
Monitoring Con tin uous Band-Join Queries over
Dynamic Data ?

Pankaj K. Agarwal, Junyi Xie, Jun Yang, and Hai Yu

Department of Computer Science,Duke Univ ersity
Durham, NC 27708-0129,USA

f pankaj,jun yi,jun yang,�shhai g@cs.duke.edu

Abstract. A continuous query is a standing query over a dynamic data
set whosequery result needsto be constantly updated asnew data arriv e.
We consider the problem of constructing a data structure on a set of
contin uous band-join queries over two data sets R and S, where each
band-join query asksfor reporting the set f (r ; s) 2 R � S j a � r � s � bg
for someparameters a and b, so that given a data update in R or S, one
can quickly identify the subset of contin uous queries whose results are
a�ected by the update, and compute changesto these results.

Wepresent the �rst nontrivial data structure for this problem that si-
multaneously achievessubquadratic spaceand sublinear query time. This
is achieved by �rst decomposing the original problem into two indepen-
dent subproblems, and then carefully designing data structures suitable
for each case,by exploiting the particular structure in each subproblem.

A key step in the above construction is a data structure whoseper-
formance increases with the degree of clusteredness of the band-joins
being indexed. We believe that this structure is of independent interest
and should have broad impact in practice. We present the details in [1].

1 In tro duction

In contrast to traditional queries,where each query is executedonceon a given
set of items, a continuous query is a standing query over a set of items that,
onceissuedby the user, needsto keepgeneratingnew results (or changesto old
results) subject to the samequery condition, asnew items continue to arrive in a
stream. Continuous query processinghas recently attracted much interest from
the database communit y becauseof its wide range of traditional and emerg-
ing applications, especially in data streaming settings; see[3,4,6,13] and the
referencestherein.

One of the main challengesin continuousquery processingis how to monitor
a large number of continuous queriesover dynamically changing data. For each
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incoming data update, one needsto identify the subset of continuous queries
whose results are a�ected by the data update, and compute changesto these
results. If there are many continuous queries, then a brute-force approach that
processeseach of them in turn will be too ine�cien t to meet the response-time
requirement of most target applications, and faster techniquesare needed.

An interesting aspect of continuous query processingis the interchangeable
roles played by queries and data: Continuous queries can be treated as data,
while each data update can be treated as a query requesting the subsetof con-
tinuous queries a�ected by the update. Thus, to preprocesssimple continuous
queries, it is natural to apply indexing and query processingtechniques which
were traditionally intended for preprocessingdata. For example,onecan simply
use R-trees to monitor a large number of continuous rectangular range queries
over a dynamic point set in R2. However, for more complex continuous queries,
especially those involving joins between multiple dynamic data sets, designing
both space-and query-e�cien t data structures turns out to be interesting.

Problem Statemen t Let R; S � R be two di�eren t data sets. A band-join
query on R and S, denoted by J (a; b) for some parameters a; b 2 R, asks for
reporting the set J (a; b) =

�
(r; s) 2 R � S j a � r � s � b

	
: Band-join queries

naturally arise in many continuous query applications, and form the basis of
more complex join queries[5,6,9]. In this paper we are interested in monitoring
a set of continuousband-join querieswhen data are inserted or deletedfrom R or
S. More precisely, let Q = f Q1; � � � ; Qn g be a set of continuousband-join queries
on R and S, where Qi = J (ai ; bi ) and ai � bi , ai ; bi 2 R. We are interested
in supporting the following two functions when an element s is inserted into or
deleted from S (the casewhere R is updated is entirely symmetric):

(Maintaining a�e cted joins) Report all pairs (r; Qi ), wherer 2 R and Qi 2
Q, such that ai � r � s � bi . Each reported pair (r; Qi ) corresponds to an
element (r; s) 2 R � S to be inserted into or deleted from the result of Qi .

