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Chapter 6

2D and 3D Object Recognition and Positioning
with Algebraic Invariants and Covariants

Gabriel Taubin
IBM T.J. Watson Research Center
P.0O.Boz 704, Yorktown Heights, NY 10598

David B. Cooper
Laboratory For Engineering Man/Machine Systems
Division of Engineering, Brown University, Providence, RI 02912

We describe part of our model-based approach to 3D rigid object recognition and po-
sitioning from range data: methods for fast classification and positioning of algebraic
surfaces. Since we are primarily interested in recognizing and positioning rigid objects,
we focus on methods invariant under Euclidean coordinate transformations, but we also
include some extensions to the affine and projective cases. These cases are related to
other recognition and positioning problems involving 2D or 3D curves. Our approach
to model-based object recognition and positioning can be divided in four stages. In the
first stage algebraic surfaces are fitted to regions of the data set. Then, in the second
stage, a data base is searched for regions of known objects with algebraic surface ap-
proximations similar to those fitted to the data regions. In the third stage, a matching
coordinate transformation is computed for each matching candidate extracted from the
data base. These coordinate transformations are computed using explicit formulas, and
constitute the estimated positions for the initially recognized object. These matches
constitute initial hypotheses for the presence of the associated objects in the data re-
gions. Finally, the hypotheses are globally tested to sort out inconsistencies. We start by
reviewing some of our previous work on computationally attractive fitting of algebraic
curves and surfaces. Then we introduce methods to solve the classification and position-
ing problems, the second and third stages of our approach. We base the fast data base
search for similar algebraic surfaces, the classification problem, on comparing algebraic
invariants. We compute the matching coordinate transformation between two surfaces
with approximately the same invariants by associating an intrinsic frame of reference
to every algebraic surface. This frame of reference, an object-based coordinate system,
is a covariant function of the coefficients of the polynomial which defines the surface,
and its relative location with respect to the surface is independent of the viewpoint.
For a nonsingular quadratic surface, the eigenvalues of the matrix associated with the
second degree terms of the defining polynomial are Fuclidean invariants. The center of
symmetry of the surface, and the eigenvectors of the same matrix define an intrinsic
frame of reference. The methods introduced in this paper generalize these constructions
to algebraic curves and surfaces of higher degree.
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Figure 1. Global structure of the object recognition and positioning system.

1. Introduction

We describe part of our model-based approach to 3D rigid object recognition and
positioning from range data: methods for fast classification and positioning of algebraic
surfaces. Since we are primarily interested in recognizing and positioning rigid objects
whose boundary surfaces can be well approximated by piecewise algebraic surfaces, sets
of zeros of polynomials in three variables, we will focus on Euclidean invariant methods in
3D. However, we also include some extensions to affine and projective invariant methods,
which are related to other recognition and positioning problems involving 2D or 3D
curves,

Figure 1 describes the global structure of our approach. Due to the problems of oc-
clusion, known solid objects are represented in a database as hierarchical collections of
regions of boundary surfaces, of different sizes. Models, in our case algebraic surfaces, are
fitted to small regions of the data set. These regions are small enough so that most of
them correspond to a single object, but big enough to contain sufficient information to
uniquely determine the location and orientation of an object. Alternatively, models are
fitted to smaller regions, and symbolic methods are used to compute the parameters of
the model which fits a group of these small regions. Since the parameters of these models
are coordinate system dependent, a vector of invariants is computed for each model. An
tnvariant is a function of the parameters which yields the same values independently of
the viewer coordinate system. This vector of invariants is used to index into the database
of regions of known models. Using these invariants, the database can be organized for
an efficient search. The database search produces a list of triples. Each of these triples
consists of a region of a known object, the object that the region corresponds to, and the
coordinate transformation from the object coordinate system to the region coordinate
system, If one or more matches are found in the database, the intrinsic coordinate system
of the data set region is computed and, for every match found, the coordinate transfor-
mation which best aligns the data region with the model region is computed using the
intrinsic coordinate systems of the two matching regions. This coordinate transforma-
tion constitutes a hypothesis corresponding to the presence of the associated object in
the computed position and orientation. The hypotheses generated in this way are then
globally tested, and the final interpretation of the data set is produced.
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With the notation to be introduced later in the paper, if F;,1) and G[y,1) are nonsin-
gular symmetric 3x3 matrices, Fj;; and Gpij are three dimensional vectors, and Fip)
and Gjg) are constants, the second degree polynomials

f®) = 3P+ Fye + Fo
9(z) = 32'Gpuz+Ghye + G

in three variables £ = (1,22, 23)" define two quadric surfaces. It is well known that a
necessary condition (not sufficient) for these two quadric surfaces to be congruent, i.e.
for the existence of an Euclidean transformation 2/ = T'(z) such that f(T'(z)) = g(=),
is that the three eigenvalues of the two matrices coincide, except for a common multi-
plicative factor. These eigenvalues are Euclidean invariants of the surfaces. If that is the
case, we can obtain the best matching coordinate transformation from the corresponding
intrinsic frames of reference. The center of a nonsingular quadric surface, the origin of its
intrinsic frame of reference, is the unique point in space which, if taken as the origin of the
coordinate system, makes the polynomial defining the surface have zero linear part. That
is, the center of the quadric surface defined by the polynomial f(z) is y = -—F[I’II]F[H,
because the linear part of

1 1
fe+9) = 5= Fune+ [Funy+ Ful = + [gy‘Fn.uy + Fipy + Fm]

is zero. The translation part of the matching Euclidean transformation is obtained as
the difference between the two centers, i.e. the best matching coordinate transformation
should make the two centers coincide. The coordinate axes of the intrinsic frame of ref-
erence of a nonsingular quadric surface are the eigenvectors of the associated symmetric
matrix. The best matching rotation makes the eigenvectors corresponding to the same
eigenvalues coincide. If the eigenvalues are not repeated there is essentially a single solu-
tion, but in fact there are four solutions due to the symmetries of the quadratic surfaces
(eight solutions if we also consider reflections). This construction not only applies to 3D
surfaces, but also to 2D curves and quadric hypersurfaces of higher dimension. As we
mentioned above, the equality condition on the eigenvalues is just a necessary condition
for congruence. A sufficient condition is the equality (except for a multiplicative factor) of
the defining polynomials recomputed with respect to the corresponding intrinsic frames
of reference. However, computing the invariants, i.e. the eigenvalues, is computation-
ally much less expensive than computing the full intrinsic coordinate system and then
recomputing the coefficients of the defining polynomials in this new coordinate system.

The main contributions of this paper are the extension of these results to algebraic
curves and surfaces of higher degree. In the first place we develop efficient techniques for
computing Euclidean invariants of algebraic curves and surfaces as eigenvalues of certain
matrices constructed from the coeflicients of the defining polynomials, and show how to
extend these methods to the affine and projective cases as well. The second contribution
is how to extend the computation of the intrinsic Euclidean frame of reference, center
and orientation, from quadratic surfaces to algebraic curves and surfaces of higher de-
gree. This intrinsic coordinate system is independent of the viewer coordinate system,
in the sense that the polynomial equations of the same curve or surface in its intrinsic
coordinate system are independent of the viewer coordinate system, i.e. they are Eu-
clidean invariants. As in the case of quadric surfaces, it is a necessary condition for two
surfaces of the same degree to be congruent to have the same invariants, but a sufficient
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condition is to have the same equations in their intrinsic coordinate systems. So, this is
the ultimate test for matching. However, when trying to find a match for one surface
within a large data base of surfaces of the same degree, we start by reducing the number
of candidates by comparing the invariants. Then, if matching candidates are found by
comparing the invariants, the intrinsic frame of reference is computed and the coefficients
evaluated in the new coordinate system. After this step, all the coefficients of the defining
polynomials are compared with the candidates, and only those with similar coefficients
are kept as valid hypotheses. Finally, we emphasize the computational aspect of these
processes, which are based on both symbolic computations and well-known efficient, and
numerically stable matrix algorithms.

With the methods introduced in this paper, a system that involves indexing into a data
base of objects represented by features consisting of groups of moderately high degree
algebraic surfaces can be developed, and the performance of many related recognition
algorithms (Bolles et al., 1983; Faugeras et al., 1983; Grimson and Lozano-Perez, 1984;
Bolles and Horaud, 1986; Faugeras and Hebert, 1986; Grimson and Lozano-Perez, 1987;
Kishon and Wolfson, 1987; Schwartz and Sharir, 1987; Hong and Wolfson, 1988; Lamdan
et al., 1988; Lamdan and Wolfson, 1988: Bolle ef al., 1989a, 1989b; Chen and Kak, 1989;
Grimson, 1989; Wolfson, 1990) can be improved.

