
COMPSCI 230: Discrete Mathematics for Computer Science Summer 2013

Instructor: Chittu Tripathy Homework 02 Thursday, May 30, 2013

Duke University Due Thursday, June 06, beginning of class

Instructions: Please make sure that your solutions are well-thought-out, complete, concise, rigor-
ous, and clearly written. Each solution sheet should be marked with your name, the course number,
the homework number, the problem number and the date. You are allowed to discuss problems
and exchange solution ideas with other students, but you must write up your own solutions. If you
collaborated with other students on a problem, please acknowledge them in your write up. These
are the fun problems to solve. Some of them require a bit of thinking. Please start early!

Problem 1: (10 + 10 = 20 Points)

a. Determine whether the symmetric difference is associative; that is, if A, B, and C are sets,
does it follow that A⊕ (B ⊕ C) = (A⊕B)⊕ C?

b. If A,B,C and D are sets, does it follow that (A⊕B)⊕ (C ⊕D) = (A⊕ C)⊕ (B ⊕D)?

Problem 2: (8 + 8 + 8 = 24 Points)

a. Prove that a strictly increasing function from R to itself is one-to-one.

b. Give an example of an increasing function from R to itself that is not one-to-one.

c. If f and f ◦ g are one-to-one, does it follow that g is one-to-one? Justify your answer.

Problem 3: Prove using mathematical induction (8 + 8 + 8 + 8 = 32 Points)

a. Prove that for every positive integer n,

1 · 2 · 3 + 2 · 3 · 4 + · · ·+ n(n + 1)(n + 2) = n(n + 1)(n + 2)(n + 3)/4.

b. The nth Harmonic number for a positive n is defined as
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Prove that

H1 + H2 + · · ·+ Hn = (n + 1)Hn − n.

c. Prove that if A1, A2, . . . , An and B are sets, then

(A1 −B)∪(A2 −B)∪ · · · ∪(An −B) = (A1 ∪A2 ∪ · · · ∪An)−B.

d. Show that n lines separate the plane into (n2 + n + 2)/2 regions if no two of these lines are
parallel and no three pass through a common point.

Problem 4: Prove using strong and/or structural induction (8 + 8 + 8 = 24 Points)



a. Suppose you begin with a pile of n stones and split this pile into n piles of one stone each by
successively splitting a pile of stones into two smaller piles. Each time you split a pile you
multiply the number of stones in each of the two smaller piles you form, so that if these piles
have r and s stones in them, respectively, you compute rs. Show that no matter how you split
the piles, the sum of the products computed at each step equals n(n− 1)/2.

b. Show that for two strings s1, s2 ∈ Σ∗, (s1s2)
R = sR2 s

R
1 , where sR denotes the reversal of the

string s, that is if s = asdf then sR = fdsa. As a hint, it might be helpful to give a recursive
definition of the reversal of a string.

c. Show that the number of internal (i.e., non-leaf) nodes of a full binary tree (i.e., a binary tree
where each node has either no child or two children) is one less than the number of leaves of
the tree.
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