(R eporting a�e cted joins) Report all Qi 2 Q such that ai � r � s � bi

for some r 2 R. They are the subset of queries in Q whose results have
beena�ected by the insertion or deletion of s. This functionalit y is useful in
settings in which it su�ces to detect and report that Qi has beena�ected,
while the actual result of Qi may be computed later on demand.

These two functionalities can be reduced to the following abstract problem.
We say that an interval 
 � R is stabbed by a point x 2 R if x 2 
 . Let
X = f x1; : : : ; xm g be a set of m points in R, and I = f [a1; b1]; : : : ; [an ; bn ]g
be a set of n (closed) intervals in R. Consider in the following queries on X
and I : (Q1) Given a displacement �x 2 R, report the set of all point-in terval
pairs (x; 
 ), where x 2 X and 
 2 I , so that x + �x stabs 
 . (Q2) Given a
displacement �x 2 R, report the set of all intervals in I that are stabbed by at
least one point in X + �x .

We are also interested in the following update operations: (U1) Add/remo ve
a point in X . (U2) Add/remo ve an interval in I .



In the context of monitoring continuousband-joins, note that if we set X R =
R and I Q = f [ai ; bi ] j Qi 2 Qg, then maintaining a�ected joins corresponds
to a (Q1) query on X R and I Q with �x = � s, and reporting a�ected joins
corresponds to a (Q2) query on X R and I Q with the same�x . Also note that
when an element is inserted into or deleted from R, or when a query is added
into or deleted from Q, we need to update the data structure for X R and I Q ;
this corresponds to the operations (U1) and (U2).

Our Results As the problem of monitoring continuousband-joins is equivalent
to (Q1) and (Q2) queries,we shall focusour attention on thesetwo queriesfrom
now on. For either query, a straightforward data structure with O(m + n) size
and O(m + n) query time hasbeenknown and actually usedin practice for some
time in the databasecommunit y [5]. However, the query time of this approach
is quite unsatisfactory. In the other extreme, a data structure with O(mn) size
and O(log(mn)) query time is not hard to designeither (seeLemma 1). But in
this case,the sizeof the structure becomesproblematic.

A natural open problem is whether there exists a data structure that �ts
betweenthe above two extremes.We answer this question in the a�rmativ e. In
Section 2, we present the �rst nontrivial data structure for (Q1) and (Q2) that
simultaneously achieveso(mn) sizeand o(m + n) query time. This demonstrates
an intriguing tradeo� between the spaceand query time for both queries.Our
construction proceedsby decomposingthe original problem into two independent
subproblems,and then carefully designingdata structures suitable for each case,
by exploiting the particular structure in each subproblem.

We should point out that the abovestructure is mostly of theoretical interest.
However, in solving one of the subproblems,we have devised a data structure
whose performance increaseswith the degreeof clusteredness of the input in-
tervals in I . Becausein practice the intervals are often naturally clustered, we
believe that this structure is of independent interest and can lead to a practically
more e�cien t approach. We further comment on this structure in Section 2.2;
details are given in [1].

Related W ork Since dynamic data is ubiquitous in the real world, there has
beena lot of work on designinge�cien t dynamic data structures for answering
variousqueries;see,for example,the monographby Overmars[15]and the survey
by Chiang and Tamassia[7]. Motiv ated by more recent applications such assen-
sor networks, there hasalsobeenmuch research on maintaining various synopsis
structures of the data in the data stream model [14],such as"-approximations [2,
16], histograms[12] and soon, sothat various statistical queriescan be answered
quickly. However, most of the abovework only dealswith non-continuousqueries
(i.e., each query is executedonceon the current data set). Recently , motivated
by a wide range of emerging applications, there has be a 
urry of activit y on
studying continuous queriesin the databasecommunit y (seee.g., [3,4]). But to
the best of our knowledge,the problem of monitoring continuousquerieshasnot
yet received much attention from algorithms research communit y so far.



