
Online View MaintenanceUnder a Response-Time
Constraint ?

KameshMunagala,JunYang,andHai Yu

Departmentof ComputerScience,Duke University
Durham,NC 27708-0129,USA

f kamesh,junyang,�shhaig@cs.duke.edu

Abstract. A materializedview is a certainsynopsisstructureprecomputedfrom
oneor moredatasets(calledbasetables) in order to facilitatevariousqueries
on thedata.Whentheunderlyingbasetableschange,thematerializedview also
needsto beupdatedaccordinglyto re�ect thosechanges.We considertheprob-
lem of batch-incrementallymaintaininga materializedview undera response-
timeconstraint. Weproposetechniquesfor selectivelyprocessingupdatesto some
basetableswhile keepingothersbatched,with the goal of minimizing the total
maintenancecostwhile meetingtheresponse-timeconstraint.Wereducethis to a
generalizedpagingproblem,wherethecostof evicting a pageis a concave non-
decreasingfunctionof thenumberof continuousrequestsseensincethelasttime
it wasevicted. Our main result is an online algorithmthat achievesa constant
competitive ratio for all concave costfunctionswhile relaxingtheresponse-time
constraintby a constantfactor. For several specialclassesof costfunctions,the
competitive ratio canbe improved with simpler, moreintuitive algorithms.Our
algorithmsarebasedonemulatingthebehavior of anonlinepagingalgorithmon
apagerequestsequencecarefullydesignedfrom thecostfunction.Thekey novel
technicalideasaretwofold. The �rst involvesdiscretizingthe cost function,so
that thereis a collectionof periodicpagingsequences,with pagesizesdecreas-
ing geometrically, whichapproximatesthebehavior of theoriginal function.The
secondinvolvesdesigningan online view maintenancealgorithmbasedon the
pagingprocess,by emulatingthe behavior of the pagingschemein recursively
de�ned phases.

1 Intr oduction

A materializedview is a certainsynopsisstructureprecomputedfrom oneor moredata
sets(calledbasetables) in orderto facilitatevariousquerieson thedata[8]. Material-
ized views have a wide rangeof traditionalandnew applications,suchasdataware-
housing,databasecaching,continuousqueries,andpublish/subscribesystems,just to
nameafew. Sinceamaterializedview is aform of deriveddata,whichis computedfrom
theunderlyingbasetables,it needsto berefreshedif thebasetableschange.Insteadof
recomputingthe view from scratchin orderto refreshit, we canincrementallymain-
tain theview, i.e., computeandapplyonly the incrementalchangesto theview given
the basetableupdates.Furthermore,for many applications,incrementalmaintenance
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doesnot have to beperformedeagerlyfor eachbasetableupdate;instead,thesystem
candefermaintenanceuntil theview contentneedsto beaccessed.Hence,thesystem
maintainstheview in a batch incrementalfashion:Basetableupdatesareaccumulated
into a batchandthenprocessedtogetherwhenneeded.

Thecostof processingtheupdatesis typically a concave non-decreasingfunction
of thenumberof updatesin thebatch.In otherwords,processinga batchof updatesis
usuallymoreef�cient thanprocessingthemoneata time.Therefore,batchincremental
maintenancecanbe usedto improve ef�ciency for many applicationswheredeferred
view maintenanceis acceptable.For example,recentpublish/subscribesystems,e.g.,
OpenCQ[11], NiagraCQ[4], Xyleme[13], all provideafeaturethatallowssubscribers
to specifya noti�cation conditionin additionto thesubscriptioncontentquery. Exam-
plesinclude:“ reportmeanandmedianhousepricesin North Carolina onceevery200
housesales”, or “notify mewith a detailedview of myportfolio whenever theprice of
a stock in myportfolio haschangedbymore than5 percentsincethelast noti�cation”.
Only whenthe noti�cation conditionis met, the systemneedsto computeupdatesto
the subscribedcontent(which canbe regardedasa materializedview) andnotify the
subscriber.

At the sametime, in many suchapplications,it is often desirableto provide a
quality-of-serviceguaranteein the form of a response-timeconstraint. That is, when-
everthecontentof amaterializedview is requested,thesystemshouldbeableto refresh
theview undera prescribedtime limit. This constraintpreventsthesystemfrom defer-
ring view refreshinde�nitely; if thebatchof unprocessedbasetableupdatesbecomes
too big, it may be impossibleto processthe batchin time upon request.This paper
addressestheproblemof maintaininga materializedview undera response-timecon-
straint,with thegoalof minimizing thetotal costof view maintenanceover time.