The paper is organized as follows. In section 2 we review some basic concepts about
implicit curves and surfaces, in particular about algebraic curves and surfaces. In section
3 we briefly describe how regions can be chosen. In section 4 we describe our previous
work on implicit curve and surface fitting. In section 5 we describe in more detail our
approach to classification and positioning based on the computation of invariants and
covariants, and describe in detail our methods for fast evaluation of invariants. In section
6 we give a short recount of the history of invariant theory. In section 7 we describe how
to compute the intrinsic Euclidean center of an algebraic 2D curve or 3D surface, while
in section 8 we do the same for the intrinsic Euclidean orientation. In section 9 we extend
these results to 3D curves. In section 10 we relate some of these invariants to previous
results on algebraic curve and surface fitting. In section 11 we present some experimental
results. Finally, in the appendix we include the longer proofs of the lemmas from the
body of the paper.

2. Implicit curves and surfaces

An implicit surface is the set of zeros of a smooth function f : R3 — R of three
variables ‘

Z(f) = {(=z1,22,23) : f(21,22,23) =0} .

For example, figure 2 shows an implicit surface which is the set of zeros of the fourth
degree polynomial f(z1,zs,23) = i — 323(2? + 23) + (23 + 23)? — 1.  Similarly,
an implicit 2D curve is the set Z(f) = {(z1,22) : f(z1,22) = 0} of zeros of a smooth
function f:R2? — R of two variables, and an implicit 3D curve is the intersection of two
surfaces, the set Z(f) = {(z1, %2, x3) : f(21, 22, 23) = 0} of zeros of a two dimensional
vector function f:R3 — R? of three variables.

The representation of curves and surfaces in implicit form, as opposed to parametric
form, has many advantages. In the first place, an implicit curve or surface maintains its
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Figure 2. Implicit surface defined by the fourth degree polynomial
f(z1,32,®3) = a:f - %x%(mg + a:g) + (a;% + :t:g)2 —1.

Figure 3. Two cylinders as a single fourth degree surface, and their nonplanar intersection curve.

implicit form after a change of coordinates, that is, if a set of points can be represented as
asubset of an implicit curve or surface in one coordinate system, so can it be in any other
coordinate system. That is not the case with data sets represented as graphs of functions
of two variables, i.e. as depth maps, the patch descriptors produced by many well-known
segmentation algorithms. In the second place, the union of two or more implicit curves
or surfaces can be represented as a single implicit curve or surface, the set of zeros of the
product of the functions which define the individual curves or surfaces

Z(fLYVUZ(f)U---UZ(fn) = Z(f1-fa - fn),

so that groups of curve or surface patches, or eventually a whole object, can be represented
as a subset of a single implicit curve or surface. For example, the union of two cylinders

{z:2l+(zz3-1)2-4=0}U{z: 224 (23+1)2 -4 =0}
shown in figure 3, is the surface defined by the set of zeros of the product

{z:(z3+ (23— 1) —4) (25 + (23 + 1)* = 4) = 0} . (2.1)

Hence, a single fourth degree polynomial can represent a pair of cylinders, and this is
true for arbitrary cylinders, e.g. a pair that do not intersect. This property relaxes the
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Figure 4. Two matching cubic 2D curves, unions of the three straight lines, fitted to the data points
in the dark regions. )

requirements on a segmentation algorithm, and it is very important in regard to the
matching problem, allowing the matching of groups of patches at once.

3. Choosing regions

The high degree algebraic surfaces have much more discriminating power than does an
individual low degree algebraic surface such as a plane or a quadric surface. Two types of
representations are presently under consideration. One is the representation of a collection
of a few low degree algebraic surfaces by a single algebraic surface of higher degree. For
example, representing three planes by the set of zeros of a single third degree polynomial,
the product of the three first degree polynomials, each representing one plane, or a quadric
and a cubic surface by a single fifth degree algebraic surface. The simple low degree
primitive surfaces used are those that can be found with modest computation. Exact

" segmentation is not necessary. Partial occlusion is not a problem; a primitive surface can
be estimated from a portion of the primitive surface data. Once the primitives are found
in the data, groups are then represented by single higher degree algebraic surfaces. Figure
4 shows two examples of this method. The other type of representation are the interest
regions. These are spherical regions in which the data is not well represented by a low
degree algebraic surface, such as first or second degree, but is well approximated by an
algebraic surface of one degree higher. For example, a region occupied by a portion of two
intersecting cylinders would be represented exactly by a fourth degree surface and poorly
by a lower degree surface if enough of the surfaces were sensed. More generally, a fourth
degree surface might capture a chunk of information useful for recognition purposes on a
natural irregular surface such as a face, whereas a lower degree surface might not. Useful
interest regions are those having the stability that the polynomial does not depend on
the exact placement of the sphere specifying the region of data to be used. For this
approach, sphere sizes should be chosen such that most spheres will contain data well
approximated by low degree surfaces, and only a few will require representation by higher
degree surfaces. These higher degree surfaces then contain considerable discriminatory
power for object recognition. Figure 5 shows an example of a planar interest region. In
this way we can deal with the occlusion problem. Note that the members of a group of
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Figure 5. Interest regions, matching quartic 2D curves fitted to-the data points inside the grey circles.

detected patches do not even have to be connected, so that hypotheses of objects and
their positions can be generated from more global information, and this procedure can be

implemented using a voting scheme, such as a generalized Hough transform or geometric
hashing (Ballard, 1981; Lamdan and Wolfson, 1988; Bolle et al., 1989a; Taubin, 1989).

4. Implicit curve and surface fitting

Toward building a recognition and positioning system based on implicit curves and
surfaces, the first problem to deal with is how to fit implicit curves and surfaces to data.
Several methods are well-known for extracting straight line segments (Duda and Hart,
1973), planar patches (Faugeras et al., 1983), quadratic arcs (Paton, 1970a, 1970b; Bigger-
staff, 1972; Albano, 1974; Turner, 1974; Cooper and Yalabik, 1975, 1976; Gnanadesikan,

© 1977; Bookstein, 1979; Sampson, 1982; Forsyth et al., 1990) and quadric surface patches

(Gennery, 1980; Hall et al., 1982; Faugeras et al., 1983; Cernuschi-Frias,.1984; Bolle and
Cooper, 1984, 1986) from 2D edge maps and 3D range images. Some researchers have
also developed methods for fitting algebraic-curve and surface patches of arbitrary degree
(Pratt, 1987; Chen, 1989; Taubin, 1988a, 1988b, 19903.) In thls section we review some
of Taubin’s results.

The first step is to restrict the functions which define the curves or surfaces to a
family parameterized by a finite number of parameters. Let ¢ : R"" — RF be a smooth
function, and let us consider the maps f : R* — 'Rk which can be written as

f(z) = ¢(u,z),

for certain u = (u1,...,u,)?, in which case we will also write f = ¢,, . We will refer to
¥i,..., U, as the parameters and to zq,...,2, as the variables. The family. of all such
maps will be denoted ' :

= {f:3uf=4¢,},

and we will say that ¢ is the parameterization of the family F . The set of zeros Z(f)
of a member £ of F is a 2D curve when n = 2 and k = 1, it is a surface when n = 3
and k =1, and it is a 3D curve when n =3 and k = 2.
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Given a finite set of n-dimensional (n =2 or n = 3) data points D = {p1,...,p.},
we would ideally fit an implicit curve or surface Z(f) to the data set D by computing
the minimizer £ € F of the mean square distance

%Z dist(p;, Z(f))? ' (4.1)
1==1

from the data points to the curve or surface Z(f).

Unfortunately, there is no closed form expression for the distance from a point to a
generic implicit curve or surface, not even for algebraic curves or surfaces, and-iterative
methods are required to compute it. This makes the minimization of (4.1) computation-
ally impractical. In order to solve this problem we replace the real distance from a point
to an implicit curve or surface by a first order approximation. The mean value of this
function on a fixed set of data points is a smooth nonlinear function of the parameters,
and can be locally minimized using well established non-linear least squares techniques.

The distance from a point z € R™ to the set of zeros Z(f) can be computed by direct
methods only if the function f is linear, i.e. a first degree polynomial. In this case the
Jacobian matrix Df(z) is constant, and the following identity is satisfied

f(y) = £(z) + Df(z) - (y—2) .
Note that for a 3D surface or 2D curve, Df(z) = Vf(z)!, and for a 3D curve, Df(z)
is a two row matrix where each row is a transposed gradient vector. The unique point
9 € Z(f) which minimizes the distance ||y — || to z, is given by
§ = «— [Df(2)]'f(z),

where [Df(z)]t is the pseudoinverse (Duda and Hart, 1973; Golub, 1983) of Df(x)
that the square of the distance from z to Z(f) is

dist(z, Z(f))* = f(z)'[Df(z) Df(=)]]~ (=) .
In the general case, where f(z) is not a first degree polynomial, we do not have an
identity, but an approximation ,

dist(z, Z(f))? =~ f(z)'[Df(z) Df(z)"] 'f(z) . (4.2)

For k =1, the case of a 2D curve or 3D surface, the Jacobian has only one row, and
(4.2) reduces to

: f(z)?
dist(z, Z(f))? ~ = . (4.3)
200~ NP
Note that this approximate distance is the value of the function scaled down by the rate

of growth at the point. Due to lack of space, we will continue the development for 2D
curves and 3D surfaces (k = 1), but all the results extend to 3D curves as well.