2 The Construction

The main result of this sectionis a data structure of sizeo(mn) that answers(Q1)
and (Q2) queriesin o(m + n) time. We �rst decomposethe original problem into
two subproblems,and then solve the two subproblemsrespectively (Sections2.1
and 2.2). By putting piecestogether and choosing appropriate parameters, we
obtain the desiredbounds on the sizeand query time (Section 2.3).

Let r 2 N be a parameter to be �xed later. We �rst partition I into O(n=r)
groups in the following manner (seeFigure 1). We sort the 2n endpoints of I
and pick every 2r -th endpoint. Thus a set of n=r points are picked. Let I 0 be the
subsetof intervals in I that are stabbed by any of thesepicked points. Note that
each of the remaining intervals in I n I 0 lies entirely between two consecutive
picked points. We let I i � I denote the subsetof intervals lying entirely between
the (i � 1)-th and the i -th picked points, for 1 � i � n=r + 1, where the 0-th
and (n=r + 1)-th picked points are de�ned to be �1 and + 1 . In this way, the
set I is partitioned into a collection of disjoint subsetsI 0; I 1; � � � ; I n=r +1 , where
jI i j � r for all i � 1.

I 1 I 2 I 3

I 0

I

Fig. 1. The partition of I . Dashed Intervals belong to I 0 , and solid intervals belong to
I 1 ; I 2 ; : : :, respectively.

Next, assumethat the elements in X = f x1; x2; � � � ; xm g are in sorted order.
We also partition X into m=r subsetsX 1; X 2; � � �, each of sizeat most r , where
X i = f x( i � 1) r +1 ; x( i � 1) r +2 ; : : : ; x ir g; for 1 � i � m=r:

The overall data structure D(X ; I ) for answering (Q1) and (Q2) querieson
X and I consists of two separatestructures: D(X ; I 0) for answering the same
querieson X and I 0, and D(X ; I n I 0) for answering the samequerieson X and
I nI 0. The structure D(X ; I nI 0) further consistsof a collection of data structures
D(X i ; I j ) on X i and I j , for every i � 1 and j � 1. We now describe each of these
components.

2.1 Structure D (X ; I n I 0 )

The structure D(X ; I n I 0) consistsof a collection of data structures D(X i ; I j )
for each i; j � 1. We �rst describe a general data structure of quadratic size
and logarithmic query time for (Q1) and (Q2) queries,and then apply it to each
D(X i ; I j ). In the subsequent discussions,we assumethat the reader is familiar
with interval trees [8].

Clearly, an interval [ai ; bi ] 2 I is stabbed by x j + �x if and only if �x 2
[ai � x j ; bi � x j ]. Therefore, to answer (Q1), we build an interval tree on the set of
intervals I � X =

�
[ai � x j ; bi � x j ] j [ai ; bi ] 2 I ; x j 2 X

	
. The sizeof the tree is

boundedby O(jI � X j) = O(mn), and the preprocessingtime is O(mn log(mn)).



Given a query �x 2 R, we �nd the set of intervals in I � X stabbed by �x . For
each such interval [ai � x j ; bi � x j ], we report the pair (x j ; [ai ; bi ]) 2 X � I . The
query time is bounded by O(log(mn) + k), where k is the output size.The data
structure can be made dynamic by using a dynamic interval tree [7]. Note that
in our context, insertion or deletion of a point in X or an interval in I involves
inserting or deleting n or m intervals, respectively, in the interval tree.

Similarly, to answer (Q2), observe that an interval [ai ; bi ] 2 I is stabbed
by any point of X + �x if and only if �x 2

S
x j 2 X [ai � x j ; bi � x j ]. The set

S
x j 2 X [ai � x j ; bi � x j ] can be written as the union of a set I i of at most m

mutually disjoint intervals. We build an interval tree on intervals in
S n

i =1 I i .
Given a query �x 2 R, we �nd the set of intervals in

S n
i =1 I i that are stabbed

by �x . For each such interval 
 , if 
 2 I i , we report the interval [ai ; bi ] 2 I . Note
that each interval in I is reported at most once, and hence the query time is
O(log(mn) + k), wherek is the number of intervals reported. The data structure
can also be made dynamic easily.

