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w=e 8isthe 8throot of unity

Fourier Matrix
1
1
Mn(m) = 1
1
SO M(@);; = for o<ij<n
a
(0]
given a =
a

n-1

mZ(n-l)

o (1-D(n-1)




Discrete Fourier Transform is
DFT (@ = M(w) x a

f

o

where

Inverse Fourier Transform
-1 -1
DFTn(a) = M(m) x a

Theorem M(m)i'j1 = % @

proof We must show M(o)-M(w)?!=I

1l 1
1 2 ok k=Ll 2 XD
n n

k=0

0 if i %0
Y 1 if ij=o0
yymkp=0
k=0

using identit

for 1<p<n




input column vector a = (ag,...,a,.1)"

f

0
DFTn(a) = : where
f

n-1

f = f(o') and

=1 .
f(x) = 2 a-x’
j=0
Viewed as Evaluation Problem:

naive algorithm takes n2 ops
Divide and Conquer gives FFT

with O(n log n) ops

for n a power of 2

Key ldea:
If @ is nth root of unity

. N .
then @ is 2th root of unity

Algorithm FFTx

| nput a=(a0,...,an_l)T, n a power of 2

[1] If n =1 then output a
[2]

( © © \ T
oo fo | <FFT ((2008,2)")

\ Y, 2

(. . Y T
fy it | «FFT ((@0808,,)")

\ 2 2

[3] For i =0,...,3—1do f, « f*+ @ f/
foefiaf

i+

2

[4] Output (f,, f,,.... T, )

1 "'n-1




FFT Circuit = Butterfly

DR DR

v

o O O O O O O O

Total Recursion depth = logn

Communication Distance 2° at depth d

fi a, +ao a,w

fo= f + @ f where

fi = a, + az((oz)' + a4(coz)2I + ...+ an_z(coz) ?
f = a, + a3(o)2)I + ...+ an_l(oaz) ?
_ f©_ fa,
° a, T
;=M (@) 7 |=DFT,((a.2,....8,,)")
f© 2 2
n_, aﬁ
o1 | | o |
£ Z:
S - Mn(w2)| = DFTn((al,ag,...,an_l)T)
£ 2 2
n_, a'n
o1 | | G-

.. T a (o(n'l)i
n-1
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Note f =f ,f =f  i=0,... 0.1
n,y i n, o i 2
2 2
ﬂ+i
But @' =10 (&)’ =ao"(e?) =&
_ n
for 1=0, > 1
Thus f =f +a f fori=0,.., % 1
1 i+ﬂ n
and f =f +o0 °-f
i+ I [
2
VL . n
—fi—mfi fOFI—O,...,§-1
n n

. 5.2
since (0?) =" =1, 0 0® =-1

11

Operation Counts

Assume n = 2K

# additions
Add(n) = 2-Add(%) +n
= nlog n

#multiplications

Mult(n) = 2 - Mult(%) +
=1
=5 n log n

Total Time O(n log n)

note in complex FFT,

# real ops is 5 n log n.

N|S
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Applications of FFT

(1) Filtering on infinite input streams

(2) Convolution:
Products and Powers of Polynomials

(3) Division and Inversion of Polynomials

(4) Multipoint Evaluation and Interpolation

13

Products and Powers of Polynomials

T
input  vectors a = (ao, a s @

b= (5y by o bn_l)T

convolution c¢c=a®b

1
where ¢ = 2 a b
= R

for 1=0 ,..., 2n-1

and define a = bk =0 if k<O

or k=n

Convolution Theorem

a®b = FFT, (FFT,(a) FFT, (b))

Application to Polynomial Products:
21 .
p(x) = ZO ax
1 .
409 = 2 bx
i=0

) ) -1
p(x)- q(x) = i cixI where c= 2 ajbi__
i=0

i= :

14




Products of m polynomials
<1 .
|
for k=1,....m let Pk(x) = go a X

lm[ Pk(x) — mg-l) C xi , when C = 2 ﬂ ak,jk

k=1 i=0

Generalized Convolution Theorem

a, ®a,® ... ®a, =

FFT, (FFT,(a) ¢ FFT, (a,) ... FFT, (an))

15

T

.
positive wrapped convolution is c=(Co, Cl’---’Cn_l)

.
negative wrapped convolution is d=(d0:d1’---:dn_1)

d.:z a b..-il a bn+i_j

'og=o b =i

"Wrapped Convolution”

Application to Modular Polynomial Products:

=1 .
p(x) = 20 ax
1) = 3 bx

ji=o |

p(x)-a(x) mod(x"+1)
n-1
=z'diXI since x"=-1 mod(x"+1)
i=0
16




Theorem If o = principal nth root of unity

and ¥2= wand n has multiplicative inverse, then
¢ = FFT (FFT (@) FFT (b)) is the positi
= . n N positive

wrapped convolution of a, b. Also

AN ) AN
d = FFT 1(|:|:-|- (a)- FFT (b)) is the negatively
n n n

wrapped convolution of a,b
T
A _ n-1
where & = (ao, Ya, . ¥ an_l) and

)
N n-1
b = (bo, ¥, .., ¥ bn_l)
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Integer Multiplication by FFT

input n bit integers a,b

define polynomials degree k = n/L

a(x) = 21 a X :

. 0<a< 2"
i=0
=1 .
b(x)=2 b x , 0<b <2
i=0

so a=a?2), b=b2)

idea

(1) compute c(x) = a(x)-b(x)
by convolution

(2) evaluate c(2L) = a:b

18




Integer Multiplication Algorithms
Time
Pollard Alg. O(n(logn)z(loglogn)e use L=logn

use L:\/F

O(n(logn)(loglogn))
and wrapped
convolution

Karp Alg. O(n(logn)?)

Strassen Alg.

use Lz\m

19

Pollard Algorithm
n=kL, L=1+ log k

[1] Choose primes P4, P,, P; where

3
PP, P 24Kk

and P =2 +1, o = O(1)
[2] Compute C(x) by convolution
over finite field ZIoi 1=1,2,3
(requires k mults on 2L bit integers)

[3] Evaluate C(2l)

Time Bounds

recursive
mults FFT
A

I ()=3kT(2L) +OK logk) -O(L)

= KT (L+logk)) +O Kk (logk))

<0o(n(log n)2(log log n)€) for any € > 0

20




Korp's Algorithm

n=25=KkL

s

2 .
2 if s even

(s-1)
2
2 el se

(1) Compute C(x) modulo k by convolution

(2) Compute C(x) modulo (2°-+1) by convolution
(requires 2k recursive mults)

(3) Compute C(x) coefficients from c(x) mod Kk,
c(x) mod (2°-+1) by chinese remaindering

(4) evaluate C(24)

Time
recursive
mults FFT

Th)=2kT(2L) +OKk logk O (L)
=2/nT(2/n) +O(n logn)

=0 (n(l ogn)z)
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Schonage -Strassen
Algorithm

(2') Compute C(x) mod (xK+1) modulo (22-+1)
by wrapped convolution

= requires only k recursive mults on 2L
bit numbers

Time
recursive
mults FFT

Th)=kT(2L) +O k logk)O (L)
=/nT (2/n) +O(n logn)
=0 (n logn)(loglogn)

Can you mult n bit integers
in O(n log n) time?

Open Problem:

22