Now, we will fit curves or surfaces to data points by minimizing the approzimate mean
square distance from the data set D to the set of zeros of f = ¢, € F

2 _ f(pz
Ap(w) = Z NG (44)

This expression can be seen as a sum of squares of smooth functions of the parameters.
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The local minimization of (4.4) is a nonlinear least squares probIér.n;--\‘avhich can be solved
using iterative methods (Dennis and Shnabel, 1973) such as the Levenberg-Marquardt
algorithm (Levenberg, 1944; Marquardt, 1963; Moré et al., 1980).

In related work, Bajcsy and Solina (1987), Solina (1987), and Gross and Boult (1988)
fit superquadrics (Barr, 1981) to data using the Levenberg-Marquardt algorithm. Also,
Ponce and Kriegman (1989) use the Levenberg-Marquardt algorithm for fitting the pro-
jections of the occluding boundaries of algebraic surfaces to 2D. edges.

Since we are interested in the global minimization of (4.4), and we want to avoid a global
search, we present a method to choose a good initial estimate. We will only consider the
linear model here, which corresponds to the case of algebraic curves or surfaces. In the
linear model the maps can be written as g

f(z) = FiXi(z)+ -+ FrXn(z) = FX(2),

where F = (Fy,...,Fy) is a row vector of coefficients, X = (X1,...,Xs)  : R — R?
is a fixed map, and the parameter vector is just u = F! . In order to find a good
initial estimate for the linear model, we replace the performance function. Instead of
the approximate mean square distance (4.4) we use a new approximation, turning the
difficult multimodal optimization problem into a generalized eigenproblem.

There exist certain families of implicit curves or surfaces, such as those which define
straight lines, circles, planes, spheres and cylinders, which have the value of ||Vf(z)||?
constant on Z(f) . In those cases we have

~

Vi(p)l? =1 IV eI

In the linear model, the right hand side of the previous expression reduces to the quotient
of two quadratic functions of the parameters

i i) FMF
i:lllVf(pi)II"’ FNF’

where the matrices M and N are non-negative definite, symmetric, and only functions
of the data points:

f)? G qlf(p.-)z
ZH

(4.5)

q q .
= %Z[X(Pi)X(p;)t] N = %Z[DX(p,-)DX(p,-)t].
i=1 i=1

The new problem, the minimization of (4.5), reduces to a generalized eigenvalue problem,
with the minimizer being the elgenvector correspondmg to the minimum eigenvalue of
the pencil F(M — AN) =

This generalized eigenvector fit can be extended to 3D curves as well, where the solution
is given by the eigenvectors corresponding to the two least eigenvalues. For example,
figure 6 shows the result of fitting an implicit 3D curve, defined by the intersection of
two general quadric surfaces, to the data points using the generalized eigenvector fit
algorithm.

For fitting at modest computational cost, our approach is to use the generalized eigen-
vector fit method first, also in the general case where ||Vf(z)||? is not constant on Z(f),
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(a) (b) (c)

Figure 6. 3D curve fitted to data using the generalized eigenvector fit algorithm. (a) Original curve.
(b) Data generated close to the original curve. (c) Superposition of original curve, generalized
eigenvector fit, and data.

Figure 7. (a) Fourth degree algebraic curve fitted to edge data inside the circular region using the
generalized eigenvector fit algorithm. (b) Improvement after using the previous result as initial value in
the minimization of the approximate mean square distance.

and subject the result to a statistical test. If the test is satisfied, the fitting process stops
here, otherwise the result of the generalized eigenvector fit is used as a starting point
in the local minimization of (4.4). Finally, it is important to mention that the curves or
surfaces computed with the generalized eigenvector fit method are often satisfactory, not
requiring further improvement, and the required computation is modest and practical.

5. Invariants of algebraic curves and surfaces

If 2/ = T(z) is a nonsingular coordinate transformation, Euclidean, affine, or pro-
jective depending on the application, and f(z) is a polynomial, we will denote by
f'(2') the unique polynomial which satisfies the polynomial identity f(z) = f'(z')), i.e.
f(z) = £/(T(x)), or equivalently, f/(2’') = £(T-1(2')) . In this way we can look at both
Z(f") = {«' : £'(2') = 0} and Z(f) = {z : f(z) = 0} as describing the same set of points,
but in the two different coordinate systems. The coefficients of £(z’) can be computed
as functions of the coefficients of f(z) and the parameters of the transformation T(z),
but the applications to object recognition need to solve the inverse problem: the trans-

T T

A S A

ARG i
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formation parameters must be recovered from the two polynomials. Two polynomials f
and £’ of the same degree are called congruent if there exists a coordinate transformation
g’ = T(2) such that f(z) = f'(T(x)). Given two polynomials of the same degree, we
have to decide, by just looking at the coefficients of both polynomials, whether they are
congruent or not. In fact, in order to significantly reduce the computation involved in the
data base search, we only need to be able to check at a low computational cost certain
necessary conditions for congruence. These necessary conditions for congruence have to
be such that only a small subset of the data base will satisfy them. Then, we can check
at a higher computational cost sufficient conditions for congruence on the small subset
of the data base which satisfies the first set of conditions. Also, due to the finiteness of
the database and the numerical and measurement errors involved, we seek approximate
answers. The first step in the classification problem, checking necessary conditions for
congruence, can be solved using invariants, Broadly speaking, an invariant is a function
I(f) of the coefficients of £ which does not change when a coordinate transformation
z' = T(z) is applied, i.e. Z(f) = Z(f'). In our object recognition application, a suffi-
ciently long vector Z(f) = (Z1(f),... Z,(f) )" of invariants will be used. Those elements
of the data base whose invariant vectors are close to the invariant vector corresponding
to the measured polynomial will be considered as candidates to undergo the more ex-
pensive check of sufficient conditions. Also, the invariants can be used to organize the
data base for an efficient search. A rough quantization of invariant space into uniformly
occupied cells can be used to define a hash function which reduces the number of compar-
isons needed to classify a given polynomial f . In this section we introduce techniques for
computing invariants of polynomials at low computational cost. Our methods are based
on reducing the problem of computing invariants of polynomials to the computation of
eigenvalues of certain associated matrices, because very efficient and well understood nu-
merical methods are available for this operation (Smith et al., 1976; Garbow et al., 1977,
Golub and Van Loan, 1983).

5.1. POLYNOMIALS AND FORMS

From now on, polynomials will be written expanded in Taylor series at the origin

f(:l}) = }%FO( ma H _ (51)
o

where the vector of nonnegative integers o = (a1,...,o,)! is a multiindez of size |a| =
a1+ +ap, al = a1l -a,! is a multiindex factorial, Fy, is a coefficient of degree ||,
and 2@ = z{'-.-z5~ is a monomial of degree |a]. There are exactly hqg = ("}47') =
("*¢-1) different multiindices of size d, and so, that many monomials of degree d. A
polynomial of degree d in n variables has hd+ hae1+---+ho = (*}") coeflicients,
as many as a form of the same degree but in n+1 variables. The coefficients of f are
equal to the partial derivatives of order d evaluated at the origin '

et tan g

Fo = v+——5a
oy o
Bz -9z |,
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and only finitely many coefficients are different from zero. A polynomial is homogeneous,
or a form, if all its terms are of the same degree

é(z) = E P (5.2)
|al=d
For example, a fourth degree form in three variables is written as
¢((L‘1, L2, 1‘3) =

1

21 2100 #1  + ¢ Paroziza  + ¢ P@on ziEs o+

3 ®(3,2,0) £33 + 3 ®21,1) 2izazs + § P20, TiEd  + (5.3)
3 ®as0) 212y + 3 Paayy mizdes + 3 B(1,1,0) T12azd +

5 1,03 183 + 55 P(0,4,0) =3 + & Pos1) Thrs  +

%, P(0,2,2) zoxl + ¢ D0,1,3) T223  + 512‘5(0,0,4) 3 .

5.2. INVARIANTS OF POLYNOMIALS AND FORMS

A function Z(¢) of the coefficients of a form ¢ of degree d is a relative invariant of
weight w if for every nonsingular coordinate transformation z’ = Az, we have Z(¢') =
|A|=*Z(¢), where ¢'(z') = ¢(A~'z'). An absolute invariant is an invariant of weight
zero. If Z(¢) is a polynomial function of the coefficients of ¢ we talk about a polynomial
invariant, and of a rational invariant if the function 7 is the ratio of two polynomial
functions. Join invariants of several forms can be defined in a similar way, and in the
Euclidean case, all the invariants are absolute.