Lemma 1. A data structure of sizeO(mn) can be constructed in O(mn log(mn))
time so that (Q1) and (Q2) can be answered in O(log(mn) + k) time, where k
is the output size. Each (U1) operation takesO(n log(mn)) time, and each (U2)
operation takesO(m log(mn)) time.

We use Lemma 1 to preprocesseach pair X i and I j (i; j � 1) into a data
structure D(X i ; I j ) of size O(r 2) so that (Q1) and (Q2) on X i and I j can be
answered in O(log r + k) time, where k is the output size.Given a displacement
�x , we can �nd all stabbing pairs in (X + �x ) � (I nI 0) by scanningX 1; X 2; : : :
and I 1; I 2; : : :, and querying at most O((m + n)=r) data structures D(X i ; I j ) as
follows. For convenience,we denote the leftmost point in X i by l(X i ), and the
rightmost point in X i by r (X i ). Similarly, we denote the leftmost endpoint in I i

by l(I i ) and the rightmost endpoint in I i by r (I i ). Notice that r (X i ) � l (X i +1 )
and r (I i ) � l (I i +1 ). A (Q1) or (Q2) query on X and I n I 0 can be answered in
a way similar to the merge procedureof the merge-sort algorithm. Initially we
let Y = X 1 and J = I 1. Supposeat a certain stageY = X i and J = I j . We �rst
check whether [l (Y ) + �x; r (Y ) + �x ] \ [l (J ); r (J )] 6= ; . If so, there is a potential
stabbing betweena point in Y and an interval in J , and we useD(Y; J ) to report
all such stabbings;otherwiseY doesnot stab J , and we report nothing. Then, if
r (Y ) + �x > r (J ), we let J = I j +1 ; otherwise, we let Y = X i +1 . The procedure
is repeateduntil all X i and I j are processed.Clearly, the aboveprocedureprobes
at most O((m + n)=r) data structures D(X i ; I j ), each requiring O(log r ) time
plus the time for reporting. Therefore the total time spent is O( m + n

r � log r + k).
There is oneproblem: If we rely on Lemma 1 to construct D(X i ; I j ) for each

i; j � 1, we need O(r 2) space for each D(X i ; I j ), leading to an overall data
structure of size O(mn). To �x this problem, we store all D(X i ; I j ) compactly,
using a method from Dumitrescu and Steiger [10]. The observation is that, for
the data structure described in Lemma 1 on a point set Y and an interval
set J , the combinatorial description of this structure is fully determined by the
ordering of all the endpoints of J � Y . Using this combinatorial description of the



structure and the valuesof J and Y , (Q1) and (Q2) can be answered as before.
If the sizesof Y and J are at most r , then the number of possible di�eren t
orderings of the endpoints of J � Y is r O(r ) [11]. For each possible ordering,
we construct a complete combinatorial description of the data structure with
respect to this ordering. For each pair of X i and I j , we determine the ordering
of the endpoints of I j � X i , and map this pair to the combinatorial description
of D(X i ; I j ) according to this ordering. Therefore, the total space needed is
O(mn=r 2 + r O(r ) � r 2) = O(mn=r 2 + r O(r ) ).

Lemma 2. The data structure D(X ; I n I 0) has size O(mn=r 2 + r O(r ) ), and
answers(Q1) or (Q2) querieson X and I n I 0 in O( m + n

r � log r + k) time.

2.2 Structure D (X ; I 0 )

Given a set I of n intervals, a stabbingset of I is a set P � R of points so that
each interval in I is stabbed by at least one point of P. We denote by � (I ) the
sizeof the smallest stabbing set of I . It is well known that a stabbing set of I of
size� (I ) can be computed in O(n logn) time by the following greedyalgorithm:
�rst sort the intervals in I by their left endpoints; then examine each of them
from left to right, and �nd a maximal number of leftmost intervals so that they
havea nonempty commonintersection, stab theseintervals by an arbitrary point
from their commonintersection, and repeat this step for the remaining intervals.