Work in [9] mainly considerstheof�ine versionof theproblem,wherethesystem
hassomeknowledgeof the arrival sequenceof future basetableupdates.In this pa-
per, we proposeonlinealgorithmsthatareconstant-competitiveagainstany adversary,
assumingthe response-timeconstraintis relaxed by a constantfactor. We show that
thisproblemis aninterestinggeneralizationof pagingwith concavecostfunctions;this
connectionis of independentinterest.We neednew ideasto extendpagingalgorithms
to concavefunctions,aswepoint outbelow.

Problem statement.Formally, we wantto incrementallymaintaina view de�ned over
n basetables,v1; v2; : : : ; vn . Thecostof refreshingtheview by performingx unitsof
updatesto basetablevi is f i (x). Eachf i (x) is a concave, non-decreasingfunction.1

By appropriatescaling,we enforcef i (1) � 1 for eachi . At any time instantt, an
updatevectorhx1t ; x2t ; : : : ; xnt i arrivesonline, wherex it is an integer denotingthe
numberof updatesto basetablevi . Let hX 1t ; X 2t ; : : : ; X nt i denotethe total updates
pendingfor eachof thesebasetablesrespectively aftertheupdatevectorat thecurrent
steparrives.Thealgorithmcannow scheduleavectorhY1t ; Y2t ; : : : ; Ynt i of updateson

1 Strictly speaking,thesecostfunctionsaresubadditive; that is, processingx + y updatesto-
gethercannotbemoreexpensive thanprocessingx updatesin onebatchandtheny updatesin
another, sincetheoptionof doingthelatter is still availablegivenall x + y updates.We note
that resultsfor subadditive andconcave functionsareequivalentwithin a factorof 2, so the
samealgorithmscanstill applyin thesubadditive case.



thebasetables,andincur anupdatecostof Ct =
P n

i =1 f i (Yit ), andcarryforwardthe
remainingupdatesaspendingto thenext time step.Let hZ1t ; Z2t ; : : : ; Znt i denotethe
vectorof updatescarriedforward,or pending.NotetherelationsZ it = X it � Yit and
X it = x it + Z i;t � 1 hold for all vi andall t. Thereis a boundH on the total update
cost that canbe pendingat any point of time, which we call the pendingupdatecost
constraint. Thatis, theconstrainton thealgorithmis

P n
i =1 f i (Z it ) � H for all t.

Thegoal is to designanonlinealgorithmto minimizethetotal updatecost
P

t Ct ,
whentheupdatevectorshx1t ; x2t ; : : : ; xnt i arriveonlineatevery timestep.

This problemgeneralizesthe problemof pagingwith arbitrarypagesizes,where
the goal is to minimize the total costof pagefaults,or equivalently, the total sizeof
pagesevicted (underthe BIT modelof paging[10]). Given a pagingproblemwith n
pages,wherepagepi hassizesi (an integer),anda cachewith sizek, the equivalent
view maintenanceproblemhasbasetablevi for pagepi , with updatecostf i (x) = si

independentof x, andH = k. The constraintthat thependingupdatecostis at most
H translatesexactly to thecachenot over�owing. Theupdatecostat any time stepis
preciselythesizeof thepagesevictedat thatstep.

Our results.Our main result in Section4 presentsa constant-competitive online al-
gorithm for the view maintenanceproblem,with a constant-factor relaxationin the
pendingupdatecost constraint.Before that, in Section2, we presenta very simple
O(log H )-competitivealgorithm,with thependingupdatecostconstraintbeingrelaxed
to 8H . In Section3, we describea constant-competitive algorithmfor a naturalspe-
cial case,whichformsthebasisfor themoregeneralconstant-competitivealgorithmof
Section4. Ouralgorithmsaredeterministicandwork againstadaptiveadversaries.The
competitiveratio is essentiallybestpossible(to within constantfactors)if theresponse-
timeconstraintis allowedto berelaxedby a constantfactor.

Ourmainideais to emulatethebehavior of anonlinepagingalgorithmonanappro-
priatelyde�ned pagingsequence,andusethis behavior to guidetheview maintenance
algorithm.We�rst convertanonlinesequenceof updatesfor theoriginalprobleminto a
pagerequestsequence.Next, weruntheonlinepagingalgorithmin [5,16],with thebest
known competitive ratio of O(1) on this pagerequestsequenceusinga cacheof size
2H . Wethenconverttheresultingonlinepagingschemebackinto anonlineschemefor
view maintenance.

