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Abstract

Order-based elementlabeling for tree-structured XML
data is an importanttechniquein XML processing. It lies at
thecore of manyfundamentalXML operationssuch ascon-
tainmentjoin and twig matching. While labeling for static
XML documentsis well understood, less is known about
how to maintainaccurate labeling for dynamicXML docu-
ments,whenelementsandsubtreesare insertedanddeleted.
Mostexistingapproachesdo not work well for arbitrary up-
date patterns; they either produce unacceptablylong la-
belsor incur enormousrelabelingcosts.Wepresenttwonovel
I/O-ef�cient data structures, W-BOX and B-BOX, that ef�-
cientlymaintainlabelingfor large, dynamicXML documents.
We show analytically and experimentally that both, de-
spiteconsumingminimalamountsof storage, gracefullyhan-
dle arbitrary updatepatternswithout sacri�cing lookup ef-
�ciency. Thetwo structures togetherprovide a nice tradeoff
betweenupdate and lookup costs: W-BOX has logarith-
mic amortizedupdatecost and constantworst-caselookup
cost,while B-BOX hasconstantamortizedupdatecostand
logarithmicworst-caselookupcost.Wefurtherproposetech-
niques to eliminate the lookup cost for read-heavywork-
loads.

1. Intr oduction

XML hasbecomeawidely popularstandardfor represent-
ing andexchangingdataover the Internet.Conceptually, an
XML documentconsistsof anorderedhierarchyof properly
nestedtaggedelements.Elementscanbe labeledaccording
to thestructureof thedocumentin waysthat facilitatequery
processing.Many labelingschemeshavebeenproposedin the
literature(seeSection2 for a survey). Amongthemostpop-
ular andeffective of themis anorder-basedlabelingscheme
thatassignsapairof numericlabelsto eachelementbasedon
thedocumentorderof its startandendtags.Figure1 shows
anexampleXML documentwith elementslabeledusingthis
scheme.This labelingschemelies at the coreof many fun-
damentalXML operationssuchascontainmentjoin [21] and
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Figure 1. XML tree with order­based labels.

twig matching[5], becauseit supportsef�cient checkingof
ancestor-descendantrelationshipsamongelements:An ele-
mente1 is anancestorof anotherelemente2 if andonly if the
interval formedby e1's labelscontainsthat of e2. Thereare
alternativeorder-basedlabelingschemes,suchasthosebased
onpre-andpost-ordertraversalsof theXML tree,whichwork
in similar ways.Becauseof their vital role in queryprocess-
ing, theseorder-basedlabelsareoftenusedaselementidenti-
�ers andin variousindexes[13, 12].

An importantissuewith any order-basedlabelingscheme
is the ability to handledynamicXML documents.When a
documentis updated(e.g.,whenelementsor subtreesof ele-
mentsareinsertedor deleted),how do we ensurethat theor-
deringamonglabelsremainconsistentwith thedocumentor-
der?Ideally, we would want to keepall existing labels,but
in [7] a negative resultestablishesthat any immutablelabel-
ing schemerequires
( N ) bits perlabel,whereN is thesize
of the document.Suchlong labelsnot only incur high stor-
ageoverhead,but arealsolessusefulin queryprocessingbe-
causethey aremoreexpensive to processon thanshorterla-
bels,especiallywhen they cannotbe accommodatedby na-
tive machinewords.

Thealternative is to usea dynamiclabelingschemewhere
existing labelscanchangewith documentupdates.Most sys-
temstakearathernaiveapproach,whichbasicallyleavesgaps
betweenadjacentlabelsin advance.Whenever this scheme
runsout of valuesto assignto new labelsbecausea gaphas
been�lled by previouslyinsertedlabels,it relabelseverything
to leave equallysizedgapsbetweenadjacentlabels.Unfortu-
nately, this schemeis easilybroken by an adversarythat re-
peatedlyinsertsinto the currently smallestgap.Even if we
startwith a gapof length2k , which requiresk bits extra to
encodeeachlabel,it would only take theadversaryk + 1 in-
sertionsto trigger relabeling.This worst caseis perhapsnot
uncommon,sinceconsecutive insertionsinto anXML docu-



mentusuallyhappenin nearbylocations.Obviously, morero-
bustsolutionsareneeded.

Ourcontribution is acollectionof datastructuresandtech-
niquesfor maintainingorder-basedlabeling for a dynamic
tree-structuredXML document.Weproposetwo I/O-ef�cient
datastructures,W-BOX (Weight-balancedB-treefor Ordering
XML) andB-BOX (Back-linked B-tree for OrderingXML).
W-BOX reducestherelabelingcostby limiting eachrelabel-
ing operationto within a subrange;it usesa B-tree keyed
on labelsandpiggybacksrelabelingon treebalancingoper-
ations.B-BOX, ontheotherhand,avoidsstoring—andthere-
fore updating—any label explicitly; it usesa keylessB-tree
with back-links from children to parents,allowing labelsto
be reconstructedquickly on demand.The two structuresto-
getherprovide a nice tradeoff betweenupdateand lookup
costs:W-BOX has logarithmic amortizedupdatecost and
constantworst-caselookup cost,while B-BOX hasconstant
amortizedupdatecost and logarithmic worst-caselookup
cost.Bothstructurestake linearspaceanduseO(log N ) bits
per label.Both supportef�cient bulk loadingandsubtreein-
sert/deleteoperations.We experimentallyevaluatetheir per-
formanceanddemonstratetheir advantageover thenaive ap-
proach.

In addition,we show how to adaptour datastructuresso
thatthey canalsoreturntheordinal labelsof anelement(de-
�ned formally in Section3), which aretheexactordinalpo-
sitionsof its startandendtagswithin the document.Labels
shown in Figure1 happento beordinal;thereareno gapsbe-
tweenadjacentlabels.Ordinal labelscontain the minimum
numberof bits per label, and are more ef�cient than non-
ordinallabelsfor certainqueries.However, they aremoreex-
pensive to maintain:Both lookup and updatecostsbecome
logarithmicfor bothW-BOX andB-BOX.

Finally, notethat whenever a label changesvalue,all oc-
currencesof the value in the database(e.g., in various in-
dexes)must be updated,resultingin potentiallyunbounded
updatecost. This problem is inherentfor any dynamic la-
beling scheme(including the naive approach)and can be
solvedby a level of indirection.However, this solutionintro-
ducesan extra dereferencingcostwhich hurtsqueryperfor-
mance.We proposea combinationof cachingandnovel log-
ging techniquesthatcanvery effectively reducethis derefer-
encingcost.

2. RelatedWork

Many XML labelingschemeshave beenproposedin re-
centyearsto supportef�cient processingof pathexpression
queries,which are the basicbuilding blocksof XPath [19].
Path-basedlabeling schemesassigna codeto eachelement,
andthelabelof anelementis simply theconcatenationof the
codesassociatedwith theelementsonits incomingpath.With
theselabels,ancestor/descendantandparent/childaxis steps
canbeprocessedby pre�x matching.Themainadvantageof
suchpath-basedlabelingschemesis thatthey canhandledy-
namicallychangingXML documentseasily:Whena new el-
ementis added,its labelcanbegeneratedwithout modifying

any of theexisting labels.However, spaceoverheadis a ma-
jor concern,especiallywhenthe XML tree is tall, sincethe
lengthof thelabelof anelementis proportionalto thelength
of its incomingpath,andthe majority of the elementsin an
XML treeareleaveswith long incomingpaths.Pre�x match-
ing is alsomorecostly with theselong labels.Examplesof
path-basedlabelingschemesincludethetwo proposedby Co-
henetal. [7] thatdonotuseclues:Neitherschemehandlestall
XML treeswell becauselabellengthgrows linearlywith tree
height;furthermore,neitherschememaintainsdocumentor-
deringof siblings(only the insertionorderof sibling canbe
recovered).Onenovel approach[20], which alsotries to en-
codeanelement's incomingpath,is to assignaprimenumber
to eachelement,andthelabelof anelementis formedbymul-
tiplying togethertheprimenumbersassociatedwith theele-
mentson its incomingpath.Ancestor/descendantaxis steps
then can be processedby checkingif one label exactly di-
videstheother. However, this approachstill suffers from the
sameproblemof long labelsasotherpath-basedschemes,as
theresultingproductsof primescanbecomequitebig.

