
1

Algorithms
Professor John Reif

ALG 2.2
Search Algorithms
(a)  Binary Search: average case
(b)  Binary Search with Errors 

(homework)
(c)  Interpolation Search
(d)  Unbounded Search

Main Reading Selections:
CLR, Chapter 13

Auxillary Reading Selections:
AHU-Design, 4.1 and 4.5

AHU-Data,  Sections 5.1 and 5.1
BB, Sections 4.3 and 8.4.3

Handout: "An Almost Optimal  
Algorithm for Unbounded 
Searching"
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Binary Search Trees

(in sorted Table of) keys  k
0
 ,..., k

n-1

Binary Search Tree property:
at each node x

key (x) > key(y)  y nodes on left
subtree of x

key (x) < key(z)  z nodes on right
subtree of x

V

V

left
subtree

right
subtree

X2

X X
X

X

X
1 3

5 6

X
0

4

n=7
I=10
E=24
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 Assume

(1) keys inserted into tree in random order

(2) Search with all keys equally likely

length = # of edges
n + 1 = number of leaves

internal path length I
= sum of lengths of all internal paths of length > 1

(from root to nonleaves)

external path length E
= sum of lengths of all external paths
(from root to leaves)
= I+2n

N=4
I=4
E=12

n = 3
I = 2
E = 8
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successful search:

ex pect ed # compar i s ons  C
n
 = 

=  ÂÂÂÂ
i=0

n - 1

  ( C'
i
 + 1 )   / n

1 +(I/n)

unsuccessful search:

 

  
      

ex pect ed # compar i s i ons    

C'
n
 = E/ ( n+1 ) = ( I+2 n) / ( n+1 )

= ( n  C
n
 +n) / ( n+1 )

 ÂÂÂÂ
i=0

n - 1

  ( C'
i
 + 2 )   / ( n+1 )=

= ÂÂÂÂ
i=1

n

  
( i +1 )

2   ªªªª        2  l n( n)

            =  1 .3 8 6  l ogn
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Model of 
Random Input over Reals

input

   Set S of n keys each
independently randomly chosen over
real interval [L,U] for   0 < L < U

operations
- comparison operations
- ÎÎÎÎ        ˚̊̊̊        ,,,,        ÈÈÈÈ        ˘̆̆̆        operations

results
(1) sort  in 0(n) expected time

(2) selection  in 0(loglogn) expected time
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input
 set of n keys,  S randomly chosen over [L,U]

algorithm
BUCKET-SORT(S):

begin
 
 

for  i=1 to  n do  B[i] ¨̈̈̈ empty list

for  i=1 to  n  do sort (B[i])

output   B[1] ◊◊◊◊    B[2] ◊◊◊◊◊◊◊◊◊◊◊◊  B[n]
  

  
end

f or  i  = 1  t o n d o  add x
i
 t o B 

 

ÎÎÎÎ( U- L)

n(x -L)

˚̊̊̊
 

+1i
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Theor em   

The  ex p ec t ed  t i me  T of  BUCKET- SORT         

       i s  0 ( n)

note
generalizes to case keys have distribution  F

p r oof  

 |B[i ]| i s  up p er  b ound ed  b y  a Bi nomi al

var i abl e  wi t h  paramet ers     n ,  p  = 
n
1

Hence   $$$$    c>1   """"i , j     Prob { |B[i ]| > j } < c - j

So  T  ££££    n  ÂÂÂÂ
j=0

n

  c
- j

 ( jl ogj)  = O( n)
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  Random Search Table

X = ( x
0
 < x

1
 < . . .  < x

n
 < x

n +1
)

where    x
1
 , . . . ,  x

n
  random real s  chos en

i ndependent l y  f rom real  i nt erval   ( x
0
 ,  x

n +1
)

Selection Problem

  input  key Y

p r ob l em  f i nd i ndex  k
*
  s . t .   X

k
*
 = Y

not e    k
*
 has  Bi nomi al  d i s t r i b ut i on

      wi t h paramet ers   n ,p  = ( Y- X
0
) / ( X

n +1
- X

0
)
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Algorithm 
 INTERPOLATION-SEARCH (X,Y)

 

[1 ] i n i t i al i z e   k ¨̈̈̈ 
ÈÈÈÈ
 np

˘̆̆̆
  comment   k  = 

ÈÈÈÈ
 E( k

*
)

    ˘̆̆̆

[2 ] i f  X
k
 = Y  t hen  r e t ur n  k

[3 ] i f  X
k
 < Y t hen

out p ut   INTERPOLA TION- SEA RCH ( X',Y)
where   X' = ( X

k
 , . . . ,  X

n +1
)

