Dynamic Programming

A bottom-up solution technique to optimization
problems.

The optimal solution is computed from optimal
solutions to sub-problems.

Overlapping subproblems.
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Longest Common Subsequence

Given a sequence X = x1,%9,....,T,,, another
sequence Z = 2zi,...,2; IS a subsequence of X if
there are indices i1 < 19 < 13.... < 1 such that for all
j = 1, ...,k, .CIZ,L'j — Zj.

Given two sequences X and Y, a sequence Z
iIs a common subsequence of X and Y if it is a
subsequence of both X and Y.

The longest common sequence (LCS) problem:
Given two sequences X and Y, find the longest
common subsequence of both X and Y.
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Optimal Substructure

Let X = xq,...,z, the i-th prefix of X is the
sequence X; = x1, ..., X;.

Theorem 1. let 7 = z1,...,z; be the LCS of X =
X1y Ty @Nd'Y = y1, ..., Yn,

1. If x,, = vy, then z, = x,,, = Yy, and Zy_1 Is the
LCS Ome_l and Yn—l-

2. Ifx,, # ym, then z # x,, implies that Z is the LCS
of X,,_1 and Y.

3. If x,, # ym then z; # vy, implies that Z is the LCS
of X and Yn—l-
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Let c|i, j] be the length of the LCS of X, and Y.

0 ifi=0o0rj=0
cli,jl=1 cli—1,7—-1]+1 ifi,7>0and z; =y
Mazx(c[i,j —1],c[i — 1,4]) ifd,5 > 0and z; #y

A top-down solution can be exponential.

A bottom-up approach takes O(nm) time, since
there are only nm “subproblems”™ and each can be
computed in O(1) time if the smallest subproblems
have already been computed.
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Theorem 2. The LCS-Length algorithm terminates
in O(nm) time and computes the correct LCS value.
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Elements of Dynamic Programming

Optimal substructures: A k-stage optimal
solution is computed from k—1-stage optimal solutions.

Overlapping substructures: the same k£ — 1-stage
substructure is used in the computation of a number
of k-stage substructures.
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