
Lecture 14, Mar 1, 2011, Advanced counting

Example 1. How many bit strings of length n do not contain two consec-
utive zeros?

Example 2. A computer system considers a string of decimal digits a valid
codeword if it contains an even number of 0 digits. For instance, 1230407869
is valid, whereas 120987045608 is invalid. How many strings of length n are
considered valid codeword?

To solve the problems, we introduce the recurrence relation. For the first
example, we have

an = an−1 + an− 2, n ≥ 3,

where an stands for the number of bit strings of length n that do not contain
two consecutive zeros, and a2 = 3, a3 = 5. For the second example, we have

an = 9an−1 + (10n−1 − an−1),

where an stands for the number of valid codeword of length n, and a1 = 9.
In general, we have

(1) an = c1an−1 + c2an−2 + · · ·+ ckan−k + F (n),

where c1, c2, . . . , ck are constant and ck 6= 0. This recurrence relation is said
to be of degree k. When F (n) ≡ 0, the equation is called homogeneous,
otherwise it is inhomogeneous.

Theorem 1. The linear combination of any solutions of the homogeneous
recurrence relation remains a solution.

Theorem 2. The solution of the inhomogeneous recurrence relation can be
written as the sum of a particular solution apn and a solution of the associated
homogeneous recurrence relation ahn.

The strategy here is then to learn how to solve the homogeneous recur-
rence relation first, and then seek techniques finding a particular solution of
the inhomogeneous case.

If a
(1)
n is a solution of the homogeneous recurrence relation, then we know

w1a
(1)
n is also a solution for any constant w1. Notice that in order to uniquely

determine an, we would like to match the solution with k initial conditions.
Note that we have only one degree of freedom (w1) and k constraints, in
general there is no solution. This means, we need to find some other solution

a
(2)
n that cannot be expressed as a multiple of a

(1)
n . This process will continue

until we have found k solutions, and none of them can be expressed in terms

of the rest. At this time, the solution is the in the form of w1a
(1)
n +· · ·+wka

(k)
n .

The degree of freedom is the same as the number of constraints, which
usually leads to a unique solution.

Definition 1. a
(1)
n , a

(2)
n , . . . , a

(k)
n are said to be linear independent if and only

if
w1a

(1)
n + · · ·+ wka

(k)
n ↔ wj = 0, 1 ≤ j ≤ k.
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