[4 ] e l s e   X
k
 > Y and

            out put  INTERPOLA TION- SEA RCH ( X",Y )

 where  X
"
 = ( X

0
,  . . .  ,  X

k
)

)

X XXXXX
0 1

... ... .. .
k k

*
n n+1

Tricky Analysis!

  k
 

=
 ÈÈÈÈ

n p
 

˘̆̆̆

1 0

Rand om Tab l e

X = ( X
0
,  X

1
 , . . . ,  X

n
,  X

n +1
)

Algorithm
  pseudo interpolation search (X,Y)

 [1] if Y = X k 
 

then  return k

output  pseudo interpolation search (X',Y)

[0 ] k ¨̈̈̈ ÈÈÈÈ  pn ˘̆̆̆   where  p  = ( Y- X
0
) / ( X

n +1
- X

0
)

[2 ] i f    Y > X
k
  t hen

f or   k ' = k ,  k+ n ,   k+2 n  , . . .
i f   Y < X

    ÈÈÈÈ
k '+ n

˘̆̆̆
  t hen

where   X' = ( X
k '

 , . . . ,  X
k '+ n)

[3 ] e l s e  i f   Y < X
k
 t hen

f or  k' = k ,  k- n ,  k- 2 n  , . . .
i f   Y > X

    ÈÈÈÈ
k '- n

˘̆̆̆
  t hen

out p ut  ps eudo i nt erpol at i on s earch ( X
"
,Y)

where   X" = ( X
k '- n

 , . . . ,  X
k ')

exit with

exit with
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n

n
n

n

X XXX
0 1 n n+1

......... ...
pn - 2 n pn - n pn pn + n pn + 2 n

Easy Analysis!
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Probabilistic Analysis of Psuedo
Interpolation  Search

 k* is Binomial with mean pn   
variance  ssss2   = p(1-p)n

s o  
ssss

k
*
 -  

ÈÈÈÈ
pn

˘̆̆̆

  ap p r ox i mat es  nor mal  as  n ÆÆÆÆ••••

Hence   Prob( ssss
k

*
 -  

ÈÈÈÈ
pn

˘̆̆̆

 ≥≥≥≥        ZZZZ)  ££££        YYYY        ( Z) / Z

where    YYYY (Z)  = e
-  

2
Z

2
 

2PPPP
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So Prob( ≥≥≥≥    i probes used in given call)

< Prob( |k
*
 -  

ÈÈÈÈ
pn

˘̆̆̆
| > ( i - 2 ) n )

££££    YYYY    ( Z
i
) / Z

i

where   Z
i
 = 

ssss
( i - 2 ) n  = 

p( 1 - p)
( i - 2 )  ≥≥≥≥     2 ( i - 2 )

                                              
                                               s i nce  p( 1 - p)     ££££    

4
1
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Lemma   C ££££    2 .0 3  where

     

     

C = ex p ec t ed  numb er  of  p r ob es  i n  gi ven cal l

p r oof    C =  ÂÂÂÂ
i>1

 i  Prob ( i  probes  us ed)

=   ÂÂÂÂ
i>1

  Prob (≥≥≥≥    i  probes  us ed)

££££    2  + ÂÂÂÂ
i≥≥≥≥3

  YYYY    ( Z
i
) / Z

i
 ££££    2 .0 3

Theorem

Pseudo Interpolation Search

has  ex p ec t ed  t i me   T ££££    C        l ogl ogn

       

 

p r oof   

 T( n)  ££££    C + T( n )

££££    C  l ogl ogn
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    Probabilistic Analysis of 
Interpolation Search

  

  Prob( |k
*
-

 ÈÈÈÈ
pn

˘̆̆̆
 | ≥≥≥≥    0 ( nl ogn ) )  ££££    

n
aaaa

1

where   aaaa    i s  cons t ant

Lemma

p r oof  

 Si nce  k
*
 i s  Bi nomi al  wi t h  p ar amet er s   p ,n

Prob( |k
*
- pn| ≥≥≥≥     Zssss)  ££££    

Z 2 pppp
2  e

- z
2

/ 2

            ££££        
n

aaaa
1111

f or  ssss    ====     p( 1 - p) n  and  Z = 0 ( l ogn )
2
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Interpolation Search is

Theor em   

The  ex pect ed number  of  compar i s ons  of

T( n)  ££££    l ogl ogn + c
1
( l ogl ogl ogn)

2

proof

££££    1 +l ogl og( nl ogn )

££££    1 +l og( 2
1  l ogn)  + c

1
( l ogl ogl ogn)

2

££££     l ogl ogn + c
1
( l ogl ogl ogn)

2
   s i nce  l og2 =1

T(n)
nn aaaaaaaa

££££ n1 + 1 T ( (O n log n ) )- 1( ) +

+c
1
l ogl ogl og( nl ogn ) +o ( 1 )

2



1 7

Unbounded Search

input table X[1], X[2], ...

where for j = 1,2,...

