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Problem 1.(CLRS 16.2-4) Professor Midas needs to select a gas station,

whose distance from his current stop is closest to n but less than n.This should
be the gas station where he will refuel. we will show that this greedy strategy
gives an optimal solution.
First we show that the solution to the problem contains optimal solutions to

subproblems.Let S be a solution of the problem, and G be a gas station in which
the professor made a stop. If the professor did not made the least possible stops
from his starting point to G, then by doing less stops he could have gotten a
better solution from his starting point to G and thus from his starting point to
his destination. But S is an optimal solution. This is why S contains optimal
solutions to subproblems.
Now we will prove that the greedy choice results in an optimal solution. Let

the stops according to our greedy algorithms be at gas stations G1, G2, ..., Gk.
Let’s assume that this solution is not optimal. Then the first stop of the optimal
solution O1 is either at G1 or at a gas station before it. Otherwise the distance
to that gas station will be more than the distance to G1 and less than n and we
would have selected it using the greedy strategy. The distance from O1 to O2
is less than n, and since O1 is either G1 or a gas station before it, the distance
between G1 and O2 will be less than n. This means that we can replace O1 with
G1 without violating the optimality of the solution (we use part 1).
⇒Proceeding inductively in this manner we can replace all Optimal solution

gas stations with greedy solution gas stations. This proves that the greedy
approach gives an optimal solution.
Problem 2. If we take w[i] = 1 (1 ≤ i ≤ n ) we will have that the first test

will be always executed as long as j ≥ 1
⇒ T (n,m) = T (n− 1,m− 1) + T (n− 1,m) ≥ 2T (n− 1,m)
We also have that T (0, j) = 1 and T (i, 0) = 1
⇒ T (n,m) ≥ 2h
We observe that the depth of a recursive call is limited by the smaller number

- min(i, j)
⇒ h = min(n,m)
⇒ T (n,m) ≥ 2min(m,n) ⇒ the running time of the algorithm is exponential
We can improve the running time using the same algorithm but implement-

ing it by using a table of n+ 1 rows and m+ 1 columns
for (i= 0 to n)

knap[i,0]=0
knap[0,i]=0

for i = 1 to n
for j = 1 to m

if (w[i]≤j)
temp = v[i]+knap[i-1,j-w[i])

else
temp = 0

knap[i,j]=max(temp, knap[i-1,j]
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Implemented in this way the algorithm runs in O(nm) time

Problem 3. (CLRS 16.3-7) We construct the codes using the algorithm
described in the book. We first combine the two caracters with the least fre-
quencies.The fact that 2∗min_freq > max_freq , means that their combined
frequency will be larger than the frequency of the remaining characters. This
means we go on combining the remaining chracters in groups of two and we
end up with 128 groups of two characters. For these groups we have that the
min_freq” ≥ 2min_freq > max_freq andmax_freq” ≤ 2max_freq. This
means that when we combine the first two groups mith the minimal frequencies,
their combined frequency will be ≥ 4min_freq > 2max_freq meaning that
it will be more than the freuency of any remainig group. This means that we
will combine the ramaining groups of two into groups of four and we will end
up having 128 groups of four characters. We procede recursively and on each
iteration combine two groups. We will have to do this operation log2 256 = 8
times and the result will be a full binary tree of height 8. This means that the
resulting codes for each character will be all 8 characters long.
⇒There will be no advantage of using compression in this case
Problem 4. We can use DFS to count the number of nodes in each subtree

including the root of the subtree. We keep this info as a separate field at each
vertex. We start with the vertex from which the DFS started. If the number of
nodes in each subtree rooted at the children of the root is at most bn2 c , then
by removing the root we get a tree in which each connected component has at
most bn2 c vertices. If there is a child of the root that has at least dn2 e vertices,
we repeat the same procedure as above on that subtree. We stop when we find
a node where all of it children have at most bn2 c vertices and remove this node
get a tree in which each connected component has at most bn2 c vertices. This
is definitely true for the children of the removed vertex. To see that it is true
for the connected component consisting of the removed node’s predecessors and
cousins, we note that the removed node had at least dn2 e vertices in its subtree.
this means that it has at most bn2 c predecessors and cousins combined.⇒All connected components will have at most bn2 c nodes in them.
To see that there actually axists such a node we use the described algorithm

and the fact that the graph is a tree - namely connected and acyclic. This means
that we cannot run into cycles and get trapped there so that the above alogrithm
will never complete. Moreover with each iteration we limit the number of nodes
in the subtree under consideration. Since this number is limited, the above
algorithm will eventually terminate
⇒Since the described algorithm always finds a node with the given property,

we can conlude that any undirected tree has a single vertex separator.
Problem 5. Let v and u be two vertices from G and p1 and p2 be two

simple paths from v to u. We have that p1 and p2 have at least one common
edge. Let this edge be e, connecting vertices m and n. Then let p

