12 Recursion is an iterative process in which we alternate the payment
of a constant sum with the accumulation of interest. The

We now describe how recurrence relations arise from re- iteration ends when the entire loan is payed off. Suppose
cursive algorithms, and begin to look at ways of solving <o iS the initial amount of your loany is your monthly
them. We have just learned one method that can some-P&yment, ang is the annual interest payment rate. What
times be used to solve such a relation, namely Mathemat-S the amount you owe after months? We can express it
ical Induction. In fact, we can think of recursion as back- N terms of the amount owed after— 1 months:

wards induction. _ s 1) —
T(n) = (1—|—12)T(n 1) —m.

This is a recurrence relation, and figuring out how much
you owe is the same as solving the recurrence relation.
The number that we are most interested indsn, where

ng is the number of months it takes to gB{ng) = 0.
Instead of attacking this question directly, let us look at a
more abstract, mathematical setting.

The towers of Hanoi. Recurrence relations naturally
arise in the analysis of the towers of Hanoi problems. Here
we have three pegs|, B, C, and initially n disks atA,
sorted from large to small; see Figure 10. The task is to
move then disks fromA to C, one by one, without ever
placing a larger disk onto a smaller disk. The following

Iterating the recursion. Consider the following recur-
rence relation,

T(n) = rT(n—1)+a,

wherer anda are some fixed real numbers. For example,
we could set = 1+ anda = —m to get the recurrence

( o o o ] that describes how much money you owe. After replacing
T(n) by rT'(n — 1) + a, we may take another step and
replacel’(n—1) by rT'(n—2)+ato getl'(n) = r(rT(n—
Figure 10: We have a sorted stack of disksdaand useB for 2) +a) + a. Iterating like this, we get

temporary storage to move one disk at a tim&€toWe needB T(n) = rT(n—1)+a
to avoid any inversions among the disks.

A B C

= PT(n—2)+ra+a
three steps solve this problem: = *T(n-3)+r*a+rata

e recursively move: — 1 disks fromA to B; .
e move then-th disk fromA to C; = "T0)+a) 1
=0

e recursively mover — 1 disks fromB to C.
The first term on the right hand side is easy, namély

When we move disks from one peg to another, we use thetimes the initial condition, sa'(0) = b. The second term
third peg to help. For the main task, we uBeto help. is a sum, which we now turn into a nicer form.
For the first step, we exchange the rolesandC, and
for the third step, we exchange the rolesband B. The
number of moves is given by the solution to the recurrence
relation

Geometric series. The sequence of terms inside a sum

of the form>7'" | +# is referred to as geometric series

If » = 1 then this sum is equal to. To find a similarly

M(n) = 2M(n—1)+1, easy expression for o_ther valuesrofwe expand both the
sum and its--fold multiple:

with initial condition M (0) = 0. We may use induction to n—1

show thath (n) = 2" — 1. Sorto= Pt gt el
=0
—1

Loan payments. Another example in which recurrence Trlz: P Pl a2 gnlggn

relations naturally arise is the repayment of loans. This
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Subtracting the second line from the first, we get

n—1

(1—7‘)27” = 0 —
=0
and thereforéy " " = L="". Now, this allows us to
rewrite the solution to the recurrence as
1—pn
rb+a ! ,
1—1r

T(n)

whereb = T'(0) andr # 1. Let us consider the possible
scenarios:

Case 1. r=0.ThenT(n)=aforalln.

Case 2. 0 < r < 1. Then,lim, o ™ = 0. There-
fore,lim,, oo T'(n) = 7%
r"—1

1—r"

Case 3. r > 1. The factors™ of b and=— of a both
grow with growingn. For positive values ofi and
b, we can expect’'(n) = 0 for a negative value of.
Multiplying with »—1, we get"b(r—1)+ar™—a =
0 or, equivalently;™ (br — b + a) = a. Dividing by
br — b+ a, we getr" = —5—, and taking the
logarithm to the base, we get

- oo [ —%
"= &r br—b+a)’

For positive values of andb, we take the logarithm
of a positive number smaller than one. The solution
is a negative number.

We note that the loan example falls into Case 3, with
1+ & >1,b= Ay, anda = —m. Hence, we are now
in a position to find out after how many months it takes to
pay back the loan, namely

lo n
gT m_AO% :

This number is well defined as long as > Aq {5, which

no

For the constant functiofi(n) = r, we have

T(n)

n—1
r"T(0) + Z rg(n — i)
=0

r"T(0) + i " g(i).
i=0

We see that ifj(n) = «a, then we have the recurrence we
used above. We consider the example:) = 27'(n —
1) + ninwhichr = 2 andg(i) = i. Hence,

n—1

2"T(0) + >
=0

1 n—1 .

2"T(0) + 5, > a2l

=0

It is not difficult to find a closed form expression for the
sum. Indeed, it is the special case fo= 2 of the follow-
ing result.

CLAIM. Forz # 1, we have

n

. nx
E 1 =
i=1

"2 (n—1)2"t + 2
(1—2)? '

PROOFE One way to prove the relation is by induction.
Writing R(n) for the right hand side of the relation, we
have R(1) = z, which shows that the claimed relation
holds forn = 1. To make the step from — 1 to n, we
need to show thak(n — 1) + 2™ = R(n). It takes but a
few algebraic manipulations to show that this is indeed the
case.

Summary. Today, we introduced recurrence relations.
To find the solution, we often have to defifi¢n) in terms

of T'(ng) rather tharl’(n — 1). We also saw that differ-
ent recurrences can have the same general form. Knowing

means your monthly payment should exceed the monthly this will help us to solve new recurrences that are similar
interest payment. It better happen, else the amount youto others that we have already seen.

owe grows and the day in which the loan will be payed off
will never arrive.

First-order linear recurrences. The above is an exam-

ple of a more general class of recurrence relations, namely

thefirst-order linear recurrencethat are of the form

f)T(n—1) +g(n).

T(n)
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