Thereareconstant-competitive pagingalgorithmsknown for arbitrarypagesizes
andeviction costs[5,10,16] whenthecachesizeis relaxed.Althoughweemulatepag-
ing on a suitablepagerequestsequence,and henceusethesepagingalgorithmsas
subroutines,this is in no way straightforward.The main problemis the concave na-
ture of the eviction cost. If we try de�ning multiple pageswith decreasingeviction
coststo modelconcavity, we run into theproblemthat their evictionshave to be cor-
related:the cheaperpagecannotbe retainedin the cacheby the pagingalgorithmif
the moreexpensive pagehasbeenevicted.A problemwith usinga pagingalgorithm
asis is that it becomesnon-trivial to convert thebehavior of thepagingalgorithminto
a well-de�ned view maintenancescheme.We show how to tackleboththeseissuesby
carefullyconstructingthepagingsequenceafterdiscretizingtheconcavecostfunction,
andby groupingthe pageevictions into recursive phasesandperformingview main-



tenancedependingon thebehavior of thepagingalgorithmin eachphase.Both these
detailsarenon-trivial, requiringnew ideas,andareexpoundedin Section4.

All our algorithmsneedto relax theresponse-timeconstraintby a constantfactor.
An interestingopenquestionis to decidethecomplexity of theproblem(especiallywith
respectto obliviousadversaries)if theresponse-timeconstraintis not relaxed.We also
note that our resultscanbe madebicriteria on the competitive ratio andthe pending
updatecostrelaxationin a fairly straightforwardmanner.

Relatedwork. Theclassicalonlinepagingproblemwith unit sizedpagesis well studied
in theof�ine [2] andtheonlinesettings[6,12,14].

Whenthepageshave arbitrarysizesandeviction costproportionalto size(assum-
ing thesmallestpagehassize1), theof�ine pagingproblembecomesNP-Hard,andthe
bestknown polynomial-timeapproximationalgorithmachievesa factorof O(log k) to
theoptimalcost[10]. Thisshowsthattheof�ine view maintenanceproblemis NP-Hard
(usingthereductionabove),with thebestapproximationalgorithmachieving a factor
of O(log H ). For theonlineversionof theproblem,LRU is k-competitive,andis the
bestpossibledeterministicpagingscheme[10]. Randomizedmarkingalgorithmsper-
form muchbetter;thereis aO(log2 k)-competitivepagingschemeagainstanoblivious
adversary, dueto Irani [10].

Thepagingproblemcanbefurthergeneralizedto allow boththesizesof thepages
andthecostfor evicting thepagesto bearbitrary. In theof�ine setting,Albersetal. [1]
obtaineda constant-approximationalgorithmthat usesan additionalamountof mem-
ory of sizeO(1) times the largestpagesize.In the online setting,CaoandIrani [3]
generalizeda greedy-dualalgorithmof Young[15] andshowedthat this deterministic
onlinealgorithmis k-competitive.Young[16] andCohenandKaplan[5] provedthatit
is h=(h � k + 1)-competitive,by runningthesamealgorithmonacacheof sizeh � k.
We usethis algorithmasour pagingsubroutinefor h = 2k (meaningwe doublethe
cachesize usedby the of�ine algorithm in order to be 2-competitive). We note that
sincethe bestpossiblecompetitive ratio for the pagingproblemis constantwhenthe
cachesizeis relaxedby a constantfactor, thesameguaranteeis a lower boundfor the
moregeneralview maintenanceproblem.

2 Simple O(log H )-CompetitiveAlgorithm

We now show a simple randomizedreductionof the online view maintenanceprob-
lem to theonlinepagingproblem.Thereductioncanbeeasilymadedeterministic,but
randomizationslightly simpli�es ouranalysis.Theresultingalgorithmachievesacom-
petitive ratio of O(log H ) againstan oblivious adversary, provided that the pending
updatecostconstraintcanberelaxedto 8H . This sectionprovidesthebackgroundfor
themoreinvolvedalgorithmsin latersections.

Thereductionisaccomplishedin two steps.At the�rst step,we“translate”anonline
sequenceof updatesfor the view maintenanceprobleminto a pagerequestsequence,
andrun a competitive online pagingalgorithmon this pagerequestsequence.At the
secondstep,we “translate” the resultingonline pagingschemeback into an online
schemeto theoriginalproblem.



For eachbasetablevi , we assumef i is a continuousfunction. If not, the proofs
below gothroughat thelossof anadditionalconstantfactor. Let r 0 = 1, andr 1; : : : ; rh

be the valuesof updatesizesuchthat f i (r j ) = 2j f i (r0). Further, f i (rh ) � H , but
f i (rh� 1) < H , which impliesh � logH . Correspondingto eachr j , we have a page
pij of sizef i (r j ).

For an online view maintenanceproblem,we generatean instanceof the online
pagingproblemasfollows.Thesizeof thecacheis 2H . Wheneveroneunit of updateis
inputfor basetablevi , for eachj , werequestfor pagepij with probabilitymin(1; 1=rj ).
Theserequestsareindependentfromoneunitof updateto thenext, evenwithin thesame
time step.Let OPT denotethecostof theoptimalof�ine view maintenancealgorithm
onacertainupdatesequence.Ouranalysisrelieson thefollowing lemma.