We �rst present a generaldata structure for answering (Q1) and (Q2) queries
on X and I whosesizeand query time depend on the parameter � = � (I ). Then
D(X ; I 0) is constructed by simply applying this data structure on X and I 0.
We treat (Q1) and (Q2) separately; in particular, the data structure for (Q1) is
simpler than that for (Q2).

(Q1) queries. The data structure relies on the following observation.

Lemma 3. A data structure of sizeO(n) can be built in O(n logn) time so that
the stabbingquery on a set I of n intervals (i.e., reporting the subsetof intervals
in I that are stabbed by a query point x) can be answered in O(log � + k) time,
where k is the number of reported intervals.

Proof. We �rst compute a stabbing set P = f p1; p2; : : : ; p� g of size � using
the greedy algorithm described above. In fact, this algorithm also returns I =
f I i j 1 � i � � g, a partition of I into � subsets,so that every interval in I i is
stabbed by pi . Let l i = min[a j ;bj ]2 I i aj and r i = max[a j ;bj ]2 I i bj ; clearly we have
l i � pi � r i . Let H = f [l i ; r i ] j 1 � i � � g be the covering interval set of I
with respect to P; intuitiv ely, each covering interval [l i ; r i ] in H is the union of
all intervals in I i . We construct an interval tree [8] T on the set H . In addition,
for each I i , we store two copiesof I i : (i) I l

i , which sorts the intervals in I i in
increasingorder of their left endpoints, and (ii) I r

i , which sorts the intervals in
I i in decreasingorder of their right endpoints. The sizeof the data structure is
O(� + n) = O(n), and the preprocessingtime is O(n logn).



Given a query point x, the stabbing query is answered as follows. With the
interval tree T, we �nd in O(log � + k0) time the k0 covering intervals in H that
are stabbed by x. If a covering interval [l i ; r i ] 2 H contains x, we compare pi

and x. If x � pi , then we scanI l
i and report each interval until we encounter an

interval whoseleft endpoint lies to the right of x. Symmetrically, if x > pi , then
we scan I r

i and report each interval until we encounter an interval whoseright
endpoint lies to the left of x. The correctnessof this procedureis easyto verify.
Note that if [l i ; r i ] is stabbed by x, then at least one interval in I i is stabbed by
x, and therefore k0 � k, where k is the number of reported intervals. Hence,the
total query time can be bounded by O(log � + k). �

Returning to our original problem, note that a (Q1) query is equivalent to
a stabbing query on I � X with the query point �x , as shown in Section 2.1.
Thus naturally we want to apply Lemma 3. Observe that if P = f p1; p2; : : : ; p� g
is a stabbing set for I , then P � X = f pi � x j j pi 2 P; x j 2 X g is a stabbing
set of sizeat most m� for I � X , and if I = f I 1; : : : ; I � g is a partition of I with
respect to P, then I � X = f I i � x j j 1 � i � � ; 1 � j � mg is a partition of
I � X with respect to P � X . If we simply apply Lemma 3 directly, we would
get a structure of size O(jI � X j) = O(mn) for (Q1) queries. Hence, we need
to be more careful. Observe that for any 1 � i � � and 1 � j � m, I i and
I i � x j are congruent in the sensethat the sequenceI i � x j is obtained from I i

by translating each interval by � x j . Thus, it su�ces to store I i . In more detail,
we proceedas follows.

Let H be the covering interval set of I with respect to P, as de�ned in the
proof of Lemma 3. We preprocessthe intervals in H � X for stabbing queries,
using an interval tree, as in Lemma 3. In addition, we store the sequencesI l

i and
I r

i for 1 � i � � . Let �x be a query displacement. We �rst report all intervals
in H � X stabbed by �x . Suppose an interval [l i � x j ; r i � x j ] is stabbed by
�x . We then wish to report all intervals in I i � x j that contain �x , which is
equivalent to reporting the intervals in I i stabbed by x j + �x . This reporting
can be done by the proceduredescribed in Lemma 3. The overall query time is
O(log(m� ) + k), where k is the output size.The data structure usesO(m� + n)
storage,and can be constructed in O(n logn + m� log(m� )) time.