The techniques and algorithms presented below provide methods to compute invari-
ants of a form, or join invariants of several forms, with respect to either orthogonal or
homogeneous linear transformations, i.e. coordinate transformations that can be written
as ' = Az, with the matrix A being either orthogonal, or just nonsingular. Although
projective coordinate transformations are defined by linear transformations, affine and
Euclidean coordinate transformations are non-homogeneous. In this section we discuss
methods to reduce the problem of computing affine and Euclidean invariants of polyno-
mials to the computation of orthogonal and linear invariants of certain forms. There are
basically three approaches to this. The first one is to introduce homogeneous coordinates,
and look at the groups of affine and Euclidean transformations as subgroups of the pro-
jective group. Every invariant with respect to the projective group is also invariant with
respect to the affine and Euclidean subgroups. However, these are not all. The second
approach is based on the observation that when an affine coordinate transformaition is
applied, the terms of higher degree of a polynomial, the leading form, are independent
of the translation part. The third approach is to use a covariant vector, a vector whose
coordinates are known in every coordinate system, as the coordinate system origin, to
reduce the problem of computing affine or Euclidean invariants of a polynomial to the
computation of join linear or orthogonal invariants of a finite number of forms.

By introducing homogeneous coordinates, every curve or surface described in Fuclidean
space by a polynomial in n. variables, can be described in projective space by an asso-
ciated homogeneous polynomial in n + 1 variables. If ¢(xo,...,z,) is a form of degree
d in n + 1 variables, and "f(v1,:..,v,) is a regular polynomial of degree < d in n
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variables, the one-to-one correspondence is given by

d(zo,...,2a) = x§ f@1/20,...,2n/20)

f(vl,...,vn) = ¢(1,v1,...,v,.).
In other words, every polynomial in n variables is the restriction of a form in n+1
variables to the hyperplane {z : zp = 1}, and every form in n+1 variables is totally
determined by its restriction to this hyperplane. A projective transformation can be writ-
ten as a homogeneous linear transformation =’ = Az on the homogeneous coordinates
of a point. Every nonsingular matrix A defines a projective transformation, but the
correspondence is not one-to-one. Two nonsingular matrices A and B define the same
projective transformation if A = AB for certain constant A # 0. If v = Av+b is an
affine coordinate transformation, the corresponding projective transformation is given by

1:'—10:1:
=1y 4)%-

Given a point y € R", every'polynomial f of degree d can be written as a sum of
forms ‘ '

d
f(z) = ) fulz+9),
k=0

where fi(z) is a form of degree k, and f; is not identically zero. This representation is
unique, provided that y is kept fixed. Using a counting argument on the degrees of the
terms, it is not difficult to see that the form of degree d, the leading form, is independent
of y, so that every invariant of f; with respect to linear or orthogonal transformations
z’ = Az is an invariant of f with respect to affine or Euclidean transformations.

Also, if &' = Az + b is an affine or Euclidean coordinate transformation, and y' =
Ay + b, we can rewrite the coordinate transformation as z' —y’ = A(z — y). That is, if
we know beforehand the coordinates of a point in both coordinates systems, we can just
consider homogeneous linear transformations, by restricting the coordinate systems to
those with the origin at the known point. In this way the problem of computing affine or
Euclidean invariants of the polynomial f can be reduced to computinh join invariants
of the forms fy,..., fd¢ with respect to linear or orthogonal transformations z’ = Az.
We just need to find a vector function y; = y(f) of the coefficients of f such that
if ' = Az + b is an affine or Euclidean transformation, and f'(z) = f(A~!(2' — b))
is the polynomial which describes the zeros of f in the new coordinate system, then
ypr = A(ys +b). Such a function is a particular case of what is classically called a
covariant vector of weight zero. We will show how to compute such a covariant vector in
the Euclidean case.

In the affine case, an alternative is to compute the vectors y and y’ from the data sets
used to estimate the coefficients of the polynomials, and estimate the coefficients with
the origin at that point. In this way we do not have to recompute the coeflicients with
respect to the center. For example, the centroids are good candidates, Other features
such as high curvature points, or intersections points of lower degree curves or surfaces,
can also be used, depending on the application.
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5.3. COEFFICIENTS AND LINEAR TRANSFORMATIONS

Let ¢(z) be a quadratic form in three variables
¢

zy 1 { % Q20,00 P1,1,00 ®1,0,0) z]
Chl e ]| = 5| 22 D(1,1,00 Po,2,00 ®o,1,1) Ty
3 3 P01 P11 P02/ \#3

If we denote the 3x3 square matrix ®py 1], we can write it just as ¢(z) = %:c‘(I)[l’l]:c. If
z’ = Az is a linear transformation, and ¢'(2’) = ¢(A~12') = %x"d)fl’l]x', the two ma-
trices of coefficients are related by the formula ‘I>E1,1] =A"? D11 A1, which reduces to
<I>f1,1] = A®,1) At if the matrix A is orthogonal. In general, for A nonsingular we have
|®p,ql = |A|‘2|<I>f1’1]] , and for A orthogonal it is well-known that the coefficients of the
characteristic polynomial x(A) = det(AI — ®py,1]) are orthogonal invariants of the form
¢ . Equivalently, the three eigenvalues of the matrix, the roots of x(A) are orthogonal
invariants. Let ¢(z) = 12'®p,y2 and (z) = 32'¥[; 13z be two nonsingular quadratic
forms in three variables. They describe planar conics in homogeneous coordinates. It is
also well- known that trace(q)[l,l]\ll['l,lll) and det(<I>[1,1]\Il[_1’11]) are join rational (ratio of
two polynomials) projective invariants of the two forms. In fact, these invariants are just
two of the coefficients of the characteristic polynomial x(A) = det(AI — <I>[1,1]\II['1’11]),
and all the coefficients of x(A) are join linear invariants of the two forms. Equiva-
lently, the three eigenvalues of the matrix <I>[1,1]\Il[“1,11] are join invariants of the two
forms. Finally, this construction can be extended to all the pairs of quadratic forms, not
only the nonsingular ones; instead of considering the eigenvalues of <I>[1,1]\Il[_1,11] , consider

the generalized eigenvalues of the pair of matrices, the values of (A,v) # 0 such that
det(A®p, 1) + v ¥p1,17) = 0.

We will show how to generalize the preceding constructions to higher degrees. That
is, we will show how to compute orthogonal and linear invariants of one or more forms
by reducing the problem to the computation of eigenvalues or generalized eigenvalues
of certain matrices of coefficients. But in order to do so, we first have to introduce the
proper terminology and establish certain basic properties.

* Multiindices can be linearly ordered in many different ways. We will only use the
(inverse) lezicographical order, but the same results can be obtained using other orders.
If « and § are two multiindices of the same size, we say that a precedes §, and write
a < B if, for the first index k such that «; differs from By, we have aj > By . For
example, for multiindices of size 2 in three variables, the lexicographical order is

(2,0,0) < (1,1,0) < (1,0,1) < (0,2,0) < (0,1,1) < (0,0,2) .

If o and B are multiindices of different sizes, and the size of « is less than the size of
B, we also say that « precedes f, and write a < 3.

The set of monomials {z*/va! : |a| = d} of degree d lexicographically ordered,
define a vector of dimension hg, which we will denote Xq)(z). For example,
Xpp)(21,22) = (71‘51'? %-”’%"32 %aﬁm% ,VIgmg)t .

For every pair of nonnegative integers (j, k), we will denote X[ kj(x) the h; xhy ma-
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trix Xpj)(2)Xfpy(x) - That is, X[jkj(x) is the matrix defined by the set of monomials
{8/ /T B! . |a| = j, |Bl = k} of degree d = j + k, lexicographically ordered

according to two multiindices. For example,

X[2,2]($1, T2, 333) =

3} 71-5 z3z, 71-2- 3z 3 2iz} 715 :p%:z:g:v;; 1 z}x3
715 1:51’1;2 32%12% 17%.’1;‘21‘3 75 £L‘1.’L‘g :cla:%z'g 715 1)11,'212?}
% zdzs izazs  zial \/Li z1zdzs  TiT22l —1-2~ z 23

% z3z2 v 2123 71-2- zizizs % z3 7 xSz -;— z2zl
715 zlzozs  zizizy  T1T2d 715 323 zizl 715 2223

3 z}x} 715 z12273 71-2- z173 3 z323 715 zo23 124

Consistently with this notation, the vector { ®,/Va! : |a| = d} of coefficients of ¢
will be denoted ®(q). In this way, a form ¢ of degree d can be written in vector form
é(z) = ‘I)fd]X[d](iU) . ~ (5.4)
Also, for every pair of integers, (j,k) such that j+ k = d, the set of coefficients

{ /o Bt < Lol =181 =k }

lexicographically ordered in both indices, defines an h; x by matrix which we will denote
@y )(x) . For example, for the fourth degree form in three variables (5.3) we have

12400 7260 HPeon 3220 7HPeLn 3802
#2610 220 Pern 52050 Paen 750012
7260y %ean  Peoy %y Paay 52009

()] =
122 12020 7280 7

%2 52040 %0810 39022
715‘3(2,1,1) Q(1,2,1) Q(1,1,2) \/—1:2*‘1’(0,3,1) P(0,2,2), 715“1’(0,1,3)
31902 7% BP0 3%022 HPorn 3P004)

These matrices of coefficients let us rewrite forms as quadratics in the monomials of lower
degrees, generalizing what we usually do for quadratic forms. Although the result will
not be used in this paper, for completeness we enunciate FEuler’s theorem, but we omit
the proof. For j =1 the proof can be found in Walker (1950), and general case in Taubin
(1991).