The other class of popular labeling schemesincludes
the order-based interval and pre- and post-order label-
ing schemes,e.g., [21, 14, 11, 13, 12]. These schemes
assigna pair of numeric start and end labels to eachele-
ment, suchthat elemente1 is elemente2 's ancestorif and
only if thestartlabelof e1 precedesthatof e2, andtheendla-
belof e2 precedesthatof e1. Theseschemeshave severalad-
vantagesover the path-basedschemes.First, theseschemes
maintain document order. Second, each label only re-
quires O(log N ) bits, which is asymptoticallyminimum.
Third, comparingnumeric labels can be faster than pre-
�x matching.Finally, �x ed-sizelabels that �t in machine
words are ef�cient and easyto implement.However, mak-
ing such order-basedlabeling schemesdynamic remainsa
challengingproblem.In contrastto the path-basedschemes,
repeatedinsertionswill inevitably �ll upthegapsbetweenad-
jacentlabels,necessitatinga relabelingof part or all of the
elements.

Hybrid labeling schemesthat combinepath- and order-
basedapproachesare also possible.For example, Dewey-
orderencoding[18] labelseachelementby combiningthelo-
cal (sibling)orderof eachelementon its incomingpath.OR-
DPATH [15, 16] makesDewey-orderencodingdynamicus-
ing aclever “careting-in”schemeto supportinsertions.How-
ever, as an immutablelabeling scheme,ORDPATH cannot
escapethe lower boundof 
( N ) bits per label established
in [7]. Even for shallow XML documents,certaininsertion
sequences(suchastheconcentratedsequenceweexperiment
with in Section7) canresultin 
( N )-bit labels.

The naive approachto order maintenancementionedin
Section1 is to relabelall elementsto makeequallyspacedla-
belswhenwerunoutof usablelabels.Thisapproachhasbeen
suggestedin many existing systems,e.g.,[13, 12]. However,
thisschemeiseasilybrokenby anadversarythatcontinuously
insertsinto thesmallestgap.Thisworstcasemayindeedarise
when,for example,a large numberof elements(in an XML
fragment)areinsertedinto onelocationin thedocument.Us-



ing �oating-point numbersinsteadof integers(e.g.,[1]) does
notcircumventtheproblem:Although�oating-point numbers
have a largerrangeof values,thenumberof distinctvaluesis
still limited by thenumberof bits usedin representation.

Maintainingall tagsin the desiredorderunderinsertions
and deletionsis an instanceof the well-known problemof
maintainingorderedlists.Theclassicpaperby Dietz[8] gives
analgorithmthatrelabelsO(log N ) tagsperinsertion,amor-
tized. With one extra level of indirection, the cost can be
broughtdown to O(1) [9]. The O(log N ) cost canalsobe
madeworst-case,althoughthe techniquesarerathercompli-
catedand are primarily of theoreticalinterest.In [4], Ben-
deret al. give a simpli�ed versionof thealgorithmfrom [9],
which is alsoeasierto implement.

The databasecommunity has recently begun applying
the above resultsto maintainingorder-basedXML labeling.
Fisheret al. [10] useBender's algorithm,and also provide
a randomizedalgorithmwhich in practiceperformsslightly
better in their experiments,althoughthereis no theoretical
analysisto guaranteeits performance.Chenetal. [6] propose
L-tree, which is parameterizedto allow performancetuning
andis alsoeasierto implementthanthe algorithmfrom [9].
However, noneof thesestructuresaredisk-based.In contrast,
our BOXesaredesignedto be I/O-ef�cient, andwe alsode-
velop techniquesfor avoiding the extra level of indirection
necessitatedby dynamiclabelingschemes.

3. Preliminaries

For thepurposeof thispaper, weassumethatanXML doc-
umentcanbemodeledasa treeof elements.Eachelemente
hasa pair of startandendtags.In a well-formedXML docu-
ment,e'sstarttagalwaysprecedesall tagsof e'sdescendants,
whilee'sendtagalwayssucceedsall of them.An order-based
labeling scheme(or labeling for short) is a function that as-
signseachelemente a pair of integers(l< (e); l> (e)) , where
l< (e) is calledthestart label of e or thelabelof e's starttag,
and l> (e) is calledtheendlabel of e or the label of e's end
tag.A valid labelingis onethat is consistentwith the docu-
mentorder;that is, if a tag t1 precedesanothertag t2 in the
XML document,then the label of t1 is lessthan that of t2.
Note that our proposedstructuresalso work for other de�-
nitionsof order(e.g.,onebasedon pre-orderandpost-order
traversalsof the treeof elements),but for easeof presenta-
tion, wechooseto usetagorderingwithin thedocument.

The useof order-basedlabeling in XML query process-
ing hasbeendiscussedextensively in literature,so we will
not elaborateit here; instead,we give an illustrative exam-
ple. To seeif elemente1 is a descendantof e2, we cansim-
ply checkif l< (e2) < l< (e1) < l> (e2). It is usuallymuch
cheaperto evaluatethisconditionthantraversingtheelement
treeto checktheancestor-descendantrelationship,whichmay
take many steps.

Theordinal labelingis onethatassignslabel i to the i -th
occurringtagin thedocument,for all i � 0 (assumingtheor-
dinal is 0-based).Sincethe ordinal labeling leaves no gaps
betweenconsecutive labels,it makesthemostef�cient useof
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Figure 2. Immutab le label ID �le .

bits to encodelabels.Furthermore,somequeriesareeasierto
answerwith theordinal labeling.For example,to seeif e1 is
e2 's lastchild, we cansimply checkif l> (e1) + 1 = l> (e2).
With a non-ordinallabeling,we would needto checkif there
doesnotexist any labelbetweenl> (e2) andl> (e1), which is
moreexpensiveto evaluate.However, aswewill see,theordi-
nal labelingis moredif�cult to maintainwhenthedocument
changes.

From immutable LIDs to dynamic labels Both W-
BOX and B-BOX utilize a level of indirection to associate
dynamiclabelswith immutablelabel IDs (or LID for short).
Again, asmotivatedin Section1, this indirectionallows la-
belsto be reassignedwithout disturbingreferencesto them.
We usea simpleheap�le calledthe immutablelabel ID �le
(or LIDF for short)to implementthis indirection.

When a new XML elemente is insertedinto the docu-
ment,we allocatetwo new recordsin the LIDF: onefor e's
startlabelandtheotherfor e's endlabel.Thesearethe(start
andend)LIDF recordsof e. Their recordnumbers(or phys-
ical disk locations)serve ase's LIDs, which allow directac-
cessto the LIDF records.OnceLIDs areassigned,they are
immutable,sothey canbefreely usedin otherXML indexes
or evenasXML elementIDs. Thereis no needto keepLIDs
in any order(althoughanobviousoptimizationis to allocate
startandendLIDF recordsnext to eachother, so that a sin-
gle I/O retrievesboth records).Whenan elementis deleted,
its LIDF recordscanbereclaimedandallocatedto anew ele-
ment,allowing theLIDF to bestoredcompactly.

W-BOX and B-BOX both maintain two leaf entriesfor
eachXML elemente: onefor e's startlabelandtheotherfor
e'sendlabel.Wecall themthe(startandend)BOX recordsof
e. As illustratedin Figure2, e's LIDF recordsstorepointers
to the blockscontainingcorrespondingBOX records.Thus,
givena LID, we canretrieve thecorrespondingLIDF record
with oneI/O, andthenthe block containingthe correspond-
ing BOX recordwith anotherI/O. In Sections4 and 5, we
will seehow to obtaintheactuallabelfrom theblockcontain-
ing theBOX record.In Section6,wediscusshow to avoid the
dereferencingcost.

