
COMPSCI 230: Discrete Mathematics for Computer Science Summer 2013

Instructor: Chittu Tripathy Homework 01 Thursday, May 23, 2013

Duke University Due Thursday, May 30, beginning of class

Instructions: Please make sure that your solutions are well-thought-out, complete, concise, rigor-
ous, and clearly written. Each solution sheet should be marked with your name, the course number,
the homework number, the problem number and the date. You are allowed to discuss problems
and exchange solution ideas with other students, but you must write up your own solutions. If you
collaborated with other students on a problem, please acknowledge them in your write up. These
are the fun problems to solve. Some of them require a bit of thinking. Please start early!

Problem 1: Converse, contrapositive, and inverse (3 + 3 + 3 = 9 Points)

State the converse, contrapositive and inverse of each of these conditional statements.

a. If I do well in the exam, my dad will buy me a car.

b. When I stay up late, it is necessary that I sleep until noon.

c. To get tenure as a professor, it is sufficient to be world-famous.

Problem 2: Functional completeness (7 + 7 + 7 = 21 Points)

A set of logical operators (or Boolean operators) is said to be functionally complete if every com-
pound proposition (or Boolean function) can be represented using only these operators. For exam-
ple

{
¬,∧,∨

}
is functionally complete, since every compound proposition can be constructed from

atomic propositions using only these operators. In the class, we discussed logic gates for these op-
erators. We also discussed two other logic gates NAND (the operator is |) and NOR (the operator
is ↓) gates for the corresponding operators. This question asks to show that the following operators
are functionally complete by showing how to represent ¬, ∧, and ∨ operations using operator(s)
from the following set. Draw digital logic diagrams to implement ¬, ∧, and ∨ gates using gates
that represent the operator(s) from the following set (feel free to choose any suitable figure for your
logic gate type).

a.
{
|
}

b.
{
↓
}

c.
{
→,⊕

}
Problem 3: Quantifiers (4 + 5 + 4 + 4 = 16 Points)

a. Show that (p→ q) ∧ (p→ r) and p→ (q ∧ r) are logically equivalent.

b. Show that p↔ q and ¬p↔ ¬q are logically equivalent.

c. Show that (p ∧ q)→ r and (p→ r) ∧ (q → r) are not logically equivalent.

d. Show that NAND ( | ) operator is not associative, i.e., show that p | (q | r) is not equivalent
to (p | q) | r.



Problem 4: Nested quantifiers (2 + 2 + 2 + 2 = 8 Points)
Let P (x), Q(x) and R(x) be the statements “x is a clear explanation,” “x is satisfactory,” and “x
is an excuse,” respectively. Suppose that the domain for x consists of all English text. Express
each of these statements using quantifiers, logical connectives, and P (x), Q(x) and R(x).

a. All clear explanations are satisfactory.

b. Some excuses are unsatisfactory.

c. Some excuses are not clear explanations.

d. Does (c) follow from (a) and (b)?

Problem 5: (4 + 4 + 4 + 4 = 16 Points)
For each of these arguments, explain which rules of inference are used for each step.

a. “Linda, a student in this class, owns a red convertible. Everyone who owns a red convertible
has gotten at least one speeding ticket. Therefore, someone in this class has gotten a speeding
ticket.”

b. “Each of five roommates, Melissa, Aaron, Ralph, Veneesha, and Keeshawn, has taken a course
in discrete mathematics. Every student who has taken a course in discrete mathematics can
take a course in algorithms. Therefore, all five roommates can take a course in algorithms.”

c. “All movies produced by John Sayles are wonderful. John Sayles produced a movie about coal
miners. Therefore, there is a wonderful movie about coal miners.”

d. “There is someone in this class who has been to France. Everyone who goes to France visits
the Louvre. Therefore, someone in this class has visited the Louvre.”

Problem 6: Proofs (5 + 5 + 5 = 15 Points)

a. Use a direct proof to show that the product of two odd numbers is odd.

b. Use a direct proof to show that the product of two rational numbers is rational.

c. Prove that 3
√

2 is irrational.

Problem 7: Countable sets (7.5 + 7.5 = 15 Points)

a. Show that a subset of a countable set is also countable.

b. Show that the union of a countable number of countable sets is countable.
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