LEmMMA 5.1. (EULER’S THEOREM) For every form ¢ of degree d = j+k, we have
(o) = Xpin(e)' @p,0 X (=) -

If ' = Az is a nonsingular linear transformation, for every form (z), the polyno-
mial ¥(Az) is a form of the same degree. In particular, every component of the vector
X(q(Az) can be written in a unique way as a linear combination of the elements of
X[q (=), or in matrix form

Xiag(Az) = AgXp(2) ,
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where Apqg is a nonsingular hq x hg matrix. We will call the map A — Ay the d-th
degree representation, and the matrix Ay the k-th degree representation mairiz of A.
Furthermore,

LEMMA 5.2, The map A Alq satisfies the following properties :

1 It defines a faithful linear representation (¢ 1 — 1 homomorphism of groups) of the
group of nonsingular nXxn matrices GL(n) into the group of nonsingular hgxhg
matrices GL(hq). That is, for every pair of nonsingular mairices A, B, we have
(a): (AB)g = Aja)Biq) (preserves products), (b): if Alq) = Blq), then A= B (is
one to one), the malriz Alq) is nonsingular, and (c): (Aygq)” =AY -

2 Il preserves {ransposition, i.e. for every nonsingular matriz A, we have (A’)[d] =
(A[d])‘ In particular, if A is symmetric, positive definite, or orthogonal so0 is Aq .

3 If A is lower triangular, so is A . In parlicular, if A is dzagonal 50 1s Alq .

4 The determinant of Ay is equal to |A|™, with m = s B

n-1

PROOF. This is:a well-known result in the theory of representations of Lie groups (Brock-
ett, 1973), but for completeness, we include an elementary proof in the appendix. a

Now we can establish the relations between the vectors and matrices of coefficients
corresponding to congruent forms. The representation matrices play a central role.

LEMMA 5.3. If ¢(z) is a form of degree d, &' = Az a nonsingular coordinate transfor-
mation, ¢'(z') = #(A~1a’) is the form which describes the same curve or surface in the
new coordinate system, and j, k are lwo nonnegalive iniegers such that j+k =d, then

iy = A g -
In particular, <I>Ed] = A[}f@[d] .
PROOF. In the appendix. ]
In the particular case of orthogonal matrices, we have
CoOROLLARY 5.1. With the same hypothesis of lemma 5.8. If the mairiz A is orthogonal

ey = A2k Af -
In particular, <I>Ed] = Aiq®[q -

Now we have all the elements to start computing invariants of forms.
5.4. COMPUTATION OF LINEAR INVARIANTS

Our first method involves the computation of determinants. It is not very useful by
itself, but it will provide the basis to derive more complex invariants.

LEMMA 5.4. Let ¢ be a form of even degree d = 2k. Then, the determinant |Qy | is

a linear invariant of weight w = 2(""'3_1) . In particular, il is an absolute orthogonal
tnvariant,
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Proor. If 2’ = Az is a coordinate transformation, from lemma 5.3 we have @fk’k] =
A['k}‘b[k,k]A[;]l , and taking determinants on both sides |<I>Ek’k]| = |Ap|~%|®p 1. But
from lemma 5.2, |Ap;| = |A|™, with m = (n+:—1) ) 0

The second method is a consequence of the previous one. It applies to pairs of forms
of the same degree under nonsingular linear transformations.

COROLLARY 5.2. Let ¢ and 1 be two forms of even degree d = 2k. Then, the coeffi-
cients of the homogeneous polynomial of two variables £(01,02) = |61 ®p k) + 02V 1y,
are join rational invariants of the pair of forms. Equivalenily, the generalized eigenvalues
of the pair of square matrices are absolute invariants of the pair of forms. In particular,
if the matriz Yz is nonsingular, then the eigenvalues of the malriz Q[k,k]\ll[;’lk] are
absolute invariants of the pair.

ProoF. Let 2’ = Az be a coordinate transformation, and let ¢'(61,02) =
1019, 57 + 029 1) | . For each fixed value of (61,02) # 0, let us consider the new form
016(z) + 6299(z) of degree d. If we apply lemma 5.4 to this form, we obtain

£I(01) 02) = IA|_2m€(01 ) 92)

Since this is true for every value of (01,03) # 0, it is a polynomial identity, and so the
coefficients of |A|72™¢ and ¢’ corresponding to the same powers 0’ ‘9” coincide, i.e.
the coefficients of € are relative invariants of weight 2m. The homogeneous polynomial
¢ of degree hp has exactly hy roots in the projective line. These are the generalized
eigenvalues of the pair of matrices Oz x) and Y 4. Since & = |A|~2™¢, they are clearly
independent of coordinate transformations, and so, absolute invariants of the pair. O

The previous result can be extended, with basically the same proof, to Jom absolute
invariants of many forms. We state the results without proofs,

COROLLARY 5.3. Let ¢1,...,¢, be forms of even degree d = 2k . Then, the coefficients
of the homogeneous polynomial of r variables £(0y,...,0;) = |01 Py i)t 0, Yok 1y
are join rational invarianis of the forms.

COROLLARY 5.4. If ¢1,%1:..,¢r,%, are forms of even degree d = 2k, and the mairices
Yitk,k] - - -» Yolk,k) are nonsingular, then the eigenvalues of the matriz

VRS SYRRERL IS\ e

are absolute join invariants.

If ¢ and ¢ are not forms of even degree, we can apply the construction of corollary
5.2 to their squares ¢2 and 2. This is particularly interesting, even for forms of even
degree, because the number of invariants obtained is equal to the numbei of coefficients.
More generally, if ¢ is a form of degree di, and ¢ is a form of degree dy # d; , we
can apply corollary 5.2 to ¢(4/91) and (4/42)  where d is equal to twice the minimum
common multiple of d; and d;. Clearly, this method can also be applied to the cases of
many forms. However, in these cases we have the extra computational cost of ‘evaluating
the powers of the forms using symbolic methods. If the exponents are not too large, then
this is also a practical way to obtain more invariants.
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5.5. COVARIANT AND CONTRAVARIANT MATRICES

Clearly the methods introduced in the previous section are only based on the properties
of the representation matrices and the relations between matrices of coefficients of forms
in different coordinate systems. In general a matrix Cj; x} whose components are functions
of one or more forms ¢,,..., not necessarily of the same degrees, and such that

CU,k](¢,) "»bl; .. ) = A[;]t CU,k](¢) ¢1 ) A[k]

will be called a covariant matriz, and will be briefly denoted Cj; 1}, while the same ma-
trix function evaluated in a different coordinate system Cp;1)(¢',%',...) will be denoted
C; x] - Note that {Cla,q) | defines a new relative invariant of weight —2m.

If the matrix Cj; ) satisfies _

| Cliy = Au) Gk Afy

instead, it will be called a contravariant mairiz, and if it satisfies
Chmy = Aui) Cin Al

it will be called left coniravariant and rzght covariant, with a similar deﬁmtlon for matri-
ces which are left covariant and right coniravariant. Clearly, the determinant of a square
covariant matrix Ciq 4 is a relative invariant of weight 2m, and the eigenvalues of a
square left covariant and right contravariant matrix are absolute invariants.

The simplest example of a square contravariant matrix, is <I>[’"11d] , which is generally
well defined, unless the matrix @y 4 is singular. We have already encountered examples
of matrices which are left covariant and right contravariant : ba, d]\I![ 4

5.6. COMPUTATION OF ORTHOGONAL INVARIANTS

If the coordinate transformations are restricted to Euclidean transformations, i.e. the
matrix A is orthogonal, the four kinds of matrices defined above coincide, and we only
talk about covariant matrices. That is, since Apg) is orthogonal when A is orthogonal,
a matrix Cjj ) is covariant with respect to orthogonal transformations if it satisfies

Chixy = A Cuim Al -

If Cjj x) is also square, with J =k= d then its hy eigenvalues are orthogonal invariants,
because in this case the matrix Cjg,q) — 01 is also covariant for every value of ¢, and so
the coefficients, or equlvalently the roots, of the characteristic polynomial |Cigq — 611,
are invariants. In particular

COROLLARY 5.5. Let ¢ be a form of even degree d = 2k. Then, the coefficients of the
characteristic polynomial I‘I’[k,k] — 01| are orthogonal invariants, or equivalently, the
eigenvalues of the square matriz @ ) are orthogonal invariants.

Note that, from the computational point of view, computing eigenvalues is much less
expensive than expanding the determinants needed to obtain the coefficients of the char-




_ 2D and 3D Object Recognition and Positioning with Algebraic Invariants and Covariants 165

acteristic polynomials, and computing eigenvalues requires in the order of n® operations,
where n is the size of the square matrices involved.

In the orthogonal case we can also define a norm in the vector space of forms of degree
d which is invariant under orthogonal transformations. This norm will be used later to
define the Euclidean center of a polynomial.