Supportedoperations Herewebrie�y outlinetheopera-
tionson LIDF andW-BOX/B-BOX. Theelement/labeloper-
ationsinclude:
� lookup (lid ): Returnvalueof thelabelidenti�ed by lid .
� insert-element-be for e(lid ): Insertanew elementso

thatit immediatelyprecedestheelementtagwhoselabelis
identi�ed by lid ; returnthetwo LIDs assignedto thenew
element's startandendlabels.If lid identi�es anelement



e'sstartlabel,thisoperationeffectively makesthenew el-
ementtheprevioussiblingof e. If lid identi�es e'sendla-
bel, this operationeffectively makesthenew elementthe
lastchild of e. Thesetwo versionsaresuf�cient for insert-
ing any atomicXML element.

This operationis implementedusing a low-level op-
eration insert-before (lid new ; lid old ), which in-
serts a new BOX record (identi�ed by lid new ) be-
fore an existing one (identi�ed by lid old ) and
writes the block address of the new BOX record
to the corresponding LIDF record. We implement
insert-element-be fo re(lid ) by �rst allocat-
ing two new LIDF recordsfor thenew elementwith LIDs
(lid 1; lid 2), andthencalling insert-before (lid 2; lid )
and insert-before (lid 1; lid 2) in order. Thus,discus-
sion of insertionsin the rest of this paperwill focus on
insert-before .

� delete (lid ): Remove the label identi�ed by lid . To re-
moveanelemente, weneedto call delete with theLIDs
of bothstartandendlabelsof e. After thedeletion,chil-
drenof e, if any, effectively becomechildrenof e's par-
ent.

In additionto the element/labeloperationsdescribedabove,
W-BOX and B-BOX alsosupportbulk loading and subtree
insertionanddeletionoperations.Detailsof theseoperations
will bediscussedin thenext two sections.

Notationsandmetrics WeuseN to denotethetotalnum-
berof labels(includingbothstartandend),whichis twicethe
numberof elements.WeassumeN to beapowerof 2 for sim-
plicity of presentation;our approachdoesnot have this re-
striction.The minimum lengthof a label is thus logN bits.
We de�ne B , thesizeof an I/O block, asthenumberof bits
per block divided by logN , i.e., the numberof minimum-
sizedlabelsthata block canhold. We alsoassumeB to bea
power of 2 for simplicity of presentation.

We assumethat a block pointer takes logN bits, which
shouldbe more thanenoughbecausethe numberof blocks
we needaddressis far lessthanN . Assumingthat theLIDF
is keptcompact,we canalsoencodea LID usinglogN bits;
thus,thespacetakenby theLIDF is O(N=B).

We evaluatethe performanceof a labelingschemeusing
threemetrics:(1) lengthof a labelin bits,(2) total spaceused
by all datastructures,(3) numberof block I/Os requiredfor
eachoperation.Thelasttwo metricsarestandardin theanal-
ysis of I/O-ef�cient datastructures.The �rst metric is also
extremely importantbecauseshorterlabelsare fasterto op-
erateon by queries.In particular, �x ed-lengthinteger labels
that�t in a machineword areeasyto implementandhave ef-
�cient hardwaresupport.

4. W-BOX

TheideabehindW-BOX is to storethelabelsusinga bal-
ancedsearchtree,andleveragethetree-balancingoperations
to redistributelabelswhenthey becometoodensefor arange.
B-tree is one of the simplestI/O-ef�cient balancedsearch

trees.Unfortunately, aregularB-treeresultsin toomany rela-
belingoperations.Thus,weusea weight-balancedB-tree[3]
asthebasisfor ourW-BOX.

Background on weight-balancedB-tree In a normal
B-tree,eachinternal nodemust have betweendb=2e and b
children, where b is the maximum fan-out dictatedby the
block size. In a weight-balancedB-tree,constraintsare im-
posedon theweightof eachnoderatherthanits fan-out.The
weightof a nodeu, denotedw(u), is de�ned to bethenum-
ber of leaf entriesstoredin the subtreerootedat u. Given a
branching parametera and a leaf parameterk, we require
the following: (1) All leaves are at the samedepth. (2) A
nodeat level i (assumingthatleavesareat level 0) hasweight
lessthan2ai k. (3) A nodeat level i (exceptfor theroot) has
weightgreaterthanai k � 2ai � 1k. (4) Theroothasmorethan
onechild. Thesepropertiesareslightly different from those
in [3]; thechangesareintendedto make theweight-balanced
B-treemoreef�cient for ourpurpose.

Lemma 4.1 1 Thenumberof childrenof a non-root internal
nodein a weight-balancedB-treeis betweenba

2 c and 2a +
3 + d 8

a� 2 e. 2

Let b be the maximum internal fan-out dictatedby the
block size.By Lemma4.1, for the weight constraintsto be
consistentwith the maximumfan-outrequirement,we may
choosea to be the maximumvalue that satis�es 2a + 3 +
d 8

a� 2 e � b, or equivalentlya = b=2 � 2 (assuminga � 10).
Accordingly, theminimumfan-outis ba

2 c = b=4 � 1, which
is lower than the requirementimposedby a regular B-tree,
but is still �( b). We choosek suchthat2k � 1 is themaxi-
mumnumberof leafentriesthatcanbestoredin a block.

If a nodeu at level i violates its weight constraintbe-
causew(u) = 2ai k, we split it into two nodesu1 and u2
with roughlyequalweights.More precisely, u1 getsthe left-
mostm childrenof u, andu2 getstherestof thechildrenof
u, wherem is thelargestvaluefor whichw(u1) � ai k.

Next, we show that a nodeu will not be split againun-
til thereare
( w(u)) new leaf entriesinsertedbelow u. This
low rateof splits is crucial for theW-BOX to achieve its low
amortizedupdatecost.As we will seelater, splitting u in the
worstcasecausesall leavesbelow u's parentto berewritten,
which involvesO(w(u)) I/Os. Thelow rateof splits implies
thattheamortizedcostof splittingu will beonly O(1); there-
fore, overall, theamortizedupdatecostwill still bebounded
by theheightof thetree.

Lemma 4.2 After a split of nodeu on level i into two nodes
u1 andu2, more thanai k � 2ai � 1k insertionshaveto pass
throughu1 (or u2) to makeu1 (or u2) split again.Aftera new
root is createdin a treecontainingN records,at least(a �
1)N insertionshaveto bedonebefore theroot is split again.
2

1 Becauseof spaceconstraint,weomit theproof for this lemmaaswell
asotherproofsin this paper;they canbe foundin the full versionof
thispaper[17].
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Data structure W-BOX, as its name implies, is a
weight-balancedB-tree of W-BOX recordswith label val-
ues as searchkeys. A W-BOX leaf contains an ordered
list of W-BOX records,each of which stores the value
and the LID of a label. A non-leaf W-BOX node con-
tains a list of child pointers separatedby searchkey (la-
bel) values;eachchild pointer is associatedwith a weight
�eld that stores the weight of the child. Figure 3 illus-
tratethesetwo typesof W-BOX nodes.

Conceptually, eachnodeof theW-BOX is associatedwith
a rangeof permissiblevaluesfor labelsstoredin thesubtree
rootedatthisnode.AssumingM is themaximumintegerthat
canbe usedfor all labels,the root of the W-BOX is associ-
atedwith thefull range[0; M ]. This rangeis thensubdivided
into bsubrangesof equallength.Eachchild of theroot is as-
signedoneof thesesubranges.Weensuretheorderingamong
childrenis consistentwith theorderingof their assignedsub-
ranges;however, it is acceptableto skipsomesubrangesif the
numberof childrenis lessthanb. Thisprocessis carriedonre-
cursively down thetree.Werequiretherangeassociatedwith
aleaf to havelengthof at least2k � 1. Wemaintaintheinvari-
antthatall labelsstoredbelow a nodeu arewithin therange
associatedwith u.

W-BOX inherits the spacecomplexity of the weight-
balancedB-tree. Since each individual �eld in a W-BOX
noderequiresO(log N ) bits, both the maximumfan-out(b)
and the minimum fan-out (b=4 � 1) are �( B ). Therefore,
the W-BOX takesO(N=B) total spaceandhasa heightof
O(logB N ). Thenumberof bits requiredfor a label is deter-
minedby thesizeof thefull range[0; M ], which is bounded
roughlyby bh , whereh is the heightof the W-BOX. There-
fore, the numberof bits is roughly logbh = h logb =
O(logB N � logB ) = O(log N ). In fact, we show be-
low that logN + 1 + dlog(2 + 4=a) � loga(N=k) + logbe
bits are enoughfor a label in the W-BOX. For example,if
we use32-bit integersas labels,assuminga = k = 64,
then the W-BOX can support at least 2:58 millon la-
bels.