(Q2) queries. Similar bounds for (Q2) can also be obtained. The major di�er-
enceis that, we have to make sure each stabbed interval is reported only once.
This is achieved by using the notion of (i; j )-intervals intro duced below. Again,
we �rst compute a stabbing set P = f p1; p2; : : : ; p� g, the corresponding partition
I = f I i j 1 � i � � g of I , and the covering interval set H = f [l i ; r i ] j 1 � i � � g.
For simplicit y, let us assume�1 = x0 < x1 < x2 < � � � < xm < xm +1 = + 1 .

De�nition 1. Given 1 � i � � and 0 � j � m, an (i; j )-interval is a maximal
interval 
 � [pi � x j +1 ; pi � x j ) so that for any �x 2 
 , (X + �x ) \ [l i ; r i ] 6= ; .

We remark that there may be more than one(but at most two) (i; j )-interval
for a �xed i and j . Intuitiv ely, each (i; j )-interval corresponds to a contiguous
rangeof displacement values�x for which someinterval in I i is stabbed by some



point in X + �x . Furthermore, asillustrated in Figure 2 (a), givena displacement
value �x in an (i; j )-interval, the stabbed intervals in I i are precisely those
stabbed by either x j + �x or x j +1 + �x . This is becausepi , the stabbing point
of I i , lies in betweenx j + �x and x j +1 + �x .

x j +1 + � xx j + � x pi

I i

(a) (b)

pi � X

H i

(i; j )-in tervals

Fig. 2. (a) For any displacement �x in an (i; j )-in terval, an interval of I i is stabbed
by X + �x if and only if it is stabbed by either x j + �x or x j +1 + �x . (b) Computing
the set of all (i; j )-in tervals for a �xed i .

Lemma 4. Let � be the set of all (i; j )-intervals. Then j� j = O(m� ), and �
can be computed in O(m logm + m� ) time.

Proof. For a �xed i , the set of all (i; j )-intervals, for 0 � j � m, can be found
as follows. In order for X + �x to stab [l i ; r i ], �x has to lie within the range
H i =

S
x j 2 X [l i � x j ; r i � x j ]. RegardH i as the union of a set of mutually disjoint

intervals. We throw the m points from pi � X into H i . These points further
divide H i into a set of atomic intervals, each of which is a maximal interval
whose interior does not contain any point from pi � X (see Figure 2 (b)). It
can be easily veri�ed that each such atomic interval is an (i; j )-interval, if it lies
between pi � x j +1 and pi � x j . Clearly, there are O(m) such atomic intervals,
all of which can be computed in O(m) time, once X is sorted. Thus, the total
time for computing all these intervals, for i = 1; � � � ; � , is O(m logm + m� ). �

We preprocess� into an interval tree, and store the sequenceI l
i and I r

i for
each I i 2 I . By Lemma 4, the sizeof the structure is O(m� + n). To answer (Q2)
for a displacement �x , we �rst report in O(log(m� ) + k0) time all k0 intervals
of � that are stabbed by �x . Suppose an (i; j )-interval of � is reported. We
scan the sequenceI l

i and report all of its intervals whose left endpoints lie to
the left of x j + �x . We also report all intervals in the sequenceI r

i whoseright
endpoints lie to the right of x j +1 + �x but left endpoints lie to the right of
x j + �x (as otherwise they would have already beenreported when we scanI l

i );
seeFigure 2 (a).

