Polynomials

Alx) = Z a; "

n - the degree of the polynomial.

ag, ....,an_1 - the coefficients of the polynomial.

Coefficient representation:

The polynomial A(x) = Z?:_()l a;x’ is represented
by the vector a = (ag, a1, ..., ap_1).

The value A(x() can be computed in O(n) time by

A(xg) = ag+xo(ar+xo(as+. . . +xo(an_2+ToTn_1)-..))



Summation

Given two polynomials A(z) = 7" az* and
B(z) = Y1) b

The degree of C'(x) is the max degree of A(x) and
B(x).

The sum of two degree n polynomials, given in a
coefficient representation, is computed O(n) time



Product

Given two polynomials A(z) = 7" az* and
B(z) = Y1) b

2(n—1)

D(z) = A(z)B(z) = Z d;

where

1

d; = Z arbi—p

k=0

The degree of D(x) is the sum of the degrees of
A(x) and B(x).

The product of two degree n polynomials, given in
a coefficient representation, is computed O(n?) time.



Point value representation

A set of n pairs

{(xo,y0)s (1,91), -+ (Tn—1,Yn—1)}

such that

o forall i # j, z; # x;.

o for every k, yp = A(xyp);



Theorem 1. For any set of n point value pairs (x;, y;)
there is a unique degree n polynomial A(x) such that
A(x;) = y; for all pairs.

Proof. We need to solve

2 n—1
1 =z x5 ... g ao Yo
2 n—1
I x ry ... Xy a1 B Y1
2 n—1
1 LIn—1 Ty_1q X, _1 An—1 Yn—1

The determinant of the Vandermonde matrix is
I cp(xp — 25)

If all the X;'s are distinct, the matrix is nonsingular
and the linear system has a unique solution. O



Given two polynomials in (same) point value

representation  {(zo,43), (z1,y1),...,(zn,yl)} and
{(3:07 y(%)) (xla y%)a SR (xna y%)}

The sum of two degree n polynomials in point value
representation is computed in O(n) time:

{(2130, y(% +y8)7 (561, y% +y%)7 SR (xn—la yylz,—l +YT?—1)}

To compute the product of two degree n
polynomials we need an ‘“extended” point value
representation of 2n points.

Given such a representation, the product of two
polynomials in point value representation is computed

in O(n).

{(z0, u3v2), (21, YD), - . ., (Ton—o, Yar 1Yan_ 1)}



Fast Polynomial Multiplication

To compute the product of two degree n
polynomials in coefficient representation:

1. Evaluate the polynomials is 2n points to create
an extended 2n point value representation of the
polynomials.

2. Compute the product of the two polynomials in

O(n) time.

3. Convert the point value representation of the
product to coefficient representation.

Using the FFT method (1) and (3) can be done in
O(nlogn) time.



Complex roots of unity

A complex number w is the n-th root of unity if

wt =1

There are n complex n-th roots of unity given by

e2mik/m for k=0,...n—1

were e’ = cos(u) + isin(u) and i = /—1.
The principal n-th root of unity is

w, = e27m/n

the other roots are powers of w,,.



Operations on the roots of unity

For any 5 and k:

k,.J _ ,,Jtk
wnwn T wn

and



DFT

The Discrete Fourier Transform (DFT) of a
coefficient vector a = (ag,a1,...,a,_1) is a vector

Yy = (Y0, Y1,- - - ,Yn—1) such that

n—1

yr = A(wk) = Z a;wks.
5=0
y= DFT,(a).

Using Fast Fourier Transform (FFT) we can
compute DFT,(a) in O(nlogn) steps, instead of
O(n?).
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FFT

Assume that n is a power of 2 (otherwise complete
to the nearest power of 2).

Given the polynomial A(x) = Z?:_Ol a;z’ we define
two polynomials

A[O](a:) — a9 + o + ayx® + ... +a, _ox"/ 1
A[l](a:) —ay+asr +aszr®+... . +a, 2"/
Then

A(z) = A (2?) + 24 (22)

To compute DF'T,(a) we need to compute the
polynomials Al%(y) and AlY(y) in the n points

(wn)®, (wp)*, s (wy ™)
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mn mn
contains only n/2 distinct points.

Theorem 2. The set (w?)?, (wl)?, ..., (wn1)?

Proof. We'll show that the squares of n complex n-th
roots of unity are the n/2 complex n/2-th roots of
unity. Assume that £ < 3.

(,wk)Q _ (627m'k/n)2 _ e(27m'k)/(n/2) _ wk

n _ n

(w§+n/2)2 (627ri(k—|—n/2)/n)2

_ 627Tin/n€(27rik)/(n/2)

= (wvlz)nwvlfb/Q

k
— wn/2
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Computing the DF'T,,(a) is reduced to:

1. Computing two DFT}, /5

2. combining the results:

Given y\') = A[O](wﬁm) = A ((wF)?) and y

n

At (wk ) = AN ((wF)?), for k < n/2

n/2
0 1
ye =y +wlky)
0 1
Yinje = Y —whyy
0 n 1
=yl
Since wh /% = —wﬁ/Qwﬁ = — 1wk

1] _

k
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Complexity

T(n) =2T(n/2) +O(n) = O(nlogn)

Theorem 3. A point value representation of an n
degree polynomial given in a coefficient representation
can be generated in O(nlogn) time.
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Given the DFT v = (yo,...,Yn_1) of a degree
n polynomial we want to generate the coefficient
representation a = (ag, - . ., a,_1) of the polynomial.

We need to solve

( 1 1 1 . 1 \
I wy w? : wn—1 a
0
1 w? wi : wanh) aq
1w w? wa =) :
. . . . . An—1
\ 1 wz_l wi(n—l) . w?(%n—l)(n—l) )
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Theorem 4. The (i,j) entry in V' is =2—

Proof. We show that V-1V, = I,;:

The (7,7') entry of v,,;lvn

n—1 —kj .
Vo Vil = an (wh?')
n
k=0

n—1
_ ! S k)
" k=0

If j = j’ the summation is 1.
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Ifj# 5

n—1

. ./
E :w—k(J—J )
k=0
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Thus, we need to compute

n—1
1 ki
a; = o Yrw,,
k=0

which can be computed by the FFT algorithm in
O(nlogn).

Theorem 5. Given a point value representation of
an n degree polynomial in n-th roots of unity, the
coefficient representation of that polynomial can be
computed in O(nlogn) time.

Theorem 6. The product of two n degree
polynomials can be computed in O(nlogn) time.
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