0
1and p

0
2 be

the paths from u to m and p
00
1 and p

00
2 be the paths from m to v. We have that

p1 = p
0
1 ∪ {e} ∪ p

00
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For the graph to be convergent we need p
0
1 and p

0
2 to have a common edge,

as well as p
00
1 and p

00
2 . Applying this reasoning recursively, we get that in order

for the graph to be convergent, there should be exactly one path between any
two nodes in a connected component.
We can test if a graph is convergent by performing a DFS . If there is

a forward edge, then it connects the current vertex to a vertex in the same
connected component, that has already been visited. This means that there are
two paths connecting these two vertices.
If we do not have forward edges, we need to test the cross and back edges.
If we have a cross edge to the same connected component - then the graph

is not convergent. If we have two cross edges between two different connected
components - the graph again is not convergent.
If for each node in the DFS tree we have at most one back edge, then there

is still at most one SIMPLE path from a node to vanother node. If a node has
more than one back edge, then we can use the edge connecting to the lower in
the hierarachy predecessor, and also the other edge and then going down the
descendatants line and we get two simple paths for a pair of nodes. If we have
a back edge that jumps (encompasses) over another back edge without crossing
it, then we can also use the two back edges to obtain two simple paths. To cope
with this problem, while we perform DFS, we keep track of the largest back
edge - the depth of the start and the end nodes. If we encounter a back edge,
we check to see if the new back edge can "fit" another back edge. We can do
this by organizing all back edges in an interval tree and we end up with total
running time O(n logn)
Another way of solving the problem is to use DFS. If there are no forward

edges and no cross edges in the same connected component or two cross edges
between two connected components, then we can reverse the direction of the
edges of the graph and perform DFS on it, starting with the node that has the
smallest finishing time. We perform the same test for the type of edges. If it
passes it, then the graph is convergent.
running time O(n)
Problem 6. First we make the observation that each in-coming edge for a

vertex is an out-going edge for the adjacent vertex. This means that in each
graph

P
v∈V in − deg ree(v) = P

v∈V out − deg ree(v).Being given x(v) and
y(v) for each vertex, we can compare

P
v∈V in − deg ree(v) and Pv∈V out −

deg ree(v).If they are different then we cannot construct a graph with the re-
quired properties. If they are equal, then each vertex has a number of outgoing
and in-comming edges. Since

P
v∈V in−deg ree(v) =Pv∈V out−deg ree(v) we

can construct a bijection from the set of out-going slots to the set of in-comming
slots. This bijection will map an out-going edge slot to an in-comming edge-slot,
which can be either in another vertex or the same one.
We use the constructed bijection to construct the graph edges.
If we add one more condition to the text of the problem, namely that there

is no more than one directed edge from any two vertices u and v, the above test
will not be sufficient. (this condition is not part of the original problem)
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Let u be a vertex. In order to construct a graph with the required properties
we need:
- in-degree(u) ≤ (number of vertices with out-degree > 0)
- out-degree(u) ≤ (number of vertices with in-degree > 0)
Having this in mind we can test for a solution in the following way
- keep a sorted list A of the vertices with respect to their out-degree (non-

increasing order)
- keep a list B of all vertices (not neccessarily ordered).
- set index = 0
Take B[index]. Decrement 1 from the out-degree of the first x(B[index]) ele-

ments of A that have out-degree more than 0. If there are less than x(B[index])
such elements, then we cannot construct such a graph.
index++ , reorder the list A; perform the test for the next elements of B
To see that this algorithm works, we note that a key point of the test is

to keep the number of vertices that have out-degree>0 maximal. By doing so
we match out-going and in-coming edges in the best way that maximizes the
chances for obtaining a graph with no more than one directed edge between any
two vertices.
The running time of the algorithm is: V log V to sort list A. The total

number of decrements we perform are O(E). We need O(V ) time to keep A
sorted (using a procedure similar to merge-sort) on each iteration.
⇒running time O(V2)
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