Lemma 1 ([9]). There existsa view maintenanceschemesuch that for all i and t, if
Yit > 0, thenZ it = 0, andwhosetotal updatecostis at most2 � OPT.

Intuitively, this lemmaimpliesthatonecan�nd a 2-competitiveview maintenance
schemeso that whenever any updateis processedfor a basetable,the entirepending
updatesfor that basetableareprocessed.The proof of the above lemmaproceedsby
modifying an optimal of�ine schemeto processall pendingupdatesof a basetable
whenever it processesany updateof thatbasetable,sothatany updateoperationin the
original schemeis chargedby at mosttwo updateoperationsin themodi�ed scheme.
Detailscanbefoundin [9].

Lemma 2. There is a paging schemefor the page requestsequencewhoseexpected
costis O(log H ) � OPT, andwhich uses2H amountof cachespace.

Proof. We will arguetheboundfor a certainbasetablevi , sincetheupdatecostsfor
differentbasetablesareadditive.Considertheview maintenanceschemein Lemma1.
Considera time interval [t1; t2] suchthatZ i;t 1 � 1 = 0, Z it 2 = 0, andZ it > 0 for all
t 2 [t1; t2). NotethatZ it =

P t
t 0= t 1

x it 0, andat time t2 theview maintenancescheme
processesall X it 2 pendingupdatesto basetablevi . We will pretendZ it 2 = X it 2 in the
proofbelow to unify notation.

At any time t 2 [t1; t2], we allocatespace2f i (Z it ) to the pagingalgorithmfor
cachinga subsetof thepagespi 0; � � � ; pih . More precisely, let pij be the largestpage
whosesize is at most f i (Z it ); we will cachepi 0; pi 1; : : : ; pij in this spaceat time t.
Sincethepagesizesscaleby a factorof 2, this spaceallocatedis suf�cient to cacheall
thesepages.If thereis apagerequestfor apageof sizelargerthanf i (Z it ) at timet, we
do not cachethis page,but evict it assoonasit is encountered,leadingto a pagefault.
At time t2, weevict all pagespij in thecache.

Considera pagepij which is in the cacheat time t2. We broughtthis pageinto
cacheat time t whenZ it � r j andZ i;t � 1 < r j . In theinterval [t1; t � 1], theexpected
numberof times pagepij is requestedis at most Z i;t � 1=rj � 1, which meansthe
expectedcostfor thesepagefaultsis atmostf i (r j ). After timet, therearenoadditional
pagefaultson pij , until we evict it at time t2. Let k denotethe largestsuchj , i.e.,
f i (r k ) � f i (Z it 2 ) < 2f i (r k ). Thetotalexpectedcostof all pagefaultsfor j � k in the
interval [t1; t2] is thenat most2

P
j � k f i (r j ) � 4f i (r k ), wherethereis a factorof 2

sincewe evict all pagespi 0; � � � ; pik at time t2.



Considernow a pagepij which is not in the cacheat time t2. HenceZ it 2 < r j .
The expectednumberof times pagepij is requestedin the time interval [t1; t2] is
at most Z it 2 =rj . Thus the expectedcost of pagefaults due to this pageis at most
(Z it 2 =rj ) � f i (r j ) � f i (Z it 2 ) < 2f i (r k ), where the �rst inequality holds because
f i (x) is a concave function. Therefore,the total cost of thesepagefaults is at most
O(log H ) � f i (r k ), asthereareat mostlogH suchpages.

We have thusshown thatthepagingschemepayscostat mostO(log H ) � f i (r k ) in
theinterval [t1; t2], while theview maintenanceschemepayscostf i (Z it 2 ) � f i (r k ) at
time t2. Therefore,overall,thecostof thepagingschemeis at mostO(log H ) � OPT.

Note that it doesnot help the adversaryto inject updatescostingmorethanH at
time t2, sincedoingsowould resultin thesamecostfor both. �

The above lemmashows that thereis a pagingschemewhosecost is O(log H )-
competitive with respectto theoptimalof�ine schemeof theview maintenanceprob-
lem. The online algorithm for the view maintenanceproblemgeneratesthe random
pagerequestsequence,andrunstheconstant-competitive pagingalgorithm[5,16] on
this sequenceusinga cacheof size4H . At any time t, let Wit bethesizeof thelargest
pagecorrespondingto basetablevi in cache;thealgorithmallocatescostatmost2Wit

to the pendingupdatesof vi . Thereare two situationswherewe processall pending
updatesof vi : (1) if thetotal costof theseupdatesbecomeslargerthan2Wit ; and(2) if
thepagingalgorithmevicts thelargestpagecurrentlyin its cachecorrespondingto vi .