X[j] = { 0 j<n

 1 j≥≥≥≥n

unbounded Search Problem

find  n such that X[n-1] = 0 and X[n]=1

Cost for algorithm A:

CA(n)=m  if algorithm A uses
m evaluations to determine that
n is the solution to the
unbounded search problem
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Applications

(1) Table Look-up   in an ordered, infinite table

(2) binary encoding of integers

if Sn  represents integer n,

then Sn is not  a prefix of any Sj
 , n ππππ    j

{S1 , S 2 , ...} called a prefix set

in algorithm A for unbounded search   

i d ea:   us e  S
n
 = (b

1
,  b

2
, . . . ,  b

C
A

( n ))
where   b

m
 = 1   

i f  t he  m't h  eval uat i on of  X i s  1
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Unary  Search Algorithm

Algorithm  Bo

try X[1], X[2] ,..., until X[n] = 1

Cost     C
B

o

(n) = n

2 0

Binary Search Algorithm

Algorithm  B
1

l s t  s t age    t ry  X[2
i
- 1 ] f or  i =1 ,2  , . . . ,  m

unt i l   X[ 2
m

- 1  ] = 1

( cos t    m = 
ÎÎÎÎ
l ogn

˚̊̊̊
 + 1  where  2

m - 1
 ££££     n   ££££        2

m
- 1 )

2 nd  s t age    bi nary  s earch over  2
m - 1

 e l ement s

cos t    l og( 2
m - 1

)  = m- 1  = 
ÎÎÎÎ
l ogn

˚̊̊̊

Tot al  Cos t    C
B

1

( n)  = 2
ÎÎÎÎ
l ogn

˚̊̊̊
 + 1



2 1

1

2 3

4 5 6 7

1

3

7

15

2

5

4 6

2 1 - 1

2
2

 - 1

23 - 1

24 - 1

2 2

Double Binary Search

Algorithm  B2

1 s t  s t age    t ry   X  2
( 2

1
- 1 )

- 1  , . . . ,  X  2
( 2

m
1

- 1 )  = 1

where    m
1
 = 

ÎÎÎÎ
l ogn

˚̊̊̊
 + 1

( cos t  i s    C
B

1

( m
1
)  = 2  

ÎÎÎÎ
l ogm

1 ˚̊̊̊
 + 1 )

2 nd  s t age    s ame as  2 nd s t age  of  B
1             af t er  m was  f ound.

Cos t  C
B

o

( n)  = m- 1  = 
ÎÎÎÎ
l ogn

˚̊̊̊

Tot al  Cos t    C
B

2

( n)  = C
B

1

( m
1
)  + C

B
o

( n)

= 2  
ÎÎÎÎ
l og (

ÎÎÎÎ
l ogn+1 )

˚̊̊̊
+1 )  + 

ÎÎÎÎ
l ogn

˚̊̊̊
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B
0

   B
1   

      
B

2

find n by
unary search

find n

find n

find m (n)
find n by

 binary search

find n by
binary search

   

 2  

   
  m

2
(n ) = 

ÎÎÎÎ
logm

1˚̊̊̊
 + 1 m

1
(n ) = 

ÎÎÎÎ
logm

0˚̊̊̊
 +1

m 0(n ) = n

   1 ÎÎÎÎ ˚̊̊̊

by unary search

search
binary

search

find m 
1

by
(n)

by unary

find m (n) = log n + 1

find m  (n)

1

2 4

 
    

B
k

find n find n by
binary search

 
1

 

 

k

 

 

 

 

 

  

   

cost of new
binary search

m
0

( n ) = n

m 1 ( n ) =ÎÎÎÎ l o g m 0˚̊̊̊ + 1

m j ( n ) = ÎÎÎÎ j -1 ˚̊̊̊ + 1

...

log m

find m    (n) by 
k-1

binary search

find m  (n) by
unary search

Cos t    C
B

k

( n)  = C
B

k - 1

( n)  -  m
k - 1

( n) +( 2 m
k
- 1 )

= ÂÂÂÂ
i=1

k

 L
 i

 ( n)  + L
 k

 ( n)  + 1

( where  L
 i

 ( n)  = m
i
( n)  -  1 )

find m (n)

find m    (n)k-1
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g(0) = 2


