
HANDOUT 1 ASSIGNMENT1 COURSE: CPS260/BSGT204

Due Date: September 25, 2003

Problem 1: [Recurrence relation] Obtain tight asymptotic (big-Θ) bounds on the following recur-
rence:

• T (n) = 3T (n/2) + n

• T (n) = 2T (n/2) + n/ log2 n

AssumeT (1) = 1.

Extra credit. For any1 ≤ r < n,

T (n) ≤ 4rT (n/r) + nr log n.

You can assume thatT (n) = 1 for n ≤ 64.

Problem 2: [Divide-and-conquer] Given an unsorted arrayA of n distinct numbersA[1, . . . , n],
two itemsA[i] andA[j] are called aninversion if i < j andA[i] > A[j]. For example, in the
following list of numbers

5 3 10 2 8 9 20

there are6 inversions:(5, 3), (5, 2), (3, 2), (10, 2), (10, 8) and(10, 9). Develop anO(n log n)
time divide-and-conquer algorithm to count the number of inversions. Prove the correctness and the
time complexity of your algorithm. (Hint: Modify the merge-sort algorithm.)

Problem 3: [Greedy algorithm] Assume that we need many rodsA = 〈a1, a2, . . . , an〉 of different
lengths. Let̀ i denote the length ofai. Assume that̀ i ≤ 1 for eachi. However, the local lumber
yard has a supply of rods of length1. Let B1, B2, . . . denote the sequence of these rods. Let
Lij = `i+ `i+1 + · · ·+ `j . Suppose we use the following greedy algorithm to obtain rods of desired
lengths by cutting standard rods of length1. We scan the listA and construct the desired rods as
follows.

a1, a2, . . . , ai fromB1 until L1,i ≤ 1 andL1,(i+1) > 1
ai+1, ai+2, . . . , aj fromB2 until L(i+1),j ≤ 1 andL(i+1),(j+1) > 1

...

• Show that there are examples on which the above algorithm uses twice as many rods as the
minimum number of rods needed. (If you are not able to show this, then at least prove that
the above algorithm is not optimal.)

• (Extra credit) Show that the above algorithm never uses more than twice the minimum number
of rods necessary.
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Problem 4: [Dynamic programming] Apalindromeis a string that reads the same from front and
back. Any string can be viewed as a sequence of palindromes if we allow a palindrome to consist
of one letter.

Example: “bobseesanna” can e.g be viewed as being made up of palindromes in the following ways:
“bobseesanna” = “bob” + “sees” + “anna”
“bobseesanna” = “bob” + “s” + “ee” + “s” + “anna”
“bobseesanna” = “b” + “o” + “b” + “sees” + “a” + “n” + “n” + “a”

We are interested in computingMinPal(s) defined as the minimum number of palindromes
from which one can constructs (that is, the minimumk such thats can be written asw1w2 . . . wk
wherew1, w2, . . . , wk are all palindromes).

Example: MinPal(“bobseesanna”)=3 since “bobseesanna” = “bob” + “sees” + “anna” and we
cannot write “bobseesanna” with less than 3 palindromes.

We can computeMinPal(s) using the following formula

MinPal(s[i, j]) =

{
1 if s[i, j] is palindrome,
min
i≤k<j

{MinPal(s[i, k]) + MinPal(s[k + 1, j])} otherwise

which can be implemented as follows

MinPal(i,j)

b=i, e=j
WHILE b<e and s[b]=s[e] DO

b=b+1
e=e-1

OD
IF b>=e THEN RETURN 1

/* s[i,j] is not palindrome */

min=j-i+1
FOR k=i to j-1 DO

r=MinPal(i,k)+MinPal(k+1,j)
IF r<min THEN min=r

END
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RETURN min

END

• Show that the running time of MINPAL (s) is exponential in the lengthn of s.

• Describe anO(n3) algorithm for solving the problem.

Problem 5: [Dynamic programming] Abinary search treefor a setS is a labeled binary tree in
which each vertexv is labeled by an element`(v) ∈ S such that

• for each elementa ∈ S, there is exactly one vertexv such that̀ (v) = a,

• for each veretxu in the left subtree ofv, `(u) < `(v),

• for each veretxw in the right subtree ofv, `(w) > `(v).

There are several binary search trees onS, as shown in Figure 1. The depth of a nodev, denoted by
depth(v) in T is the length of the path from the root ofT to v.
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Figure 1: Binary search trees.

(i) Given a binary search treeT on a setS, describe a recursive algorithmmember( x, T ) to
determine whether an elementx ∈ S. What’s the running time of the algorithm?

(ii) Suppose we are given a setS = 〈a1, . . . , an〉 in sorted order, and we wish to construct a
binary search treeT onS so that a sequenceΣ of member( xi, T ) can be processed effi-
ciently. We are also given two real numberspi, qi, wherepi is the probability thatΣ contains
the instructionmember( ai, T ) and qi is the probability thatΣ contains the instruction
member( x, T ) for someai < x < ai+1. The goal is to construct a binary search tree on
S so that the expected running time of the algorithm

n∑
i=1

pi × (depth(ai) +1) +
n∑
i=0

qi × depth(ai)

is minimized.
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