Lemma 3. Theonlineview maintenancealgorithmis constant-competitiveagainstthe
costof thecorrespondingonlinepagingscheme.

Proof. Considertwo consecutivetimeinstancest1 andt2 whentheonlineview mainte-
nancealgorithmprocessesupdatesof basetablevi . If thereasonfor processingupdates
at time t2 is becausethelargestpagewasevictedfrom thecache,thecostof theupdate
canbeaccountedfor by thecostof thepageevicted(whosesizeis at leastf i (X it 2 )=2).
If the reasonis that f i (X it 2 ) exceedstwice thesizeof the largestpage,we chargethe
costof the updateto the presentor next instantwhena pageof largestsizelessthan
f i (X it 2 ) is requested(andsubsequentlyevicted); notethat the sizeof this pageis at
leastf i (X it 2 )=2. Sincethebehavior of thepagingschemeis independentof thedistri-
bution of futurepagerequests,theexpectednumberof suchchargesmadeto any page
is at most one.Therefore,overall, the expectedcompetitive ratio of the online view
maintenancealgorithmis 2 againsttheonlinepagingalgorithm. �

The above two lemmasimmediatelyimply the following theorem(noting thatwe
losea factorof 2 in thependingupdatecostdueto thepreviouslemma).

Theorem1. There is an O(log H )-competitiveonline algorithmfor the view mainte-
nanceproblemthat relaxesthependingupdatecostconstraint to 8H .

Remark. (1) Thereis a tradeoff betweentherelaxationin pendingupdatecostcon-
straintandthecompetitiveratio. In particular, wecanobtainaO( 1

� logH )-competitive
algorithmwhile relaxingthependingupdatecostto (1 + � )H . We simplyuseacoarser
approximationto f i by roundingit in powersof 1

� .



(2) The pagerequestsequencein the reductioncanbe madedeterministic.Specif-
ically, for eachpagepij , we requestit onceevery r j updatesto basetable vi . The
competitiveratio remainsthesame.We omit thedetails.

3 Impr oved Algorithms for SpecialCases

For several importantspecialcasesof costfunctions,we canobtainsimplerandmore
intuitivealgorithmswith betterperformanceguarantees.Hereweconsiderthefollowing
threecases:(1) f i (x) = min(ai x; bi ); (2) f i (x) = ai (x � 1) + bi ; and(3) f i (x) =
min(ai (x � 1) + bi ; ci ).

The�rst case,f i (x) = min(ai x; bi ), canarisein thefollowing situation.Thecost
of processinga batchinitially increaseslinearly with the sizeof the batch.Whenthe
sizeof thebatchreachesa certainpoint, however, it becomesmoreef�cient to simply
recomputethe view, whosedominatingcost becomesindependentof the batchsize.
Thesecondcase,f i (x) = ai (x � 1) + bi , canariseif updateprocessingincursa �x ed
amountof startupcost.Detailsfor thesetwo caseswill appearin thefull paper.

In the remainderof this section,we focuson the third case,f i (x) = min(ai (x �
1) + bi ; ci ). This specialcaseis a generalizationof the �rst two cases,andservesasa
preparationfor our subsequentdiscussionsin Section4. Thepagingsequencethatwe
constructfor thiscaseis deterministicandperiodic. Let usassumeci is amultipleof bi ,
which canbeenforcedat a lossof factorof 2 in thecompetitiveratio.We have k = ci

bi

typesof pagescorrespondingto basetablevi . Let usdenotethempi 1; pi 2; : : : ; pik . We
assumek > 4; thecasefor smallerk is simpleto dealwith, andis thereforeomitted.

We maintaintwo counters,c andr , which are initialized to 0 and1 respectively.
Wheneverthereis aunit updatereceivedfor thebasetablevi , we requestpir andincre-
mentc. If c � bi

a i
, we setc  0, andr  r modk + 1. Thesizeof thecacheis H . As

before,wecanprovethefollowing emulationresult.

Lemma 4. There is a paging schemefor the page requestsequencewhosecost is at
most2 � OPT.

Proof. The pagingschemeemulatesthe view maintenanceschemeof Lemma1 as
follows. Consideran interval of time [t1; t2] as de�ned in the proof of Lemma 2.
At time t, the spaceavailable for pagescorrespondingto vi in the cacheis at most
f i (Z it ) = f i (

P t
i = t 1

x it ). If thepagepir requestedat time t is notpresentin thecache,
it is broughtin, andif apageneedsto beevictedfrom thecachedueto lackof space,the
oldestpagecorrespondingto vi is evicted.Notethattherecanbeatmostonesuchevic-
tion in [t1; t2), andit would beat theinstantthesecondoldestpagewasrequested.For
everysubsequenttime instant,therequestedpagewill eitheralreadybein thecache,or
therewill besuf�cient spacein thecachefor it. At time t2, thepagingalgorithmfaults
on therequestedpagepir andevictsall pagescorrespondingto vi in its cache.

