence
relation

M(n) = 2M(n − 1) + 1,

with initial conditionM(0) = 0. We may use induction to
show thatM(n) = 2n − 1.

Loan payments. Another example in which recurrence
relations naturally arise is the repayment of loans. This

is an iterative process in which we alternate the payment
of a constant sum with the accumulation of interest. The
iteration ends when the entire loan is payed off. Suppose
A0 is the initial amount of your loan,m is your monthly
payment, andp is the annual interest payment rate. What
is the amount you owe aftern months? We can express it
in terms of the amount owed aftern − 1 months:

T (n) =
(

1 +
p

12

)

T (n − 1) − m.

This is a recurrence relation, and figuring out how much
you owe is the same as solving the recurrence relation.
The number that we are most interested in isn0m, where
n0 is the number of months it takes to getT (n0) = 0.
Instead of attacking this question directly, let us look at a
more abstract, mathematical setting.

Iterating the recursion. Consider the following recur-
rence relation,

T (n) = rT (n − 1) + a,

wherer anda are some fixed real numbers. For example,
we could setr = 1+ p

12
anda = −m to get the recurrence

that describes how much money you owe. After replacing
T (n) by rT (n − 1) + a, we may take another step and
replaceT (n−1) by rT (n−2)+a to getT (n) = r(rT (n−
2) + a) + a. Iterating like this, we get

T (n) = rT (n − 1) + a

= r2T (n − 2) + ra + a

= r3T (n − 3) + r2a + ra + a

...

= rnT (0) + a

n−1
∑

i=0

ri.

The first term on the right hand side is easy, namelyrn

times the initial condition, sayT (0) = b. The second term
is a sum, which we now turn into a nicer form.

Geometric series. The sequence of terms inside a sum
of the form

∑n−1

i=0
ri is referred to as ageometric series.

If r = 1 then this sum is equal ton. To find a similarly
easy expression for other values ofr, we expand both the
sum and itsr-fold multiple:

n−1
∑

i=0

ri = r0 + r1 + r2 + . . . + rn−1;

r

n−1
∑

i=0

ri = r1 + r2 + . . . + rn−1 + rn.
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Subtracting the second line from the first, we get

(1 − r)

n−1
∑

i=0

ri = r0 − rn

and therefore
∑n−1

i=0
ri = 1−rn

1−r
. Now, this allows us to

rewrite the solution to the recurrence as

T (n) = rnb + a
1 − rn

1 − r
,

whereb = T (0) andr 6= 1. Let us consider the possible
scenarios:

Case 1. r = 0. Then,T (n) = a for all n.

Case 2. 0 < r < 1. Then,limn→∞ rn = 0. There-
fore, limn→∞ T (n) = a

1−r
.

Case 3. r > 1. The factorsrn of b and rn

−1

r−1
of a both

grow with growingn. For positive values ofa and
b, we can expectT (n) = 0 for a negative value ofn.
Multiplying with r−1, we getrnb(r−1)+arn−a =
0 or, equivalently,rn(br − b + a) = a. Dividing by
br − b + a, we getrn = a

br−b+a
, and taking the

logarithm to the baser, we get

n = logr

(

a

br − b + a

)

.

For positive values ofa andb, we take the logarithm
of a positive number smaller than one. The solution
is a negative numbern.

We note that the loan example falls into Case 3, withr =
1 + p

12
> 1, b = A0, anda = −m. Hence, we are now

in a position to find out after how many months it takes to
pay back the loan, namely

n0 = logr

(

m

m − A0
p

12

)

.

This number is well defined as long asm > A0
p

12
, which

means your monthly payment should exceed the monthly
interest payment. It better happen, else the amount you
owe grows and the day in which the loan will be payed off
will never arrive.

First-order linear recurrences. The above is an exam-
ple of a more general class of recurrence relations, namely
thefirst-order linear recurrencesthat are of the form

T (n) = f(n)T (n − 1) + g(n).

For the constant functionf(n) = r, we have

T (n) = rnT (0) +

n−1
∑

i=0

rig(n − i)

= rnT (0) +

n−1
∑

i=0

rn−ig(i).

We see that ifg(n) = a, then we have the recurrence we
used above. We consider the exampleT (n) = 2T (n −

1) + n in whichr = 2 andg(i) = i. Hence,

T (n) = 2nT (0) +

n−1
∑

i=0

i

2n−i

= 2nT (0) +
1

2n

n−1
∑

i=0

i2i.

It is not difficult to find a closed form expression for the
sum. Indeed, it is the special case forx = 2 of the follow-
ing result.

CLAIM . Forx 6= 1, we have

n
∑

i=1

ixi =
nxn+2 − (n − 1)xn+1 + x

(1 − x)2
.

PROOF. One way to prove the relation is by induction.
Writing R(n) for the right hand side of the relation, we
haveR(1) = x, which shows that the claimed relation
holds forn = 1. To make the step fromn − 1 to n, we
need to show thatR(n − 1) + xn = R(n). It takes but a
few algebraic manipulations to show that this is indeed the
case.

Summary. Today, we introduced recurrence relations.
To find the solution, we often have to defineT (n) in terms
of T (n0) rather thanT (n − 1). We also saw that differ-
ent recurrences can have the same general form. Knowing
this will help us to solve new recurrences that are similar
to others that we have already seen.
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