LEMMA 5.5. Let ¢(:c) = Qfd]X[d](:c) be a form of degreéd. Then,
6l = @{ada = D> 522
o -

is an orthogonal invariant of ¢.

PROOF. If 2/ = Az is an orthogonal transformation, and ¢’ (z') = ¢(x) is the corre-
sponding form in the new coordinate system, then ‘I>[ a [ q = = d]A[ d]A[d]‘I’[d] P dlq)[d]
because A[q) is orthogonal.

With respect to join orthogonal invariants of two or more forms, we also have a stronger
result.

LEMMA 5.6. Let ¢ and 1 be two forms of degree d = j+k, then the eigenvalues of the
square matriz ®p, ;¥ k) are join orthogonal invariants of the pair.

Proor. It is sufficient to note that, if @' = Az is a coordinate transformation, then
®,51¥(;,%) is a covariant matrix :

1Yl = (A[kl‘l’[k,ﬂAb]) (Am‘I’Lf,klAfkl) = Ap (P, 11%5,01) Alyy »

because A[;] is orthogonal. ' : |

The previous result has the obvious extension to join invariants of three or more forms,
-but we leave it to the reader. Also, we can apply the previous lemma to only one form.
That is, we take ¥ = ¢, and the eigenvalues of the covariant matrix @ ;1®p;r} are
' orthogonal invariants of the form ¢. We will use this construction in’ the definition of
the intrinsic Euclidean orientation of a polynomial, in section 8.

A last technique to compute join invariants is based on combining several matrices
of coefficients to build block matrices. The idea behind it is basically the same as in
the previous cases, but with a little twist. Let’s explain it for just three forms The
construction can be generahzed very easily to more forms

LEMMA 5.7. Let ¢(z), ¥(x) and £(z) be three forms of degrees 24y j+k and 2k respec-
tively. Then, the eigenvalues of the block matriz

<‘I’u,j1 E’u,kl)
Yikg) Eik,b)
are join orthogonal invariants of the three forms,

PRrOOF.. Just look at the transformation rules of the block matrix

, lock- t
(‘I’fm] bH) - (Am 0 )(‘I’U,ﬂ f{m) (Am 0 )
Vg1 Siep 0 Aw) \¥wa1 Epp/ \ 0. Ay
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note that the block matrix function of the orthogonal matrix A is also orthogonal. O

Note that, from the computational point of view, computing eigenvalues is much less
expensive than expanding the determinants needed to obtain the coefficients of the char-
acteristic polynomials, and computing eigenvalues require in the order of n® operations,
where n is here the size of the square matrices involved.

6. Brief historical remarks on invariant theory

By the middle of the nineteenth century it was known that, if in the quadratic form
$(z1,22) = 1D2002% + ‘3(1;1)1:1:62 + 38(0,2)23

we make a homogeneous change of variables 2’ = Az, where A is a nonsingular 2 x 2
matrix, we obtain a new quadratic form

¢'(21,2) = 39,021 4 B{y,1)%125 + 5%(o, 2)-"*'122 )

and the function Z(¢) = ®(2,0®(0,2) — (1’1) of the coefficients of the form ¢ satisfies

the following identity Z(¢') = |A|~2Z($), where |A| is the determinant of the matrix
A, ie. I(¢) is a relative invariant of weight 2 (see Dieudonné, 1971; Dieudonné and
Carrell, 1971).

The classical invariant theory of algebraic forms was developed in the nineteenth cen-
tury by Boole (1841, 1842), Cayley (1845, 1889), Clebsh (1872), Gordan (1887), Hilbert
(1890, 1893), Sylvester (1904), Grace and Young (1903), Elliot (1913) and others (Salmon,
1866; Dickson, 1914), to solve the problem of classification of projective algebraic vari-
eties, i.e. sets of common zeros of several homogeneous polynomials. In this century,
the main contributions have been by Weyl (1939), Mumford (1965) and others (Gure-
vich, 1964; Springer, 1977). The projective coordinate transformations define a relation
of equivalerice in the family of algebraic varieties, with two varieties being equivalent
if one of them can be transformed into the other by a projective transformation. The
classical approach to the classification problem, as for example the classification of pla-
nar algebraic curves defined by a single form ¢(z) of degree d in three variables, is
to find a set of relative or absolute invariants, {Z1(¢),Z2(¢),...} whose values deter-
mine the class that the form belongs to. One naturally tries to find a minimal family,
and Hilbert (Hilbert, 1890, 1893; Ackerman, 1978) proved that there exist a finite num-
ber of polynomial invariants, a fundamental system of invariants, such that every other
polynomial invariant is equal to an algebraic combination of the members of the funda-
mental system. But Hilbert’s proof is not constructive, and the problem is then, how to
compute a fundamental system of polynomial invariants. Algorithms exist, such as the
Straightening Algorithm (Rota and Sturmfels, 1989), which is the implementation of the
symbolic method of the german school, but they are computationally expensive (White,
1989). It is important to emphasize that, although the symbolic method reduces the
computation of all the polynomial invariants of one or more forms to the combinatorial
problem of listing all the multilinear invariants of many vectors, the evaluation of the
symbolic expressions is computationally much more expensive than the methods based
- on eigenvalues introduced in this paper. For example, the. symbolic expression for the
characteristic polynomial of a matrix, as a polynomial in the entries of the matrix, has
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n! terms, but computing the eigenvalues of the same matrix only requires in the order
of n3 operations. A detailed description of the symbolic method, using current notation
and terminology, can be found in Weyl (1939) and Dieudonné (1971). For the complexity
of matrix computations see Golub and Van Loan (1983). For a more detailed article on
the history of invariant theory, see Parshall (1990). ’

7. Intrinsic Euclidean center

Our definition of the intrinsic Euclidean center, or just the center; of a 2D curve or
3D surface of degree d > 2 is a generalization to d > 2 of the well-known case of a
nonsingular quadratic curve or surface. We write the polynomial f of degree d as a sum
of forms

d
f) = Y fu(x),
k=0

where fi is a form of degree k, and f3 # 0 . For example, a quadratic polynomial of
two variables can be written as

f(=) fa(z) + fi(=) + fo (7.1)
[3F2,0) %3 + Fa,1) 2122 + 3 F0,2) %3] + [Fa,0) 21 + Flo,1)®a] + [Flo,0)].
For every fixed space vector y, the polynomial g(z) = f(z + y), as a polynomial in z,

has exactly the same degree d, and so it can also be written in a unique way as a sum
of forms

d
fle+y) = 9(=) = > al2),

where the coefficients of the homogeneous polynomial g; are polynomials of degree d—k
in y. Particularly, the term of degree d is invariant under translation

gd = fd ’
and the term of degree d — 1 is given by

n

dfa
= t = =,
ga-1 = fa-1+ Yy Vfa fd—1+i§=1 Yi 5y

1
In the example of the quadratic polynomial of two variables (7.1), we have
gi(z1,22) = [Fa,0+ Feon + Fanyelz+ [Foy+ Fa,ny + Fo2)ye] 22

We define the center of f as the vector y which minimizes the invariant norm (see
Lemma 5.5 above) of the homogeneous polynomial g4_1

fa—1 + ' VSall?,

a least squares problem, which has a unique solution if the vectors of coefficients of the
partial derivatives of the term of degree d, the homogeneous polynomials

0fa  Ofa

dz,'" " Oz,
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are linearly independent. In the example of the quadratic polynomial in two variables,
we have '
g1l = [Fi,0)+ Fooym + Fa,1yv2)? + [Fo) + Fa,ny v + Fo,zy v2]?

which yields the value zero at the point

5 _1 :
(yl) - (F<z.o) F(m)) (F(l,o)) (72)
_ Y2 Fany Foz) Fo,1)
when the 2 x 2 matrix in the right side is nonsingular.
Using the matrix formulation of previous sections, if fx(z) = F[‘k]X[k](:c) for k =

0,1,...,d, it is not difficult to see that Dfs(z) = Fiq-1,1)X[a-1j(x). It follows that
9a-1(2) = [Fla-1) + Fla-1,9] , and so

Nga-1l® = ||F[d_1]+F[d-1,1]y||2 ‘

where the norm on the right side is the ‘Euclidean norm. The conditions for unique
minimizer is now a rank constraint on the matrix Fla—1,1) which has to be full rank,
or equivalently Fjj 4_1)F(a—1,1} has to be nonsingular. In general, the center of f(z) is
given explicitly by the following formula

y= —F[ti—l,l]F[d—I]’

where F[L_m] is the pseudoinverse of Fig_y 17, which, if the condition for single solution
is satisfied, is equal to

[Fi,a-1Fla-1,0] ™" Fiaa-1) -

Finally, we show that the intrinsic Euclidean center of a polynomial is a covariant
vector.

LEMMA T7.1. Let f(z) be a polynomial of degree d, &' = Az+b an Euclidean coordinate
transformation, f'(z') = f(A'(2' —-9)), y= _F[L—I,I]F[d—ll and ¥ = _.F[g—1,1]F['d—1]'
Then y = Ay+b.