Lemma 4.3 Theheightof a weight-balancedB-treewith N
recordsis at most1 + dloga

N
k e. 2

Theorem4.4 A W-BOX takesO(N=B) space, anda W-BOX
label takes no more than logN + 1 + dlog(2 + 4=a) �
loga(N=k) + logbe bits,where log(2 + 4=a) < 1:3 assum-
ing a � 10. 2

Lookup The lookup operationof W-BOX, which returns
the label of a given LID, is very straightforward. Following
the pointer in the LIDF recordidenti�ed by the given LID,
we retrieve theW-BOX leaf u containingtheW-BOX record
weneed.Wethenscanu looking for theW-BOX recordwith
matchingLID, andreturnthecorrespondinglabelvalue.

Theorem4.5 Givena LIDF record, thecostof retrieving the
label froma W-BOX is oneI/O. 2

Insert and delete To processinsert-before (lid new ;
lid old ), we start with the W-BOX leaf u pointedto by the
LIDF recordidenti�ed by lid old . We createa new W-BOX
recordfor lid new right beforethe W-BOX recordidenti�ed
by lid old , andwe recordthe addressof u in the new LIDF
record for lid new . To re�ect the effect of this new inser-
tion on nodeweights,we incrementtheweight �elds for all
childpointersthatdirectlyor indirectlypointtou. Thesechild
pointerscanbefoundby performinga regularB-treelookup
for any labelstoredon u. If no weightconstraintis violated,
thentheremustbe someunusedlabel valuein the rangeas-
sociatedwith u, which allows usto assigna label to thenew
record(possiblyrequiringsomeexistingrecordsin u to bere-
labeled).

However, if the weight constraint is violated at some
nodes,we mustsplit themto enforcetheconstraint.We now
discussthestepsinvolvedin splittinganodeu. Let parent(u)
denoteu'sparent.If u is theroot,anew root is createdasu's
parent,andtheheightof theW-BOX grows by one.Thenew
rootextendsu'srangeby afactorof b, andu'srangebecomes
its �rst subrange.

� First,wecheckthetwo subrangeswithin parent(u) adja-
centto thesubrangeassociatedwith u. If eitheroneis cur-
rently unassigned,we createa new sibling of u calledv
andassignit theunusedrange.Wethenrelocatesomeen-
tries in u to v suchthatv's weight is roughlyonehalf of
theoriginalweightof u. Thoseentriesthatremainin u re-
quirenofurtherprocessing.However, therelocatedentries
mustbe furtherprocessed.If the entriesareleaf records,
werelabelthemwith valueswithin v'sassignedrange,and
updatetheir correspondingLIDF recordsto point to v. If
theseentriespoint to W-BOX subtrees,we subdivide v's
rangeandassignthemto thesesubtrees.Thisprocesspro-
ceedsrecursively down the tree to the leaves,wherethe
recordsin eachleaf arerelabeledwith valueswithin the
leaf'sassignedrange.

� In the worst case,bothsubrangesadjacentto u's areun-
available.Then,to make spacefor v, we reassignall chil-
drenof parent(u) with equallyspacedsubranges,andre-
label all recordsin the subtreerootedat parent(u). We
noteherethatby thepropertiesof theW-BOX, parent(u)
is guaranteedto ableto accommodatev asan additional
child (seethefull version[17] for a detailedexplanation).

Recall that the weight-balancedB-tree has the following
property:As long aswe cansplit a nodeu usingO(w(u))
I/Os, the amortizedupdatecost of the weight-balancedB-
treewill be O(logB N ). In the worst casedescribedabove,



relabeling the entire subtreerooted at parent(u) requires
O(w(parent(u))=b) = O(w(u) � b=b) = O(w(u)) I/Os,ex-
actlyasneededto establishtheO(logB N ) bound.

We use the global rebuilding techniqueto handledele-
tions.To processdelete (lid ), we retrieve the W-BOX leaf
u pointedto by the LIDF recordidenti�ed by lid , andsim-
ply mark its W-BOX recordas“deleted.” We do not decre-
ment the weight �elds of any nodes.Whena future inser-
tion comesto a leaf, we �rst checkif the leaf hasany exist-
ing “deleted” W-BOX records.If so, onesuchrecordis re-
claimedto make roomfor thenew label(we might alsoneed
to relabelotherlabelsin this leaf),againnot changingany of
theweight �elds (henceno splitting). If the leaf hasno ex-
isting “deleted” W-BOX records,we handlethe insertionin
the normalway asdescribedpreviously. After we have col-
lectedN=2 deletions,we rebuild thewholestructure.As will
beshown, bulk loadingtheW-BOX takesO(N=B) I/Os, so
theamortizedcostof a deletionis O(1).

Theorem4.6 Theamortizedcostto insertanddeletea label
in a W-BOX is O(logB N ) andO(1), respectively. 2

Note herethat hadwe useda regular B-tree insteadof a
weight-balancedone,we would have beenunableto provide
thesamelow amortizedupdatebounds.In general,a regular
B-treenodeu at level i cansplit every db=2ei +1 insertions.
On theotherhand,therecanbecloseto to bi +1 leavesbelow
u'sparent,yielding anamortizedcostof 2i +1 I/Os perinser-
tion, which is exponentialin i . In contrast,sincea weight-
balancedB-treeimposesconstraintson weights,thenumber
of leavesbelow a nodecannotvary by morethana constant
factor, allowing us to boundtheamortizedrelabelingcostto
aconstant.

For any algorithmdesignedto maintainorderedlists that
hasa logarithmic updatecost, there is a well known tech-
nique[9] thatcanbring theupdatecostdown to O(1), while
preservingtheasymptoticstorageandlookupcost.This tech-
niquecanalsobeappliedto W-BOX, thoughwe do not rec-
ommenddoingsofor reasonswe discussin [17].

Bulk loading and subtreeinsert/delete Bulk loading
a W-BOX from anXML documentis extremelyef�cient be-
causeit requiresnosorting.Simplyscanningthedocumentin
orderwould produceall W-BOX recordsin exactly their in-
tendedorder. Thus,with a singlescanof the document,we
canconstructtheLIDF andall W-BOX leavesin parallel.As
eachW-BOX leafbecomesfull, we insertit into theW-BOX.
Whenan internalnodebecomesfull, insteadof splitting it,
we simply allocateaninitially emptynew sibling to its right;
this strategy avoids the cost of relabelingby never relocat-
ing any entries.During the constructionprocess,we always
keeptherightmostnodeof eachlevel in memory, so that in-
sertionsof leavescanbe performedwithout additionalI/Os.
At theendof this process,we areleft with a W-BOX whose
only under�ow nodesarethoseon therightmostroot-to-leaf
path.We repairtheseunder�ow nodesby borrowing from or
merging themwith their left siblings.Overall, bulk loading
costsO(N=B).

To insertanentiresubtreeof XML datawith N 0 tags,we
�rst locatetheW-BOX leaf u containingthe insertionpoint.
For i = 0; 1; 2; : : :, wecheckwhethervi , theancestornodeof
u atheighti , hasenoughemptyspaceto accommodateN 0 la-
bels,i.e.,ai b� w(vi ) > N 0. If so,wesimplyrebuild thesub-
treerootedatvi to incorporatethenew labels.Therebuilding
processkeepsall existing leafentriesin their original blocks,
exceptthosein u. Thistechniqueminimizesthecostof updat-
ing the LIDF for any W-BOX recordthat hasrelocatedto a
differentblock.In theworstcase,all existingW-BOX records
mayhave to relabeled,sothecostis O((N + N 0)=B).

Deletinganentiresubtreeof XML datais similar. All N 0

labelsto be deletedareclusteredtogetherin onecontinuous
range.After deletingO(N 0=B) leavesandmodifying up to
two leaves,we look for thelowestcommonancestorof these
leaves with enoughremainingweight to satisfy the weight
constraint.Wethenrebuild thesubtreerootedat thiscommon
ancestor, againtrying to avoid relocatingleaf entries.In the
worst case,however, all existing W-BOX recordsmay have
to berelabeled,sothecostis O(N=B). Thisboundalsocov-
ersthe costof deletingLIDF recordsof deletedlabelsfrom
theLIDF, which is of sizeO(N=B).

