
Complexity Qual Spring 2015

Problem 1: Regular Languages: 2 problems to solve
(1a) Show that the following language is regular: {n|n is a binary number
divisible by 3}. You can assume the input string a binary number read from
left to right, and the most significant bit is on the left.
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(1b) Let ∗ be the Kleene closure operator (also known as the Kleene star
operator): Given a language L, the Kleene closure L∗ is the smallest superset
of language L that contains the empty string and is closed under the string
concatenation operation. Prove or disprove: For each language L, if L∗ is
regular, then L is regular.



Problem 2: Pushdown Machines and Contex Free Laguages: 2
problems to solve
(2a) Prove that L is a context-free language, where L = {aibj‖i 6= j and
2i 6= j where i, j ≥ 0}.



(2b) Prove that L is not a context-free language, where L = {aibjci‖i ≤ j ≤
2i where i, j ≥ 0}. Hint: use the pumping lemma.



Problem 3: Undecidability: 2 problems to solve
(3a) For a Turing machine M, let 〈M〉 be a binary encoding of M , and
let L(M) be the language accepted by M . Consider the set S = {〈M〉 |
L(M) is regular}. Show that the set S is not recursive.



(3b) For each binary string x, let TMx denote the Turing Machine encoded
by x. Let two Turing Machines Mx and My be called equivalent if they
compute the same function. Show that, given x and y, the problem of
determining Mx is equivalent My is unsolvable (ie, show the set {(x, y)|Mx

is equivalent to My} is not computable).



Problem 4: NP-Hardness
Show that the following decision problem is NP-hard: The input comprises
an undirected graph G = (V,E) with a subset of vertices R ⊂ V called
terminals and the remaining vertices N = V \R called non-terminals. Given
an integer k > 0, determine if there is a connected subgraph of G that
contains all the terminals and at most k non-terminals.

(Hint: Try to do a reduction from the set cover problem: The input com-
prises a collection of sets of elements and an integer ` > 0, and the goal is
to determine whether there are ≤ ` sets that contain all the elements. You
can assume that the set cover problem is NP-hard.)



Problem 5: NL-Completeness
A directed cycle in a directed graph G = ( V, E ) is a sequence of nodes
v1, ..., vk ∈ V for some k ≥ 2 where there is a directed edge from (vi, vi+1) ∈
E for i = 1, ..., k and also directed edge (vk, v1) ∈ E. A directed acyclic
graph is a directed graph that has no directed cycle. Let < G > be the string
encoding of directed graph G. Define the language DAG = { < G > |G is a
directed acyclic graph}. Let NL be the family of nondeterministic log-space
languages. Prove that DAG is NL-complete with respect to deterministic
log-space reductions.

(Hint: Show that DAG is in NL. Then show that there is a log-space reduc-
tion from NL to DAG.)