The intrinsic Euclidean center can also be defined when the partial derivatives of fy
are not linearly independent, but due to lack of space we will omit the description of
such extension.

8. Intrinsic Euclidean orientation

The intrinsic Euclidean orientation of a 2D curve or 3D surface can be defined in several
ways, all of them based on the fact that a symmetric matrix with nonrepeated eigenvalues
has an associated set of eigenvectors, thus generating 2" different orthogonal coordinate
systems having unit vectors'in the directions of these eigenvectors. In the example of the
quadratic polynomial of two variables, the eigenvectors of the matrix

F(3,0) F(m)) ' | 8.1
<F(1,1) Fo,2) (®1)
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define the orientation of the polynomial, if its eigenvalues are not repeated.

For a polynomial f =z:=0 fr of degree d, we consider the symmetric n x n matrix
[F[l,d—l]F[d—l,l]] defined by the coefficients of the form of degree d. In the case of the
quadratic polynomial of two variables, it is the square of (8.1), which has the same
eigenvectors, if its eigenvalues are not repeated. If the matrix [F[l,d—l]F[d—l,l]] has all
different eigenvalues, we define the intrinsic Euclidean orientation of f as the orientation
induced by the eigenvectors of [F[l,d— 1]F[d_1'1]] . Then, in order to disambiguate among
the 2" different frames of reference, we will find the location of certain fixed points,
other than the center. Every nonzero component of a fixed point can be used to chose
the orientation of the corresponding axis. If the matrix has repeated eigenvalues, we will
have to use information provided by the other homogeneous terms of f. In general, we
can consider the eigenvectors of the n x n matrix

d
Zka[l,k]F[k,l] (82)
k=1
where wi,...,wq are fixed constants, chosen to minimize the likelihood of repeated
elgenvalues among the family of expected curves or surfaces, where the polynomial f=
Ek —o Jr is assumed to have been previously centered. For every value of wi,...,wq,
the n eigenvalues of (8.2) are Euclidean invariants of the polynomial f, and although
they are not sufficient to differentiate between any two polynomials of the same degree,
they can be used as the first step towards the classification of f.

The invariance of the intrinsic Euclidean orientation of a polynomial follows easily from
the transformation properties of the covariance matrices of coefficients, and we omit the
proof.

We have defined the intrinsic Euclidean orientation for a d-th degree algebraic 2D
curve or 3D surface, solely in terms of the coefficients of its d-th degree monomials. Is
this a stable representation ? This representation should be stable for two reasons. First,
the coeflicients of the highest degree monomials are significant in the polynomials that
we use. They are significant for the interest regions because lower degree polynomials
do not fit the data well there. They are significant when each polynomial is a product
of a group of low degree polynomials that we use because, again, a single lower degree
polynomial would not fit a group of surfaces involved. Second, the regions chosen to be
interest regions are those for which the representative polynomials are not sensitive to
small changes in the region used. The groups of low degree polynomial surfaces that we
use are those that can be easily found, that is, for which the segmentation is very stable,
even in the presence of partial occlusion.

9. Intrinsic Euclidean center and orientation of a 3D curve

An algebraic curve has been defined as the set of zeros of a vector f(z) = (f(), g(z))*
of polynomials of degree < d, with at least one of the two components of degree d. We
can decompose the polynomials as sums of forms

d
=) fi ad g=) g,
i=0 1
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and without loss of generality, we will assume that the degree of f is d, and the two
forms of higher degree, f4 and g4, are orthogonal with respect to the invariant inner
product of forms of degree d. Otherwise, we can replace the two polynomials by two
independent linear combinations of them

' = Mif+ oy
g = Aaf+Arng

which satisfy this condition. This transformation does not change the curve or surface.
If the degree of ¢ is less than d, we define the center of the curve as the center of the
surface associated with f.

If both f and g are polynomials of the same degree d, by using the same argument
as above, we can assume that the invariant norms of f; and g4 are both equal to 1.
In this case we define the center as the point y which minimizes the sum of the square
norms of the two forms of degree d — 1 of the translated polynomials, the quadratic

| Fla—1) + Fia-1,q 9l + || Gla—3 + Gla-1,9l* ,
which can also i)e written as
| Hia~1) + Hia—1,179}I?

where, for each pair of nonnegative integers j and k, the matrix Hy; ;) is constructed
by concatenating the corresponding matrices of coefficients of f and g

Fe
o = [ il ) ,
Ut (G[j,k]
and we also write H[) instead of HJ; o). Finally, the solution is given by
— )
y = "H[d—l,uH[d—l] .
when [H[l,d_ 1)H{a-1,17] is nonsingular, and can be extended to the singular case as well.

The intrinsic Buclidean orientation of an algebraic 3D curve can be defined in the
same way, but using the matrices H[; ) defined above, instead of the matrices Fj; .

It can be proved that both the intrinsic center and orientation of a 3D curve defined
in this way are independent of the coordinate system, but we omit the proof due to lack
of space. '

10. A Remark on algebraic curve and surface fitting

£

Since the homogeneous term fg of highest degree of a polynomial f = Zi:o fi of
degree d is invariant under translations, the invariant norm of f; is an Euclidean invariant
of the polynomial f. This invariant can be used as a constraint for fitting an algebraic
surface or 2D to a data set D = {p1,...,pq}, by minimizing the mean square error

13
- .\]2
q i§=1: |l
constrained by

Ifall* = 1.
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Figure 8. Fourth degree algebraic curve fits.

Since this constraint is invariant under Euclidean transformations, the curve or surface
defined by the minimizer of the problem is independent of the coordinate system. Book-
stein (1979) introduced the constraint '

1 1
Il = §F(22,0)+F(21,1)+ §F(%,2)’

for fitting conics to planar data sets following this method, and Cernuschi-Frias (1984)
derived the constraint

, 1 1 1
||f2||2 = §F(‘22,0,0) + F(21,1,0) + F(21,0,1) + §F(20,2,0) + F(20,1,1) + §F(20,0,2) :
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© | | @

Figure 9. Intrinsic coordinate systems corresponding to the curves in figure 8.

for fitting quadric surfaces to three dimensional data sets. The problem with this approach
to algebraic curve and surface fitting is that, in general, the mean square error is a very
biased approximation of the mean square distance from the data points to the set of zeros
of f.The curve or surface defined by the solution of this minimization problem, although
invariant, fails to represent the data near singular points. The methods described in
section 4 produce better results.
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Table 1. Invariant vectors corresponding to the curves in figure 8.

(a) 3.04
(b) 2.98
(c) 3.93
(d) 3.95
(e) 4.03
(f) 5.64
(&) 6.27
(h) 5.92
) 5.4

9.31
9.33
8.97
8.96
8,92
8.00
7.52
7.80
8.33

-2.49
-2.59
-3.76
-3.76
-3.90
-6.24
-7.07
-6.55
-5.58

3.42
3.17
3.82
3.89
3.87
-4.06
-4.28
-4.25
-4.21

11.22
11.27
10.73

10.70 ~

10.66
9.40
- 8.69
9.10
9.74

Table 2. Distance matrix among invariant vectors corresponding to the curves in

figure 8.

@@ ) () (@ (o ) (g {m (@
(a) 0 3 17 17 19 90 100 95 87
(b) 3 0 18 18 20 8 98 93 85
(¢) 17 18 o0 1 2 8 94 90 84
(d 17 18 1 0 2 8 95 91 85
(e) 19 20 2 2 0 86 93 90 84
(f) 90 8 8 8 8 0 14 6 10
() 100 98 94 95 93 14 0 8 23
(h) 95 93 90 91 90 6 8 0 15
(i) 87 85 84 85 84 10 23 15 0

11, Examples

Figure 8 shows nine fourth degree 2D curves fitted to the data inside the grey circles
using the methods described in section 4. .

Multiplying by the proper constants, we normalize the polynomials such that the
Euclidean norm of their leading form be equal to one. If we write the leading form as

1 1 1 1 1
Ja(zy,22) = ﬂF(‘l,O)x? + EF(3,1)2?$2 + ZF(z,z)mf:v% + EF(1,3)$1£3 + ﬁF(oA)mg )

then its Euclidean norm is

1
fall® =

2
it t

1

Then we construct the matrices of coefficients

F _ (71§F(4-0) VIEF(&I) 71‘2‘F(2,2) ;713F(1,3)
1,3 = 1

ZFen HFen fFas

and

a0 ZHFen

Fla9 =

LLCED

1
2F(2,2)

L

ﬁF(1»3)

1

VL)

3Feo
Fapy 5Fs)
3F(0,4)

1 1 1
2 2 2 2
sl t 7 eyt gFas + 57500 -

)
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() : (b) (c)
Figure 10. Fourth degree algebraic surfaces.

Table 3. Invariants corresponding to the surfaces in figure 10. Eigenvalues of the
matrix Fiz .

(a) -.6600 -.6600 .7542 .7542  .8166 1.8233
(b) -1775 .0000 .0000 .5324 1.0575 2.1370
(c) -.1808 .0000 .0000 .5262 1.0240 2.1334

For each one of the nine curves, we computed nine invariants of the leading forms. These
vectors of invariants are shown in table 1.

