
Exam 2 October 23, 2000

Midterm

(75 minutes open book exam)

Problem 1. (10 = 7 + 3 points). Consider sorting
a linear array A[1::n] with BubbleSort imple-
mented with a while loop as follows.

x = true;
while x = true do

x = false;
for i = 1 to n� 1 do

if A[i] > A[i+ 1] then
A[i] ! A[i+ 1]; x = true

endif

endfor

endwhile.

(a) Is it true that after j iterations of the while-
loop the largest j items are in the correct
last j positions of the array? Justify your
answer.

(b) What does your answer to Question (a) im-
ply for the running time of the algorithm?

Solution to Problem 1. (a) Yes, it is true. Since
the comparisons within a single iteration of the
for-loop proceed from left to right, the largest
item moves all the way to the last array position.
Subsequent iterations leave that item at its cor-
rect position. During the second iteration move
the second largest item moves to the second to
the last array position, and so on. This implies
that after i iterations the largest i items have
moved to the last i array positions.

(b) After at most n � 1 iterations of the for-
loop the n � 1 largest items are at their correct
array positions, and thus all n items are. The n-
th iteration makes no further swap. Bubble sort
thus stops after at most n iterations and thus
after at most O(n2) time.

Problem 2. (10 = 5+5 points). Recall that in a full
binary tree every internal node has two children.
All other nodes are leaves.

(a) How many di�erent full binary trees with at
most �ve leaves are there?

(b) Draw all di�erent full binary trees with at
most �ve leaves. [To save time and paper
show only the internal nodes.]

Solution to Problem 2. (a) We proved in class
that the number of full binary trees with n

leaves is the (n � 1)-st Catalan number, which
is Cn�1 = 1

n

�
2n�2

n�1

�
. We have C0 = 1, C1 = 1,

C2 = 2, C3 = 5, C5 = 14. The number of di�er-
ent trees is therefore 1 + 1 + 2 + 5 + 14 = 23.

(b) The trees are shown in Figure 67.

Figure 67: Only the internal nodes of the 23 trees are

shown. Can you see the single leaf tree?

Problem 3. (10 points). Consider a binary search
tree constructed by the successive insertion of n�
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1 distinct keys (without rebalancing the tree). Is
it true that if you pick a random sequence then
each one of the possible 1

n

�
2n�2

n�1

�
binary trees is

equally likely? Justify your answer.

Solution to Problem 3. No, not every binary
tree is equally likely. Note for example that there
are six permutations of three keys but only �ve
di�erent binary trees. The balanced tree is twice
as likely than each one of the four possible un-
balanced trees.

Problem 4. (10 = 5 + 5 points). Construct the op-
timal Hu�man tree and the corresponding op-
timal binary code for the following alphabet of
ten letters with frequencies shown in parenthe-
ses: A(5), B(6), C(9), D(2), E(11), F (5), G(6),
H(14), I(4), J(2). [Make sure that the weight of
the root is the sum of frequencies, which is 64.]

(a) Show the Hu�man tree.

(b) Show the binary code in a table.

Solution to Problem 4. The Hu�man tree is
shown in Figure 68. To get the corresponding
code shown in Table 4 we interpret each left edge
as a 0 and each right edge as a 1.
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Figure 68: Hu�man tree.

A 1100 F 1101
B 000 G 001
C 101 H 01
D 10000 I 1001
E 111 J 10001

Table 4: The optimal binary code.

Problem 5. (10 = 5 + 5 points). Let p0 = 5; p1 =
6; p2 = 7; p3 = 1; p4 = 10; p5 = 2, and for 1 �

i � 5 let Xi be a matrix with pi�1 rows and pi
columns. Let X = X1 �X2 �X3 �X4 �X5.

(a) Determine the minimum number of elemen-
tary multiplications needed to compute X .

(b) Show the optimum parenthesization for
computing X .

Solution to Problem 5. (a) The minimum num-
ber of elementary multiplications is 102 and com-
puted by dynamic programming with intermedi-
ate results shown in Figure 69.
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Figure 69: Tables of partial results.

(b) The optimum parenthesization of the �ve ma-
trices is (X1 � (X2 �X3)) � (X4 �X5), as illustrated
in Figure 70.
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Figure 70: Optimal parenthesization.
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