
Numerical Analysis Qualification exam, Jan. 2013

Please read the following instructions first.

◦ This is an open book exam. You may use the books and notes you bring in.
Any reference via the Internet, electronic communication, or discussion/collaboration
with anyone else is not allowed.

◦ The elaborated items and associated score points in each problem are to help
you organize your thoughts and estimate your gain/loss in the total score. Do
not take the sub-items as independent questions.

A remark about the point distribution. Relatively easier issues have relatively
more rewarding points.

◦ Try to make your arguments as concise as possible. Incorrect or irrelevant
comments are subject to point deduction.

Your decision and effort in taking this exam are appreciated, regardless of the
outcome. Good luck !
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1. Direct methods for solving a system of linear equations

Consider numerical solution of a system of linear equations

Ax = b, A ∈ Rm×n, b ∈ span(A).

a. (10) Choose any correct statement in the following

The solution exists if A is square and nonsingular.

The solution exists if and only if A is square and nonsingular.

There exists a solution under the given condition.

The solution exists uniquely under the given condition.

The solution exists uniquely if and only A is of full column rank.

b. (9) Consider the case that A is triangular by proper permutations in the equa-
tions and unknowns.

Describe a solution procedure when the diagonal elements are all nonzero.

Describe what happens when the last diagonal element is zero and all the other
diagonal elements are nonzero.

c. (6) Consider the case that A = I − u v>, where u and v are nonzero column
vectors of length n, v> is the transpose of v, I is the identity matrix. Find a
quick solution approach exploiting the special structure.
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2. Iterative solutions of linear and nonlinear equations

a. (5) Describe the fixed point method in its general or generic form for solving a
system of (linear or nonlinear) equations

F (x) = 0, x ∈ Rn, F : Rn → Rn,

and describe the necessary condition for convergence.

b. (10) Describe a particular fixed point method for solving a linear system F (x) =
Ax− b = 0 where A is diagonally dominant in columns or in rows.

c. (5) Give an example in which the numerical approach for a multivariate opti-
mization problem gives rise to a sequence of linear or nonlinear systems to
solve numerically.

d. (5) Give an example in which the numerical solution of a nonlinear system of
multiple variables is turned into a sequence of linear systems to solve.
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3. Error propagation and stability analysis

Consider the evaluation of the following three-terms scalar recurrence (or differ-
ence) equation,

yk+1 = α · yk + β · yk−1, k = 1, 2, 3, · · ·

provided with the initial values y0 and y1, where α and β are constant coefficients.

Suppose that the initial values are rendered as ỹj = yi(1 + ηj), with relative
errors ηj , j = 0, 1. The errors may be rounding errors. Assume for simplicity that
there is no further error introduced in the evaluation.

a. (7) Consider first the special case with β = 0. Find a closed-form expression of
yk, k ≥ 2, in terms of α and ỹ1. Describe the absolute and relative errors in
yk, respectively.

b. (7) Find a closed-form expression of yk, k ≥ 2, for the case β 6= 0, in terms of
the constant coefficients and the perturbed initial values. (Hint : it may be
helpful to use matrix expressions. )

c. (7) Describe the absolute and relative errors in yk, k ≥ 2, in terms of the constant
coefficients, the initial values and the initial errors.

d. (4) Consider the specific case that α = 2.25, β = −0.5. Describe an unstable
situation where the absolute and relative errors in yk grow rapidly with k.
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4. Dimension reduction : theory and applications

a. (20) Provide a clear description of a particular dimension reduction method for
a specific application problem, including the assumption(s) or conditions, the
basic algorithm, and the main underlying concepts.

b. (5) Point out an alternative method for the same application problem. Comment
on the choice between the two methods.
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