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1 Introduction

1.1 Why Error Correction?

We are not perfect (!):

e Imprecise control on the system:
U = o~ "7
e The system is not totally isolated
U — e—i€Z1Z2
e \We are losing our qubits
|¥) — nothing
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1.2 Classical Error Correction

Ingredients needed for error correction

e Error model: understanding the characteristics of errors
e Code and code words: information we want to preserve

e Conditions for error correction: how do we preserve the
Information



1.2.1 1 bit: classical errors

Error model (lossless)

Wit
Wit
Wit
Wit

0rodan
Drodan
Drodan
Drodan

ity (1-p): 0 =0
ity (1-9): 1 =1
ity p: 0=1
ity g: 1=0
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Note: If we have more than one bit we have to learn about
correlations between the errors



1.2.2 First example: two bit code

The model I1s one where we have two bits with four states
(codewords):

00, 01, 10, 11

where they get corrupted in such a way that the first qubit
IS not affected but the second one Is:

00 — (1 — p)00 + pO1
01 — (1 — p)01 + p00
10 —» (1 — p)10 + p11
11 — (1 — p)11 + p10




This seems to be a trivial error model, we just have to put
the Information in the first bit and forget about the second
one. However remember this idea, as it turns out that all
error correcting codes can be seen to be of that form, after
we do an appropriate transformation of the codeword. In
this transformed frame, the errors look trivial.



The previous example can be seen as a change of basis
of the case where errors are totally correlated, i.e that the
error flips both bits at the same time. In this basis the the
first bit of information is the parity and the error is a parity
changing operator.

00 — (1 — p)00 + pl1
10 — (1 — p)10 + po1

Note that the error does preserve the parity, thus we can
encode information in the logical states

0r, = Parity{00,11} — (1 — p)00 + p11
1y, = Parity{10,01} — (1 — p)10 + p01



1.2.3 Independent error model

Let's assume we have a symmetric error model, indepen-

dent from one bit to another
With probabllity (1-p): 0 =0 ; 1 =1

With probability p: 0=1; 1=0

Space of 1 classical bit

0 1




Thus If we take 3 bits and encode 0 Iinto 000 and 1 Into 111
we will have

(000 (1 —p)°
001
010 ; p(1 — p)?
100

000 — « 4
011
110 ; p*(1 — p)
101
7 3
111 p

and an analogous effect on 111.

Let’s make the assumption that p << 1 and thus we can
neglect the second order term in p. Then under the Iinflu-
ence of the noise we have the following effect:
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Space of 3 classical bits

000 / 0»1/1

001 011

100

101 111

110/

Note that the messages and their corresponding corrupted

versions do not

overlap, i.e. the 000 with corrupted ver-

sion 001, 010, 100 does not overlap with 111 or 110, 101, 011.

Thus it Is possib
ting the bits to t

e to “undo” the effect of the noise by reset-
ne one obtain by taking a majority vote of

the 3 bits at enc

. This resets 000, 001,010,100 to 000 and
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111,110,101, 011 to 111.

If we include the errors which occur to order p2, we would
not be able to correct them. In the next lecture we will see
when it is useful to attempt the error correcting procedure.
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We can identify the following elements in this error correc-
tion operations:

e the noise model
e an encoding
e &N error correction operation

Sometimes the encoding Is thought as copying the infor-
mation: if this would be essential it would be impossible in
the quantum world because of the no-cloning theorem.

The error correction operation could be thought as mea-
suring the bits and taking majority, this again would not be
helpful if it would be essential as it would destroy the quan-
tum information.
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1.3 Concepts

There are a few concepts that we can now introduce:
1) The state (sometimes called word) space S, for the two
bits the states are: 00, 01, 10,11
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2) A code C Is a subspace of the state (word) space.
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3) Error operators

We have introduced errors on the code words (we will call
errors operators the map from the code words to words In
the state space). We will call the trivial map of one code
word to itself an “error”, for simplicity.

01

11
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To detect an error we need that the effect of an error on a
word give either itself or a word which does not belong to
the code. (Ex # y, for z £ y € C).

For error correction we need to insure that two corrupted
words are different words (E;z # E;y, for x # y € C).

01

11
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2 Quantum Error Correction
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2.1 Error models

2.1.1 Generic 1 qubit error

A generic qubit has the state

|¥) = a|0) + 8]1)
but qubits might not be isolated (and now we know that
there can be information hidden in guantum correlation be-

tween systems) so the most general evolution which In-
clude an environment (with state |e)) takes the form

0)|€) — |0)]eg) + 1) €g)
1)|€) — [0)]€7) + [1)er)
and thus



(elo)+ BIL)le) =
(a]0) + B1))(leg) + le1)) (= 1|¥))

+H@l0) = BI1), (1) — Iel)) (= z/®))

Hal1) + 8100 (Ieh) +1eD) (= X|w))

Hal1) = BI0), (1) — ) (= iY]®))

The effect of the noise is to apply the error operators 1, X ,Y , 7

to the state |¥) depending on what the state of the environ-
ment Is.




Note that these four operator form an operator basis In
the acting on the 2 dimensional Hilbert space of one qubit.
For n qubits we have 4™ possible operators, obtained by
the tensor product of each one-qubit operator, I.e.. for two
qubits we would have 1@ 1, X ®1,... , X ® X,...Z QR Z.



2.1.2 Phase shift

Let's look at some simple examples of noise operators In
physical systems such as decoherence:

0)|€) — [0)|eo) = 10)]€)
1)|e) — |1)]e1) = €|1)]€)

Thus
(c|0) + BI1))]e) — (a]0) + €'?B[1))]e)



and which can be rewritten as
1+ eig
o (@]0) + BI1)le)
R

- ———(al0) = Bl1))le)

el

= = a(alo) + pI)le)
_ elf

- ——Z(0) + B[1))l€)

(@]0) +€B|1))|e) =

Here we have a certain amplitude (14‘;“)) of nothing hap-

pening (1) and (1+6w) of a Z error happening.
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2.1.3 Unwanted interaction with another system

Another example is a system which interacts with an en-
vironment (qubit 2) (with a coupling U = e~%0%122/2 previ-
ously encountered). If the second qubit starts in the state
(]02) + |12))/2, we will end up in a state

0)(102) +112))/v2 — 0) (e~/%|03) + €"/2]15)) / V2
|€1)

1)(102) + [12))/V2 — |1) (92]02) + e~*/2]15)) / V2
|€2)




the overlap between the two states of the environment Is
then

1 . : : :
(e1llez) = _(e'/%(02] + e T1/2(15]) (' %|0g) + T2 |13))
= cos 0

so as the interaction increases, the overlap between the en-
vironment states decrease up to 8 = = /2 when the overlap
IS zero.

With the state

&) = (]0) + B]1))
the density matrix for the first qubit becomes

pr = STAUI)(105) + [12)) ({02] + (12])(¥|UT

B aa™ oF* cosl
o (a*ﬂ cos (B3* >
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The density matrix for the first qubit Is:

1
p1 = JTra[U[¥)(|02) + [12)) ({02 + (12])(¥|UT]
B aa™ «aB*cos0
~ \a*Bcosd BF*
_ 1 —i0z,/2 (ag* aﬂ:) o107, /2
2 a*6 B0
1 507,/2 (aa* aﬁ*) 167, /2
e o8 BB*) €
=" A;pAl

The A, are called Krauss operators.
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