Clearly, the overall query time is O(log(m� ) + k0+ k), wherek0 is the number
of intervals in � stabbed by �x , and k is the output size.Note that for a �xed
i , an (i; j 1)-interval is disjoint from an (i; j 2)-interval if j 1 6= j 2. Therefore at
most one (i; j )-interval is reported for any �xed i . Moreover, for each reported
(i; j )-interval, at least one interval of I i is stabbed by X + �x . This implies that
k0 � k. Hencethe overall query time is in fact O(log(m� ) + k).

We thus have the following lemma.

Lemma 5. A data structure of size O(m� + n) can be constructed in total time
O(m� log(m� ) + n logn) so that (Q1) and (Q2) can be answered in O(log(m� ) +
k) time, where k is the output size.



Note that � (I 0) = O(n=r). Applying Lemma 5 on X and I 0, we thus obtain:

Lemma 6. The data structure D(X ; I 0) has size O(mn=r + n), and answers
(Q1) or (Q2) querieson X and I 0 in O(log(mn=r ) + k) time.

Remark. As shown by Lemma 5 above, the sizeand query time sizeand query
time of this data structure depend on the parameter � (I ) of the input I . We call
this an input-sensitive data structure. For small valuesof � (I ), i.e., when input
intervals are highly clustered, this data structure almost achieves both linear
sizeand logarithmic query time.

Recall that in (Q1) and (Q2) queries, the input intervals come from the
continuous band-joins being indexed. Theseintervals naturally re
ect users' in-
terests on the data, and it is plausible to assumethat in practice most of the
users' interests would gather around a small number of \hotsp ots." In other
words, in practice the intervals involved in continuous band-joins often admit a
small stabbing set.1 To exploit this pleasant property further, an alternativ e is
to apply Lemma 5 to the entire set of intervals to be indexed (as opposedto just
I 0). The result, described in detail in [1], is a dynamic practical structure whose
performanceincreaseswith the degreeof clusterednessof the input intervals. We
also show in [1] how to dynamize that structure to support (U1) and (U2) oper-
ations, which is nontrivial becausethe smallest stabbing set of a set of intervals
can completely changeafter every constant number of update operations.

2.3 Putting It Together

Overall, a query on X and I is answeredby processingthe query on X and I 0 as
well as on X and I n I 0 as described in the previous two sections.By Lemmas2
and 6, the total sizeof the data structure is bounded by

S = O(mn=r + n + mn=r 2 + r O(r ) ) = O(mn=r + r O(r ) );

and the query time is bounded by

T = O(log(mn=r ) + (m=r + n=r) log r + k) = O((m=r + n=r) logr + k):

Finally, we choose r = clog(mn)=loglog(mn), where c > 0 is a su�cien tly
small constant, so that S = O(mn log log(mn)=log(mn)) = o(mn) and T =
O((m + n) log2 log(mn)=log(mn) + k) = o(m + n) + O(k), as desired. We also
note that the total preprocessingtime can be bounded by

O(m logm+ n logn+ (mn=r ) log(mn=r )+ mn logr + r O(r ) ) = O(mn log log(mn)) :

Theorem 1. A data structure of size o(mn) can be constructed in total time
O(mn log log(mn)) so that (Q1) and (Q2) can be answered in o(m + n) + O(k)
time, where k is the output size.
1 For example, in practice most band-join queries are only interested in the absolute

di�erence of the data (i.e, query of the form J (� a; a) = f (r ; s) 2 R � S j jr � sj � ag),
or the one-sideddi�erence of the data (i.e., query of the form J (�1 ; a) or J (a; + 1 )).
These query intervals can be all stabbed by one of the three points: 0, �1 and + 1 .



Remark. (1) The data structure supports each (U1) or (U2) operation in near-
linear time. We omit the details here. Note that although the near-linear bound
appearshorrible, we show in [1] that it is essentially the best possible.

(2) Although we have been careful in the construction, the size of the data
structure is only slightly subquadratic, and the query time is only slightly sub-
linear. We leave �nding the best tradeo� betweenthe spaceand query time for
(Q1) and (Q2) queriesas an interesting open problem.
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