If f i (X it 2 ) is at mostci , theargumentfrom theprevioussubsectionshows thatthe
algorithmis 2-competitive.Otherwise,thepagingalgorithmwill haveall k pagesin the
cache,andthecostof evicting themat time t2 is ci , which is equalto thecostpaidby
theview maintenanceschemeat thattime for processingall pendingupdatesof vi . �



Theonlineview maintenancealgorithmrunstheconstant-competitivepagingalgo-
rithm on this pagerequestsequenceusinga cacheof size2H . If thepagingalgorithm
cachesa total sizex of pagescorrespondingto basetablevi , thealgorithmallocatesat
most6x pendingupdatecostto vi . Thealgorithmproceedsin phases.A phasecorre-
spondsto the “period” of the requestsequence,that is, the time interval in which all
k distinctpagesarerequested.At thebeginningof eachphase,all pendingupdatesof
vi areuntagged, andif the numberof pagescorrespondingto vi in the cacheis less
thank=2, the algorithmprocessesall theseuntaggedupdatesto vi . During thephase,
for eachreceivedupdateof vi , supposepagepir is requestedandis in or beingbrought
into thecache.Thealgorithmkeepsthecorrespondingupdatependingandtagsthisup-
dateto thatpage.If thepageis notcached,thisupdateis processedimmediately. When
apageis evicted,theupdatestaggedto thatpageareprocessed.If thenumberof cached
pagesis larger thank=2 at thebeginningof thephase,but dropsbelow k=4 sometime
during thephase,thealgorithmprocessesall untaggedpendingupdatesto vi . Finally,
all pendingupdates(eithertaggedor untagged)areresetto untaggedat theendof the
phasebeforeenteringthenext phase.

Theorem2. Theonlinealgorithmhasa competitiveratio of O(1) againsttheoptimal
view maintenancealgorithm,andneedsto relaxthependingupdatecostto 12H .

Proof. We losea factorof 2 in pendingupdatecostupfrontsimply becausetheonline
pagingalgorithmusescache2H . First notethat the total costof updatesthat canbe
taggedto any pageis at most2bi , so that the costof processingthesetaggedupdates
canbechargedto theeviction of thecorrespondingpage.

Secondly, if thereareuntaggedupdatespending,thetotal costallocatedto theup-
datesof vi is at leastci . To verify this claim, observe that theuntaggedupdatesmust
have beenfrom the previous phase,and their presenceindicatesthat the numberof
pagesin thecachemustbeat leastk=4, sinceif therewereeitherlessthank=2 pages
at thebeginningof thephase,or lessthank=4 pagessometimeduringthephase,these
updateswould have beenprocessedthen.With a factor4 relaxationin thependingup-
datescostconstraint,thealgorithmwouldallocatecostat leastci for theseupdates.The
total factorof 6 in therelaxationcomesfrom thesumof the factor4 for theuntagged
updates,andthefactorof 2 for thetaggedupdates.

Next, we observe thatwhenever thealgorithmis forcedto processall thepending
updates(by spendingcostof at mostci ) at the beginning of a phase,the numberof
pagescachedis at mostk=2, which meansthat the numberof pagesrequestedin the
phasethat will not be presentin the cacheis at leastk=2. The costof fetchingthese
pages(andsubsequentlyevicting them)is at leastci =2. Therefore,theupdatecostcan
bechargedto thecostof evicting thesepages.

If theuntaggedpendingupdatesareprocessedduringa phase,thenumberof pages
evictedby thealgorithmsincethebeginningof thephaseis at leastk=4, andthecost
of theseevictionsis at leastci =4. Thecostfor processingtheupdatescanthereforebe
chargedto thecostof evicting thesepages. �

Remark. Thefactor12 in therelaxationcanbeimprovedby choosingwhento process
theuntaggedupdatesbetter. We omit thediscussionof optimizingconstantfactors.



4 Constant-Competitive Algorithm

In this section,we presentan algorithm for generalconcave functionsf i (x), which
achievesa constantcompetitive ratio, with a constantfactorrelaxationin thepending
updatecostconstraint.The algorithmis basedon the periodicpagingsequencescon-
structedin Section3, combinedwith an emulationin recursive phases.We �rst need
to discretizethecostfunctionso thata phase-by-phaseaccountingof costcanbeper-
formed.An ideasimilar to thefollowing lemmaappearedin Guhaet al. [7], andis key
to thedesignof thealgorithm.We notethatmostrealisticcostfunctionswould satisfy
this lemmaupfront.