Ordinal labeling support In orderto supportordinal la-
beling, eachnon-leafnodeentry needsto keeptrack of the
total numberof W-BOX recordsfound within the subtree
rootedat this entry. Theweight �elds almostful�ll this pur-
pose,exceptthatthey alsocountrecordsmarkedas“deleted”
sincewe usetheglobal rebuilding techniqueto handledele-
tions.Therefore,for aW-BOX with deletionsupport,weneed
to augmenteachnon-leafnodeentry with a size �eld that
recordsthe numberof valid recordsfound below the entry.
Thisadditional�eld doesnotaltertheasymptoticspacecom-
plexity of theW-BOX.

To retrieve an ordinal label given a lid , we �rst call
lookup (lid ) to �nd theregularlabel.Wethenperformareg-
ular B-treelookupusingtheregular label.We usea running
counterinitialized to 0. For eachnon-leafnodevisitedin this
top-down traversal,we addto thecounterall size �elds lo-
catedto the left of the child pointer leadingto lid . Finally,
in the leaf containinglid , we addto thecounterthenumber
of W-BOX recordslocatedto theleft of lid . Thevalueof the
counterat theendof thetraversalis theordinal label.There-
fore, thecostof looking up anordinal label is dominatedby
that of the regular B-treelookup,which is O(logB N ). For
example,in Figure3, theordinal labelfor thenon-ordinalla-
bel 28 is 20+ 0 + 2 = 22, assumingthat thesize �elds in
thiscasehappento beequalto theweight �elds.

To insert (or delete)a single W-BOX record, the size
�elds of all non-leafnodeentriesthat leadto the inserted(or
deleted)recordneedbe incremented(or decremented)by 1.
In thecaseof split, appropriatesize �elds mustbeupdated
too (detailsarestraightforward andomitted).The I/O com-
plexity of insertionis unaffected,but the amortizedcostof
deletionbecomesO(logB N ), dominatedby thecostof up-
datingsize �elds. Bulk loadingandsubtreeinsert/deleteop-
erationscanbemodi�ed in astraightforwardmannerto main-
tain thesize �elds. Theextra costdoesnot affect thecom-



plexity of theseoperations.
Further optimization for start/end pairs The basic
W-BOX storesan element's startandendlabelsin two dif-
ferentW-BOX records,possiblylocatedon different leaves,
whichrequiretwoseparateI/Osto retrieve.However, requests
for both start andend labelsof an elementoccurquite fre-
quentlyin queryprocessing.Weproposeavariantof W-BOX,
calledW-BOX-O, thatis optimizedfor retrieving start/endla-
belsin pairs.The treestructureof W-BOX-O is identical to
thatof thebasicW-BOX. Their differencelies in the format
of leaf entries.In W-BOX-O, eachstart recordmaintainsa
pointerto theblock containingits correspondingendrecord,
andvice versa.Furthermore,thestartrecordalsokeepsa lo-
cal copy of the valueof the end label. Thus,both startand
endlabelsareobtainedfrom thestartrecord,without an ex-
tra I/O for theendrecord.

While W-BOX-O improves the lookup performance,we
have to paythepriceof maintainingextra informationin the
leafentries.Maintenanceis requiredin two cases.In the�rst
case,whenaleafsplits,half of its entriesmovetoanew block.
As aresult,pointersstoringtheseentries'blockaddressesbe-
comeinvalid and needto be updated(throughthe pointers
in the reversedirection).TheseupdatesrequireO(B ) I/Os.
Sincethisleafcannotsplit againuntil it receivesatleast
( B )
insertions,the amortizedcost for updatingthesepointersis
O(1). In thesecondcase,whena non-leafnodesplits,a con-
tinuousrangeR of labelsneedto relabeled.The costof re-
labelingis O(logB N ) I/Os amortized,asdiscussedbefore.
What remainsto be bound is the cost of updatingthe lo-
cal copiesof endlabelsstoredby thosestartrecordsoutside
R (start recordsinsideR areupdatedaspart of the relabel-
ing process).At the �rst glance,this cost canbe huge—up
to thetotal numberof labelsin R. Fortunately, thehierarchi-
cal natureof XML plays into our hands.Considerthe start
recordsthat needto be updated,i.e., thosestartrecordsout-
sideR thatarelinked to theendrecordsinsideR: Elements
with thesetagsmustform a segmentof a pathin theelement
tree,becausetheseelementsall containthe left endpointof
R. Hence,the numberof suchelementsis boundedby D ,
thedepthof theXML tree.Therefore,regardlessof thenum-
ber of recordsin R, the overall amortizedcostof insertion
into theW-BOX-O is O(D + logB N ).

Theorem4.7 Theamortizedcostof insertinga label into the
W-BOX-O is O(D + logB N ), where D is the depthof the
XML documenttree. Theamortizedcostof deletingan entry
is O(1). 2

5. B-BOX

Thedesignof B-BOX is motivatedby theobservationthat
updatinglabelsis costly. Therefore,insteadof physicallystor-
ing theactuallabels,weensurethatthey canbereconstructed
ef�ciently from thedatastructurewheneverneeded.Thus,B-
BOX goeseven further thanW-BOX in tradingreadperfor-
mancefor fasterupdates.With thetechniquesto bedescribed
in Section6 for enhancingreadperformance,we believe it is
reasonableto make this tradeoff.

lid lid lid lid lid lid lid lid lid

Back-link

B-BOX records

� � � � � �

� � � � � �

Root

� � � � � � � � � � � �

x

� � � � � �

Optionalsize ®elds: 4 4 5 5

171820Optionalsize ®elds:

Figure 4. An example B­BOX.

Data structure B-BOX, asits nameimplies, is similar in
structureto a regular B-tree constructedon the labelswith
normalbalancingproperties.UnlikeB-tree,however, B-BOX
donotkeepany searchkey valuesin its nodes.A B-BOX leaf
containsan orderedlist of B-BOX records,eachstoringthe
LID for the label. A non-leafB-BOX nodecontainsan or-
deredlist of child pointers.Every nodeexceptthe root con-
tainsa back-link that points to the parentnode.Figure4 il-
lustratesthestructureof a B-BOX (ignoretheoptionalsize
�elds for now).

The label of a B-BOX recordcanbe constructedby the
pathfrom theroot to theleaf containingthis record.EachB-
BOX nodeon this pathcontributesto onecomponentof the
label.A non-leafnodecontributesthe (0-based)ordinal po-
sition of thechild pointerthatpointsto thenext nodeon the
path.Theleaf at theendof thepathcontributesthe(0-based)
ordinal positionof the B-BOX record.For example,in Fig-
ure 4, the label of the B-BOX recordx is (1; 3; 2). We will
provide the detailson how to obtain a label given its LID
whendiscussingthe lookup operation.

Themulti-componentlabelsof B-BOX somewhat resem-
bles the Dewey-orderencodingproposedin [18]. However,
thecrucialdifferenceis thatourlabelsarede�nedusingabal-
ancedB-BOX treeratherthantheXML documenttree,soour
labelshave a boundedlengththatis independentof thedocu-
mentstructure.

B-BOX is amorecompactstructurethanW-BOX. EachB-
BOX leaf �ts up to B � 1 B-BOX records,andeachnon-leaf
B-BOX nodehasa maximumfan-outof B � 1. With stan-
dardB-treeanalysis,it is easyto seethat the B-BOX takes
O(N=B) totalspaceandhasaheightof O(logB N ). B-BOX
labelsarealsoverycompact.Becauseeachcomponentof ala-
bel takesatmostlogB bitsandthenumberof componentsis
equalto theheightof thetree,thetotalnumberof bits in a la-
bel is O(log N ). In fact,we show below thata B-BOX label
never takesmorethanlogN + 1 + blog N � 1

log B � 1 c bits.