The first two invariants are the square roots of the two eigenvalues of the symmetric
positive definite 2x2 matrix Fjy 31F(3,13 = 1,315 1 1,3 and the last three invariants are
the three elgenvalues of the symmetric 2x2 matrix F3,2)- The reason for taking the
square roots is to maintain the five numbers within the same range, because‘ 1 31F3,1
is a quadratic function of the coefficients, while F3 ) is linear. The distances among
the vectors of invariants, multiplied by ten and rounded to the closest integer, are shown
in table 2. We can see in this table that these invariants very clearly separate the two
classes.

Figure 9 shows the intrinsic coordinate systems corresponding to the same curves.
Since the leading forms are nonsingular, the centers are given by

!

y = —Fhuyflg = ~Fig [Fu,alFﬁ,sl} Fay

where Fig) is the vector of coefficients of the third degree form

1 1 1 1 t
Fa) = (Feo pfen z#Fay 7Fos)
The intrinsic Euclidean orientation are determined by the eigenvectors of the matrix
F1,3)F(3,1) - Since the two eigenvalues of these matrices are well separated in the nine

cases, the determination of the intrinsic Euclidean orientation based on these matrices is
accurate.

Finally, figure 10 shows three fourth degree algebraic surfaces. The first surface, which
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is the same one shown in figure 2, is defined by the polynomial a:l -3 (:L'2 + x3)+
(z3+23)? —1. The second surface is defined by the polynomial :c1+21:2—2a: 22244251,
The third surface was obtained from the second one through an orthogonal coordinate
transformation, and so, should have the same invariants. This can be seen in table 2. The
invariants shown in that table are the six eigenvalues of the matrices Fla,3] constructed
with the coefficients of the leading forms.
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Appendix: Proofs

ProoF. (Lemma 5.2) The multinomial formula is
Frtote)t = o defta = 3 gt
. la|=d la|=d

Let z and y be two n-dimensional vectors, and let us consider the multinomial expansion
of the d-th power of the inner product y'z , the polynomial of 2n variables’

ﬁ (y‘a,-)d = -[% (y1x11+ cee o ynlcn)d 1
= EIO(I:d'&i (121)* - (Ynzn)*» = ZIal:da y*z |

This polynomial is homogeneous of degree d in both & and y , and it is obviously invariant
under simultaneous orthogonal transformations of the variables z-y . In vector form,

1 (0'2)? = Xaq)' Xia(e) .
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1-(a)) Let A and B be nxn nonsingular matrices. Then, the following expression
(AB)gXa(z) = Xq((AB)z) Xig(A(Bz)) = AgXpg(Bz)

= Aw(BgX(z)) (At Bra) X1a (2)

is a polynomial identity, and all the coefficients of the polynomials on the left side are
identically to the corresponding coeflicients of the polynomials on the right side, that is

(AB)q = (AaBa) -
1-(b)) Follows from the uniqueness of representation of a homogeneous polynomial as a
linear combination of monomials (5.2).

1-(c)) From (1-(b)), the identity matrix is map to the identity matrix. Let A be a nxn
nonsingular matrix. Apply (1-(a)) with B = A~! to obtain

I = (A4 = Agd™e = ()™ = (A g -

2) Let A be a nxn nonsingular matrix. Then, the following expression

0 #l((Ay)'z)? — (v (A'e))%]
X (Ay)' Xjq (=) - Xig ()X (4'2) = Xig()* (Aa)* ~ (A1) Xia(2)
is a polynomial identity, and all the coeflicients of the polynomial on the right side are
identically zero, that is

(Ag = (Aw) -

If A is symmetric, we have

(A@) = (A = Ay -
If the matrix A is symmetric positive definite, we can write A = BB!, for certain
nonsingular nxn matrix B. Then

A[d] = (BBt)[d] = B[d]B[td]
and so Afg) is positive definite as well. If A is orthogonal, we have

Aa)™! = (A g = (A)g = (Am) -

3)If « and B are two multiindices of size d, the (c, §)-th. element of the matrix Apg

Vet DP((A2)) ,

Where DP is the partial differential operator

Dﬂ_ i_ﬂl 9 Bn
= \ow) \Gm)

If # follows a in the lexicographical order, then, for certain 1 < k < n we have

a1 =B, k1= PBr_1,08 > B,
and so

oapp1t et on < Brprtcco+ Ba
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Since the matrix A is lower triangular, the degree of

() = ] Za,, 2

g

i=1 \j=1
as a polynomial in Zzg4y,...,2, with coeflicients polynomialsin
z1,...,Zg is clearly not greater than g1+« -+ oy, and so

()" () camry = 0.

It follows that DP((Az)*) = 0, and the matrix Apy is lower triangular.

4) For every matrix A, there exist an orthogonal matrix @, and a lower triangular matrix
L such that A = LQ. Since the map A — A[q is a homomorphism, we have Ay =
LigQq , where Lig) is lower triangular and Qg is orthogonal, i.e. the decomposition
is preserved. Since |A[g| = |Lig|, without loss of generality we will assume that A is
lower triangular itself.

Now note that for every 1 < k < n the variable z; appears only in the last term of
the product

, a;

3

H Z“v *j )
i=1 =
and so
o [k a; a;
9 o«
(6—.1:- Za,_, z; = H Za” z; aglagy .
k i=1 \j=1 i=1l \j=1

By induction in k = n,n—1,...,1, it follows that the a-th element of the diagonal of
Al is
LD((A2)") = aff -y = a :

nn
Since A is triangular, |A] = a11 -+ - @nn , and we have
gl = [« = @
|aj=d

where v = El al=d % By symmetry, all the components of the multiindex vy are equal,
and so, forevery 1 <i<n

n
w= S =ty D= X =401 = () =m.
la|=d i=1 [o|=d |al=d
Finally

|A[d]| = (H d,',') = IAlm .

i=1
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ProOF. (Lemma 5.3) Let D = (8/0z1,...,0/0z,)! be the vector of first order partial
derivatives. For every multiindex « let

Do (D)D) g
— \ 0z, Ozn T 8zt Bzpn

For every form of degree d ‘
P(z) = Z 517 ¥, 2"
Inl=d

there is a corresponding homogeneous linear differential operator

WD) = > Lw,D
Inl=d

and every homogeneous linear differential operator of degree d can be written in this
form in a unique way, i.e. the vector space of linear differential operators of order d
is a vector space of the same dimension hg, and the map ¥(z) — (D) defines an
isomorphism of ‘vector 'spaces. For integers j and k, the vector of differential operators
Xi)(D) will be denoted Dz, and the matrix X[; x)(D) will be denoted Dyj . If ¢ is
a form of degree d, from the Taylor formula ®, = D%¢ for every multiindex «, where
{®q : || = d} are the coefficients of ¢. It follows by construction that ®[q = Dig4,
and ®; 11 = Dy; )¢, for every pair of indices such that j+k =d.

If 2’ = Az is a coordinate transformation, the partial derivatives with respect to the
two different coordinate systems are related by the chain rule

"6:6

- ]
Zax, o} ;A_jia_x;-’

or in matrix form, D' = (8/0x,...,0/0z!)' = A~*D. It follows that

Dy = Xp(D') = Xp(A™'D) = (A7 )mXp(D) = Ap Dy, (1L.1)
and
Dy = X[_kt](D’)XEﬂ(lt)’) = Xp (A~ D)X, *](A-tz)) = 119
= A[k]X[k](D)X[j](D)A[j] = Ag, ]D[k,:]A[_,]
Finally, from (11.1) _
' Yy = Dig#'(2) = A Das(z) = A% ,
and if d = j + k,'from (11.2)
Py = Dpj g’ (“") (D[J () A[k] = A[,]‘I’f: k]A[k]
a

Proor. (Lemma 7.1) It is sufficient to consider the cases of pure translation and pure
rotation separately. Let us first consider the case of a pure translation, i.e. 2’ = z +
b. Since the term of degree d of a polynomial is independent of the transformation
parameters, we have

fa(=") = fa(2),

e
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or equivalently,
Fig_1,y = Fa-1,-
The term of degree d — 1 is given by
fie1(2") = fa-1(=) = Dy fla-1(2)b,
or, in terms of the coefficients,
Fly_q = Fla-1) = Fa-1,11b .
The center is in this case ,
y = _F[Id—l,l]tF[ld—l] = _F[L—1,'1]F[d-1] +F[ti—1,1F[d—1.1]b =y+b.

Now, the case of pure rotation z’ = Az . In this case, since the terms of different degrees

transform independently of each other, we can apply the transformation rules studied in
the previous chapter

Fayy = Au-yFe-ind’ and Ky gy = Ag-nfle-),
and obtain
F[/d—l,l]f = AF[L—I,I]AEd—l]'
Finally,

, —

Y o= —Fyy g Fay = —AFY A A1 Fla-y = —AFl,_y 1 Fla-n) = Ay
0
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