
1. Jan 13th, 2011, logic

Propositional logic. Proposition is a declarative sentence that is ei-
ther true or false, but not both. We use letters to denote propositional
variables. The truth value of a proposition is true, denoted by T, if it
is a true proposition and false, denoted by F, if it is a false proposition.

We can form compound propositions from existing propositions using
logical operators, including

(1) Negation of p: ¬p
(2) Conjunction of p and q: p ∨ q
(3) Disjunction of p and q: p ∧ q
(4) Exclusive or of p and q: p⊕ q

Conditional statement p → q is the proposition “if p, then q.” The
statement is false when p is true and q is false, and true otherwise. We
say that p is a sufficient condition for q and q is a necessary condition for
p. We can also have the following conditional statements from p→ q,

(1) Converse: q → p
(2) Contrapositive: ¬q → ¬p
(3) Inverse: ¬p→ ¬q.

Note: if two compound propositions always have the same truth value,
they are said to be equivalent. An example is p→ q and ¬q → ¬p. A
formal definition is given later.

Biconditional statement p↔ q is the proposition “p if and only if q.”
The biconditional statement is true when p and q have the same truth
values, and is false otherwise.

A compound proposition that is always true is called a tautology. A
compound proposition that is always false is called a contradiction. A
proposition that is neither a tautology nor a contradiction is called a
contingency.

The formal definition of the logical equivalence: the compound propo-
sitions p and q are called logically equivalent if p ↔ q is a tautology,
denoted by p ≡ q. Some examples are:

(1) ¬(p ∨ q) ≡ ¬p ∧ ¬q
(2) ¬(p ∧ q) ≡ ¬p ∨ ¬q, De Morgan’s Laws.
(3) p→ q ≡ ¬p ∨ q

To show the equivalence, we can always use truth table, or we can use
the above formulas. For instance, we show that ¬(p → q) and p ∧ ¬q
are equivalent.

¬(p→ q) ≡ ¬(¬p ∨ q) ≡ p ∧ ¬q
For more exercises, please check formulas in Table 7 (p. 25) of textbook.
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Predicate logic. We consider the statement that x > 3. The first part
gives the subject of the statement, i.e., variable x. The second part –
the predicate, refers to a property that the subject of the statement
can have. We denote the statement by P (x) and call it a proposi-
tional function. Once a value has been assigned to the variable x, the
statement P (x) becomes a proposition and has a truth value.

Assigning value to the variable of a propositional function can make
it a proposition. There exists another way, called quantification, to
create a proposition from a propositional function. Quantification ex-
presses the extent to which a predicate is true over a range of elements
(called domain). We consider two particular quantifications.

(1) Universal quantification is the statement that “P (x) for all val-
ues of x in the domain.” We denote it by ∀xP (x).

(2) Existential quantification is the proposition that “There exists
an element x in the domain such that P (x). We denote it by
∃xP (x).

De Morgan’s Laws for quantifiers:

(1) ¬(∀xP (x)) ≡ ∃x¬P (x)
(2) ¬(∃xQ(x)) ≡ ∀x¬Q(x)

We consider a few examples:

(1) ∀x∃y(x + y = 0)
(2) ∃y∀x(x + y = 0)
(3) (Calculus): limx→a f(x) = L

Those are nested quantifiers and we consider them as nested loops and
read them from the left. How to negate them?