Theorem5.1 A B-BOX takesO(N=B) space, and each la-
bel takesno more than logN + 1 + blog N � 1

log B � 1 c bits. 2

Lookup The lookup operation,which returnsthelabelfor
a given LID, cannotbe performedin a top-down fashionas
a regular B-tree,becausethereare no searchkey valuesin
B-BOX nodesto guide the search.Even if therewere, we
would not know whatkey to searchfor—it is preciselywhat
we are looking for in the �rst place.Instead,lookup (lid )
proceedsbottom-up,startingfrom the leaf u containingthe
B-BOX recordin question,which is obtainedby following



thepointerin theLIDF record.We scanu looking for theB-
BOX recordcontaininglid ; theordinalpositionof this record
within u givesus the last componentof the label. Next, we
follow theback-linkto theparentof u. We thenscanthepar-
ent looking for the entry that points to u; the ordinal posi-
tion of thisentrywithin theparentgivesusthesecond-to-last
componentof thelabel.Theprocesscontinuesup thetreeun-
til reachestheroot, wherethe �rst componentof the label is
determined.

Besidesthe extra I/O to obtainthepointerto the B-BOX
leaf, the numberof I/Os is equalto the the heightof the B-
BOX. Thereforewehave thefollowing theorem.

Theorem5.2 Given a LID, the cost of retrieving the label
froma B-BOX is O(logB N ). 2

Oneof the mostfrequentoperationsusedin XML query
processingis the comparisonof two labels.This operation
canbe performedin a B-BOX with potentiallymuchfewer
I/Os, especiallyif the two labelsbeing comparedare close
to eachother in documentorder. To carry out the compari-
son,we traversethe treebottom-upin parallelstartingfrom
thetwo B-BOX recordsbeingcompared.We stopassoonas
their lowestcommonancestornodeis reached.Theordering
of the labelsis determinedby theorderingof thetwo entries
thatleadto thecorrespondingB-BOX records.

Insert and delete Both insert-before and delete
start with the B-BOX leaf pointed to by the LIDF record.
The rest is similar to dynamicmanagementof a regular B-
tree,but with someadditionalbookkeepinginvolving LIDF
recordsandback-links.

Whena new B-BOX recordis insertedbeforeanexisting
record,we recordthe addressof the leaf block in the corre-
spondingnew LIDF record.If theleafover�owsasaresultof
this insertion,we split the leaf into two: The �rst half of the
B-BOX recordsremainon theold leafwhile therestmove to
anew leaf.For eachB-BOX recordrelocatedto thenew leaf,
we useits LID to accessthecorrespondingLIDF recordand
updateit to point to thenew leaf.Finally, apointerto thenew
leaf is addedto theparentnode,immediatelyafterthepointer
to theold leaf.

If the additionof this new pointercausesthe parentu to
over�ow, a split of non-leafnodeoccurs.A sibling of u is
created,andhalf of the entriesrelocateto this new sibling.
For eachrelocatedentry, we needto updatethe nodethat it
pointsto, soits back-linkpointsto u'snew sibling.Finally, a
pointerto thenew sibling nodeis addedto u's parent.In the
worstcase,thesplit canpropagateall theway up to theroot,
causingthetreeto grow.

If the deletionof a B-BOX recordcausesa leaf u to un-
der�ow, we �rst attemptto borrow a recordfrom a sibling
of u. If this attemptsucceeds,in addition to relocatingthe
borrowedB-BOX record,we mustupdatethecorresponding
LIDF recordto re�ect thenew blockaddressof theborrowed
record.If u's siblingsdo not have sparerecords,we mergea
siblinginto u by moving all recordsin thesiblingto u. Again,
correspondingLIDF recordsto be updatedto point to u. Fi-
nally, thepointerto thesiblingis removedfromu'sparent.An

under�ow non-leafnodeis handledin awaysimilar to anun-
der�ow leaf, with the only differencebeing that we update
back-linksfor relocatedpointers(analogousto but insteadof
updatingLIDF recordsfor relocatedB-BOX records).

In the worst case,split and merge could occur at every
level of the tree;at eachlevel, the costis dominatedby that
of updatingB =2 back-linksor LIDF records.Therefore,the
worst-caseupdatecostof B-BOX is O(B logB N ). However,
this worst-casescenariois extremelyrare.Most of the time,
an updateaffectsonly the leaf, without causingany reorga-
nizationacrossblocksor updatesof LIDF recordsor back-
links. In fact,theamortizedupdatecostof B-BOX over a se-
quenceof insertionscanbeshown to beO(1): At worst,ev-
ery B =2 insertionswill �ll up a leaf andforce it to split at a
costof O(B ) I/Os;every (B =2)2 insertionswill �ll upapar-
entof a leaf,causingadditionalO(B ) I/Os,andsoon.There-
fore,theamortizedcostis O(1) + O(B ) � ( 1

B =2 + 1
(B =2) 2 +

1
(B =2) 3 + � � �) = O(1).

It is also possibleto obtain O(1) amortizedupdatecost
over a sequenceof updatescontainingboth insertionsand
deletions,but we will needto relax theminimumfan-outre-
quirementto B =4, which doesnot altertheasymptoticspace
complexity of theB-BOX. ThestandardB-treeminimumfan-
outof B =2 is susceptibleto frequentsplitsandmergescaused
by repeatedlyinsertinganentryinto afull leafandthendelet-
ing thesameentry. However, with afan-outof B =4, bothsplit
(of anover�ow nodewith B entries)andmerge(of anunder-
�o w nodewith B =4 � 1 entriesand a nodewith B =4 en-
tries)resultin nodeswith sizeof aboutB =2. Eachsuchnode
thenhasto gainat leastB =2 or loseat leastB =4 entriesbe-
fore it will besplit or mergedagain.While this smallermin-
imum fan-outrequirementallows us to boundtheamortized
updatecostfor both insertionsanddeletions,it will resultin
a taller treeandlongerlabels(speci�cally, a labelwill take at
mostlogN + 1+ b2(log N � 1)

log B � 2 c bits).Therefore,thestandard
minimum fan-outrequirementof B =2 is still recommended
for workloadsconsistingof mostlyinsertions.

Theorem5.3 The worst-casecost of updatinga B-BOX is
O(B logB N ); theamortizedupdatecostis O(1). 2

Bulk loading and subtreeinsert/delete Bulk loadinga
B-BOX from anXML documentis verysimilar to bulk load-
ing a W-BOX. Again, no sorting is required.With a single
scanof thedocument,we constructtheLIDF andall B-BOX
leavesin parallel.As eachB-BOX leaf becomesfull, we in-
sertit into theB-BOX. Whena non-leafnodebecomesfull,
insteadof splitting it, we simply allocatean initially empty
new sibling to its right; this strategy avoidsthecostof updat-
ing theback-linksby never relocatingany entries.Like bulk
loadingaW-BOX, wealwayskeeptherightmostnodeof each
level in memorytoavoid additionalI/Os.In theendweareleft
with a B-BOX whoseonly under�ow nodesarethoseon the
rightmostroot-to-leafpath.We repairtheseunder�ow nodes
by borrowing from or merging themwith their left siblings;
thenumberof additionalI/Os is nomorethanO(B ) perlevel



(for updatingback-linksor LIDF records).Overall,bulk load-
ing costsO(N=B).

To insertan entiresubtreeof XML datainto an existing
B-BOX T , we �rst usebulk loadingto constructa separate
B-BOX T 0 for the datato be inserted(but insteadof creat-
ing anew LIDF, weappendto thesameoneusedby T ). Sup-
posethatT 0hash0 levels.We“rip” T from theinsertingpoint
asfollows.First,we split theleafnodeu of T containingthe
insertionpoint right at that point, into u1 andu2. Then,we
split u'sparentnodeinto two: Onenodecontainsall pointers
upto andincludingthepointerto u1, andtheothernodecon-
tainsthepointerto u2 andthosefollowing it. “Ripping” con-
tinuesup T for a total of h0 levels includingtheleaf.There-
sult is a gapin whichwecan�t T 0 perfectly, therebyproduc-
ing a combinedB-BOX with all root-to-leafpathshaving the
samelength.Finally, we repairunder�ow nodes(on the two
sidesof thegap)andover�ow node(wherewe inserttheroot
of T 0). Overall, the cost is O(N 0=B + B logB (N + N 0)) ,
whereN 0 is total numberof tagsin the insertedXML sub-
tree.