Lemma 5. Thefunctionf i (x) canbeapproximatedto a constantfactorbya piecewise
linear concavefunctiongi (x) thatconnectsbyline segmentsconsecutivepoints(cr ; dr )
(c1 = 1), sothat thepointssatisfy:

1. dr +1 is a multipleof dr ;
2. dr +1 � 2dr ;
3. dr

cr
� 2dr +1

cr +1
.

Proof. Let b = f i (1). Considerthosepoints on the curve f i (x) with y coordinates
b;2b;4b;: : :, anddenotethemby (cr ; dr ), r � 1. We scanthesepointsin decreasing
orderof y coordinates.We connectthe closesttwo (in termsof r value)suchpoints
whosedr =cr valuesdiffer by at leasta factorof 2 andignorethe intermediatepoints.
The curve endsat (1; b). This new curve gi (x) is a 2-approximationto the original
curve. To seewhy, considertwo points (cj ; dj ) and (ck ; dk ) that are connected(see
Figure1 (a)). For any x 2 [cj +1 ; ck ], by concavity we have f i (x) � xdj +1 =cj +1 �
x(2dk =ck ), andgi (x) � xdk =ck . For any x 2 [cj ; cj +1 ], we have f i (x) � f i (cj +1 ) =
2bj andgi (x) � bj . Thereforegi (x) � f i (x)=2.

Notethatthethird conditionmaynotbetrueat r = 1. Thisproblemcanbe�x edby
�rst approximatingf i (x) by anadditionalconstantfactorandthenapplyingtheabove
procedure.We omit thedetailshere. �

In thesubsequentdiscussions,wepretendthatf i (x) = gi (x). Let (cr ; dr ) betheset
of non-smoothpointsonthecurve.For convenience,wefurtherassumedr

cr
is amultiple

of dr +1

cr +1
; the proof remainsthe sameeven if it is not. We have a pagingsequencefor

each“level” r . For r � 1, we have cr pagesof size dr
cr

. We requesta differentone
everyunit updatein acyclic fashion,sothatthesamepageis requestedafterexactlycr

updates.Let usdenotea completecycle of pagesat level r by Pr . Note thatat r = 1,
this processrequeststhe samepageof sized1 every unit update.Note also that this
processrequestsmany pagesfor thesameunit update,but thesepagesizesdecreaseby
a factorof at least2, sothatthey sumto atmost2d1.

Lemma 6. There is a paging schemefor the page requestsequencethat is constant-
competitiveagainsttheoptimalof�ine view maintenancealgorithm,providedthat the
cachesizeis 4H .
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Fig.1. (a) Approximatingfi (x) by a piecewise linear concave function. (b) Phasesandmini-
phases.

Proof. Thepagingschemeemulatestheview maintenanceschemeof Lemma1 in the
followingway. Let [t1; t2) beatimeintervalduringwhichtheview maintenancescheme
continuouslykeepsupdatesto basetablevi pending.At any time, thepagingscheme
cachesall pagesrequestedsofarcorrespondingto vi . Thetotalsizeof thecachedpages
is at mostfour timesthependingupdatecostof theview maintenanceschemeat that
time instant.To seewhy, considerthe time whenx updateshave beenpending,and
supposex lies in betweencr andcr +1 . Thepagingschemehascachedtheentiresetof
pagesfor all levelsup to r . Thetotal sizeof thesepagesis at most

P r
i =1 di � 2dr �

2f i (x). For levels greaterthan r , the total size cachedis at most
P

i>r x � di =ri �
2x � dr +1 =cr +1 � 2f i (x). All cachedpagescorrespondingto basetablevi areevicted
at timet2, whosecostcanbeaccountedfor by thecostof theview maintenancescheme
for processingall thependingupdatesof vi at thattime. �

As before,weconstructthepagerequestsequenceandruntheconstant-competitive
online algorithm on the sequenceusing a cacheof size 8H . We now show how to
convert thepagingschemeinto anonlinealgorithmfor theview maintenanceproblem.
Theemulationagainproceedsin phasesasin Section3, but now consistsof recursive
phases.PhaseJr g markstheendof theg-th completecycleof therequestsequencePr .
We call thevalueof r the “level” of thephase.EachJ r g is composedof consecutive
mini-phasesM r l , eachof whichhasexactlyasmany level-r pagesasto make thetotal
sizeexactly dr � 1. Note that a mini-phaseis composedof many consecutive periods
of Pr � 1. Let B r l be the setof distinct level-r pagescorrespondingto M r l . Note that
B r x = B r y if y � x mod(dr =dr � 1). The ideabehindde�ning a mini-phaseM r l is
thatthetotal costof all updatesin this mini-phaseis at most2dr � 1; seeFigure1 (b).