Conceptually, deletinga subtreeof XML datasimply re-
versesthestepsinvolvedin insertingit. Notethatall labelsto
bedeleted,say, N 0of them,areclusteredtogetherin onecon-
tinuousrange.We “rip” the B-BOX startingfrom both end-
pointsof the rangein parallel,until the two bottom-uppro-
cessesmeetat the samenode.As a result,we have isolated
the labelsto be deletedinto a numberof subtreesin the B-
BOX. We canthenremove thesesubtreesandrepairany re-
mainingunder�ow nodes.Overall, the costof updatingthe
B-BOX is O(B logB N ). Ontheotherhand,thecostof delet-
ing correspondingLIDF recordscanbeup to O(N 0), aseach
deletionmayresultin a randomI/O if theserecordsarescat-
teredacrosstheLIDF. However, if theelementsto bedeleted
wereinsertedataroundthesametime (eitherwith bulk load-
ing or subtreeinsertion),their LIDF recordswould be clus-
teredandthecostof deletingthemwould beO(N 0=B).

Ordinal labeling support In orderto supportordinal la-
beling, we augmenteachnon-leafnodeentry with a size
�eld that keepstrack of the total number of the B-BOX
recordsfound within the subtreerootedat this entry (Fig-
ure 4). This additional �eld doesnot alter the asymptotic
spacecomplexity of theB-BOX.

Lookingupanordinallabelis similar to lookinguparegu-
lar label,but usesarunningcounter. Thiscounteris initialized
with thenumberof B-BOX recordslocatedto the left of the
B-BOX recordin questiononthesameleaf.For eachnon-leaf
nodevisitedin thebottom-uptraversal,weaddto thecounter
all size �elds locatedto theleft of theentrythatleadsto the
B-BOX recordin question.The value of the counterat the
endof the traversalis theordinal label.For example,theor-
dinal labelof x in Figure4 is 2+ (4 + 4+ 5) + 20= 35. The
complexity of thelookupoperationremainsO(logB N ).

To insert (or delete)a single B-BOX record, the size
�elds of all non-leafnodeentriesthat leadto theinserted(or
deleted)recordneedbe incremented(or decremented)by 1.
Thus,every updatemust go all the way to the root. In the
caseof split, merge,or borrowing from sibling, appropriate

size �elds mustbeupdatedtoo (detailsarestraightforward
andomitted).The worst-caseupdatecost is unaffected,but
the amortizedcost becomesO(logB N ), dominatedby the
costof updatingsize �elds.

Bulk loadingand subtreeinsert/deleteoperationscanbe
modi�ed in a straightforward mannerto maintainthe size
�elds. Theextra costdoesnot affect thecomplexity of these
operations.

6. Reducingthe Costof Indir ection

As we have alreadypointedout in Section1, the level of
indirectionthatbridgesthegapbetweenimmutableLIDs and
dynamiclabelsintroducesan extra dereferencingcost.Both
W-BOX andB-BOX furthertradeoff lookupperformancefor
updateperformance.Theseadditionalcostscomein theform
of randomI/Os, which neutralizethe bene�t of usingorder-
basedlabelingin queryprocessing,therebymakingthis ap-
proachunsuitablefor a read-heavy workload.In this section,
we addressthis issueusing a combinationof cachingand
logging techniques.We begin our discussionwith the basic
cachingapproach,andthenshow how logging canbe com-
binedto increaseits effectiveness.

Basiccachingapproach Insteadof usingjustLIDs to re-
fer to dynamiclabelsindirectly, we augmenteachreference
with thecachedvalueof thelabelaswell asa last-cached
timestampindicating when the cachedvalue was obtained.
Thesystemalsomaintainsa last-modified timestampfor
eachXML documentbeinglabeled,which tracksthetime of
thelastmodi�cation madeto thedocumentthatchangedany
existing labels.We assumethat the last-modified times-
tampis keptin mainmemorymostof thetime.

Given an augmentedreference,a lookup operation�rst
comparesthe last-cached timestampstoredin the refer-
encewith the last-modified timestampassociatedwith
the document.If last-modified precedeslast-cached ,
the cachedlabel value in the referenceis valid and is im-
mediatelyreturnedwithout incurring any additional I/O. If
last-modified is more recent than last-cached , the
lookup operationstartswith the LID andperformsthe nor-
mal stepsasdescribedin Sections4 and5. Then,it replaces
the cachedvaluewith the label it obtained,andupdatesthe
last-cached timestamp.Here, the lookup operationpays
the full costof W-BOX or B-BOX lookup , but this cost,as
we have shown in previoussections,is boundedandreason-
ablysmall.

For workloadswith few updates,this basiccachingap-
proachworks predictably well. Its lookup performanceis
practically as ef�cient as an immutable labeling scheme,
while avoiding the problems of an immutable labeling
schemewhen updatesdo occur. On the other hand,a sin-
gle last-modified timestamp may be insuf�cient to
mitigatetheeffect of a steadyupdatestreamon readperfor-
mance;wediscussa moreeffectiveapproachnext.

Caching and logging approach Instead of a sin-
gle last-modified timestamp,we log the lastk modi�ca-
tionsto thedocument.Eachlog entrycontainsthetimestamp



of the modi�cation and a descriptionof its effect on exist-
ing labels.For ef�ciency, the log should be kept in main
memory and maintainedas FIFO queue:when a new en-
try is loggedtheoldestentryis dropped.

This approachworks because,fortunately, for our data
structures,effects of modi�cations can be describedsuc-
cinctly andappliedto anexistinglabelwithoutany additional
information.For example,consideran ordinal labeling:The
effectof insertinganelementbeforeanexistingelementwith
start label 142857is that all existing labelsgreaterthanor
equalto 142857areincrementedby 2. This effect canthus
beloggedasa rangeupdate[142857; 1 ) : +2 . The full de-
scriptionof logging techniques,which is morecomplicated
for non-ordinallabeling,is providedin thefull version[17].

A lookupoperationstartsbycomparingthelast-cached
with the earliest modi�cation timestamp logged. If
last-cached is earlier, the cached label is unusable
andthe full costof lookupmustbepaid.Otherwise,we “re-
play” the effects of all modi�cations with timestampslater
than last-cached on the cachedlabel and return the re-
sult without additionalI/Os. Finally, we replacethe cached
labelwith this resultandupdatelast-cached .

A log with k entriesgivesroughlyak-fold boostin theef-
fectivenessof cachingbecauseit takesk subsequentmodi�-
cationsinsteadof oneto makecachedlabelsunusable.Onthe
other hand,a larger k also increasesmemoryrequirements
andcomputationaloverhead.

7. Experiments

Ourexperimentsevaluatethenaive relabelingscheme(in-
troducedin Section1), W-BOX, B-BOX, andtheir variants
on their I/O performance.We have implementedall algo-
rithmsin C++.W-BOX, B-BOX, andtheirvariantsareimple-
mentedusingTPIE[2], a library thatprovidessupportfor im-
plementingandevaluatingI/O-ef�cient algorithmsanddata
structures.For all experiments,the block sizeis setto 8KB.
Performanceis measuredby thenumberof I/Os.We present
resultsobtainedwith main-memorycachingturnedoff. Turn-
ing off cachingexposesthefull costsof I/O andmakesthere-
sultseasierto interpret.In practice,andaswe have observed
in experimentswith cachingturnedon,ourstructuresperform
betterwith caching,especiallybecausethe root tendsto be
cachedatall times.

Our experimentscomparethefollowing dynamiclabeling
schemes:W-BOX, W-BOX-O (the variant of W-BOX opti-
mizedfor readingstart/endlabelsin pairs),B-BOX, B-BOX-
O (thevariantof B-BOX with ordinal labelingsupport),and
naive-k (thenaive relabelingschemewith k bitsof extrastor-
ageper label). All schemesusethe LIDF describedin Sec-
tion 3 to mapimmutableLIDs to dynamiclabels.For BOXes,
LIDF recordspoint to index leavescontainingBOX records.
For naive-k, eachLIDF recorddirectly storesthe labelvalue
andthe lengthof the gapbetweenthis and the previous la-
belvalue.Our implementationof naive-k requiressortingthe
LIDF for relabeling.We assumethat thereis enoughmem-
ory devotedto naive relabelingsuchthatsortingcanbedone

entirelyin memorywithout extra I/O passes;this assumption
producesa lower boundon the cost of naive-k to compare
with our BOXes.We will seeshortly that,evenwith this un-
fair advantage,naive-k is still inferior to our BOXesin most
experiments.