For every unit update,if the r = 1 level pageis not in the cache,the algorithm
processesthecorrespondingupdate,elsethealgorithmpendsit. This mechanismcor-
respondsto thebasecaselevel r = 1. For largerr , thealgorithmfor thephasesis more
complicated(seeFigure2). Considerany level r , anda correspondingphaseJ r g. Sup-
posethetime stepis currentlyin thisphase,andin mini-phaseM r l . This mini-phaseis
composedof many sub-phasesJ r � 1;x . Supposethecurrenttimestepis in phaseJ r � 1;x .
All updateswhicharrivedwithin Jr g but in M r l 0 for l0 < l aretaggedto B r l 0. Updates



arriving in Jr � 1;x 0 for x0 < x, but within M r l aretaggedto thesetPr � 1. This tagging
schemeis recursively maintainedat all levelsr .

tagged to:

Jr � 1;x

� � �Br l 0 Br ;l � 1 Pr � 1 � � �Pr

Mr l
Jr g

Fig.2. Therecursive taggingscheme.Thesolid squaresrepresentyet unprocessed(or pending)
updates,andtheemptysquaresrepresentprocessedupdates.

At theendof mini-phaseM r l , all pendingupdatestaggedto Pr � 1 arenow tagged
to B r l . Intuitively, the reasonfor doingso is thatwe canno longerafford to tagmore
updatesto Pr � 1, becauseotherwisethetotal costof theseupdatesmayexceed2dr � 1,
while the total sizeof thepagesin Pr � 1 is only dr � 1; sowe re-tagtheseupdatesone
level up to B r l , in orderto “free” Pr � 1 for taggingfutureupdates.

At the endof every mini-phaseM r l , for all l0 � l , if the sizeof pagesfrom B r l 0

presentin thecacheis at mostdr � 1=2, thealgorithmprocessestheupdatestaggedto
B r l 0. During any mini-phaseM r l , if thesizeof pagesfor any B r l 0 for l0 < l is at least
dr � 1=2 at thebeginningof thephase,but dropsbelow dr � 1=4 at thecurrenttime step,
thealgorithmalsoprocessesall updatestaggedto B r l 0.

At theendof Jr g, all updatestaggedto eachB r l arenow taggedto Pr . At theend
of Jr g, if thesizeof pagesfrom Pr presentin thecacheis at mostdr =2, thealgorithm
processesall updatestaggedto Pr . If during Jr g, this sizefalls below dr =4, but was
largerthandr =2 at thebeginningof thephase,thealgorithmalsoprocessesthepending
updatestaggedto Pr .

Lemma 7. Thetotal costof pendingupdatesis at most8 timesthetotal sizeof pages
at anypointduring theexecutionof thealgorithm.

Proof. Any updateis taggedeither to a Pr or to a B r l for somer andsomel. The
maximumcostof updatesthat canbe taggedto a Pr beforeit passeson to a B r +1 ;l

is at most2dr . The maximumcostof updatesthat canbe taggedto a B r l is at most
2dr � 1. We havealsomaintainedtheinvariantthatif thetotal sizeof pagesin thecache
correspondingto Pr is lessthandr =4, or thosecorrespondingto B r l is lessthandr � 1=4,
therearenoupdatestaggedto thesesets.Therefore,thecostof thependingupdatescan
bechargedto thesizeof thepagesin thecache. �

Lemma 8. Thecostof processingthependingupdatesis at most12 timesthecostof
evictionsof thecorrespondingpage setsto which they are tagged, implying the algo-
rithm is constant-competitiveagainstthecostof theonlinepagingscheme.

Proof. Theproof of this claim usesexactly thesameargumentastheonegivenin the
proofof Theorem2 in theprevioussection,chargingtheupdatecostto thecostof page
evictionsin eachphase. �



Theorem3. Theonline view maintenancealgorithm is constant-competitive, with an
O(1) relaxationin thependingupdatecostconstraint.

5 Conclusions

In thispaper, westudiedtheonlineview maintenanceproblem,andpresentedconstant-
competitive online algorithmsagainstan oblivious adversary, with a constant-factor
relaxationin thependingupdatecostH . Thesamealgorithmscanbeimplementedfor
moregeneralsub-additive cost functionsaswell, as they areequivalentto a concave
functionwithin a factorof 2. Sinceouralgorithmsarebasedonemulatingthebehavior
of apagingalgorithm,they areexpectedto havemuchsuperiorperformancein practice,
andcanbedesignedto exploit speci�c patternsin therequestsequence.We leave �nd-
ing thebestcompetitiveratio for theproblem,whenthependingupdatecostconstraint
is not relaxed,asaninterestingopenquestion.
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