Concentratedinsertion sequenceWe startwith a two-
level XML documentwith 2; 000; 000elementsandbulk load
our datastructures.Then,we inserta two-level XML subtree
with 500; 000elements,oneelementat a time, into thebase
document.Speci�cally, we inserttherootelementof thesub-
tree�rst, asa child of the root of the basedocument.Then,
weinsertthe�rst andthelastchildrenof thesubtreeroot,fol-
lowedby thesecondandthesecond-to-last,thenthethird and
thethird-to-last,andsoon. In effect,eachsubsequentpair of
insertionsare“squeezed”into thecenterof a growing list of
siblings.This insertionsequencebehavesin a similar way as
theadversarydescribedin connectionwith thenaive labeling
schemein Section1, andit alsocreatesthe(near)worstcase
for many otherlabelingschemes,suchasORDPATH [15]. We
have speci�cally designedthis insertionsequenceto stress-
testourdynamiclabelingschemes.

Figure 5 shows the averagecost of element insertion
(which involvesinsertingtwo labels)for variousdynamicla-
beling schemeover the entire insertionsequence.Basic B-
BOX, with its compactstructureand the advantageof not
having to materializeactuallabels,hasthebestperformance,
con�rming theamortizedO(1) boundpredictedby our anal-
ysis.B-BOX-O, with supportfor ordinal labels,incurssome
additionalI/Os (up to the heightof the tree) in maintaining
thesize �elds, but still providesexcellentperformance.W-
BOX suffersalittle more,becausetheworst-caseinsertionse-
quencetriggersfrequentrelabelingwhich is unavoidablefor
any labelingschemethat materializeslabels.W-BOX-O, by
further tradingupdateperformancefor lookup performance,
understandablyhasa higherupdatecost.On theotherhand,
all naive schemesperformextremelypoorly comparedwith
BOXes. Even with 256 extra bits, eachinsertionstill costs
100I/Os.Furtherincreasingthenumberof extrabitsgivesdi-
minishingreturns,becausethespaceandmanipulationover-
headof long labelsquickly becomesigni�cant.

Figure6 shows,for eachI/O cost,thefractionof insertions
in thesequencethat incurredhigher thanthis cost.Note that
bothaxeshave logarithmicscale.This �gure providesinfor-
mationaboutthedistribution of individual costs.Theresults
in this �gure largely con�rm our analysisand reaf�rms the
effectivenessof BOXes.The“steps” in the�gure do provide
someinterestinginsights into the operationaldetailsof the
datastructure.The drop in the B-BOX curve around1; 000
I/Os, for example,representsthe fraction of insertionsthat
causesplitsof internalB-BOX nodes.

Scattered insertion sequenceThe next experiment is
designedto contrastwith theconcentratedone.We startwith
thesamedocumentof 2; 000; 000elementsandinsertanother
500; 000. In this case,though,the insertsarespreadevenly
throughoutthe document.As shown in Figure 7, the naive
policies, as expected,particularly shine in this test. These
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Figure 7. Amor tized update cost, scattered.

policiesbankonnogapbeingoverwhelmedwith inserts;con-
sequently, almostall insertsaredonein constanttime,andno
relabelingis needed.Theexceptionis naive-1, whosegapsize
is toosmalltoaccommodateevenasingleelement.Therefore,
relabelingis triggeredconstantly. TheBOXeshandlethiscase
just aswell. While they aredesignedto handlearbitrary in-
sertionsequencesgracefully, they toobene�t from theevenly
spreadinserts.

XMark insertion sequenceThe next experimentis of
the same�a vor as the previous two, but now usesa docu-
mentgeneratedfrom theXMark benchmarkwith 336; 242el-
ements.Weinsertelementsin awayto re�ect how suchadoc-
umentmightbuild upover time:Elementsareaddedin docu-
mentorderof their starttags,oneby one.As anexample,for
the documentin Figure1, we would �rst insertsite (both
its startandendtags),andthenregions , africa , item , an-
other item , asia , etc., in order. Note that this sequence—
insertingall elementsin documentorder—is not thesameas
insertingall labels in documentorder(which would behave
like bulk loading),becauseend labelsare insertedtogether
with correspondingstartlabelswithoutknowing subtreesizes
in advance.

Our resultsrepresentthe insertionstaking placeafter the
�rst 200; 000. This wasdoneto “prime” the structureswith

XMark: Average I/Os Per Insert
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Figure 8. Amor tized update cost, XMark.
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an initial size.The results,shown in Figures8 and9, asex-
pected,fall somewherebetweenthe non-taxingscattertest
andtheadversarialconcentratetest.No policiesescapewith-
out doing any splits or reorganizations.The BOXes outper-
form the naive policies.The naive versions,relative to each
other, performthesameway they did in theconcentratetest.

Query performance At the endof eachexperiment,W-
BOX andB-BOX heightswereusually3, but sometimes2. As
with B-trees,thenumberof elementsmustriseenormouslyto
forcetheBOXesto grow in height.It is easyto seethatwith
suchlow BOX heights,the logarithmiclookupcostsfor reg-
ularB-BOX andits ordinalversionare,in practice,quitelow
(3–4 countingtheindirectionthroughLIDF, without caching
theroot).W-BOX, on theotherhand,alwayslooksupa label
in two I/Os(againcountingtheindirectionthroughLIDF), re-
gardlessof the treeheight.If startandendlabelsarelooked
uptogether, W-BOX-O candosoin two I/Os total, two fewer
thanW-BOX. Finally, naive-k mustalsoincuroneI/O perla-
bel lookupbecauseof theindirectionthroughLIDF, which is
unavoidablefor any dynamiclabelingscheme.

Other �ndings Thepreviousexperimentsall insertoneel-
ementat a time into the document,but the concentratetest
in fact insertsa subtreeof elements.In practice,this sub-
tree,if known in advance,shouldbe insertedusingthe bulk
insertmethods.The element-at-a-timetestcosts5; 401; 885
and2; 000; 448 total I/Os for W-BOX and B-BOX, respec-
tively. With bulk insertmethods,costsdramaticallydecreased
to 11; 374and492, respectively.

It is an interestingexerciseto determinewhich policies
arehurt by the limit of machineword size,typically 32 bits.
Our experimentsusedatasizesof 2; 000; 000 elements,or
4; 000; 000labelsoverall.Labelsfor thesekeyscanbediffer-
entiatedwith only 12 bits, far below machineword size.On



theotherhand,thenaive-k schemerequiresadditionalk bits
to maintainits gaps.In ourexperiments,thenaive-32scheme
andthosewith even larger gapsizesall have labelsthat ex-
ceedmachineword size.Therefore,asidefrom the I/O costs
shown in theexperiments,thenaive policiesalsorun slower
becauseof inef�ciencies in processingsuchlong labels.

8. Conclusion

We have presentedW-BOX andB-BOX, two novel struc-
turesfor maintainingorder-basedlabelingof XML elements.
Mostexistingschemesfall prey to adversarialconditionsthat
result in long labels or frequentexpensive relabeling.Our
structurestemperthe effects of any possibleupdatepattern
by tradingoff thecostsof updateandlookup,while provid-
inggoodboundsfor both.By basingtheBOX schemesonfor-
mal,balancedtreestructures,weareableto achieveprovably
good performance.Our experimentsshow that the BOXes
indeedprocessupdates,and especiallyadversarialupdates,
moreef�ciently thana naive gap-maintainingscheme.Cur-
rently, weareworkingon furtherimproving theeffectiveness
of thecachingandloggingapproachin Section6, by usingan
ef�cient datastructurefor storingthelog.
AcknowledgementsWe thankH. V. Jagadishandmem-
bersof the CarolinaDatabaseResearchGroup for their in-
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