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1 Las Vegas and Monte Carlo algorithms

Definition 1.1 A Las Vegaslgorithm is a randomized algorithms thatvaysreturn the correct
result. The only variant is that it's running time might change between executions.

An example for a Las Vegas algorithm is thei ckSort algorithm.

Definition 1.2 Monte Carloalgorithm is a randomized algorithm that might output an incorrect
result. However, the probability of error can be diminished by repeated executions of the algorithm.

TheMincut algorithm was an example of a Monte Carlo algorithm.

2 Complexity Classes

| assume people know what are Turing machingéB, NPC, RAM machines, uniform model,
logarithmic model.PSPACE, andEXP. If you do now know what are those things, you should
read about them. Some of that is covered in the randomized algorithms book, and some other stuff
is covered in any basic text on complexity theory.

Definition 2.1 The class consists of all languagdsthat have a polynomial time algorithf
such that for any inpuf*,

e X €L =-A(x) accepts.
e X¢ L= A(X) rejects.

Definition 2.2 The clasdNP consists of all languagdsthat have a polynomial time algorith/
such that for any inpuf*,

e xe L= 3yeX* A(x,y) accepts, wherpy| (i.e. the length of)) is bounded by a polynomial
in |x|.

o X¢ L= Vye Z*A(X,y) rejects.



Definition 2.3 For a complexity clasg’, we define the complementary class €@s the set of
languages whose complement is in the cl@s3hat is

co—C:{L‘Ee C}.

Itis obvious thaP = co—P andP C NPnco—NP. (Itis currently unknown iP = NPnco—NP
or whethemNP = co—NP, although both statements are believed to be false.)

Definition 2.4 The classRP (for Randomized Polynomial time) consists of all langualgebat
have a randomized algorithmwith worst case polynomial running time such that for any input
xe ¥,

e XeL= Pr[A(x) accept% >1/2.

e X¢L=Pr [A(x) accept% =0.

An RP algorithm is Monte Carlo, but the mistake can only beci L. co—RP is all the
languages that have a Monte Carlo algorithm that make a mistake onylif A problem which
is in RPN co—RP has an algorithm that does not make a mistake, namely a Las Vegas algorithm.

Definition 2.5 The classZPP (for Zero-error Probabilistic Polynomial time) is the class of lan-
guages that have Las Vegas algorithms in expected polynomial time.

Definition 2.6 The clas$?P (for Probabilistic Polynomial time) is the class of languages that have
a randomized algorithrA with worst case polynomial running time such that for any inpatz*,

e XclL= Pr[A(x) accept% >1/2.

e X¢L= Pr[A(x) accept% <1/2.
The clas$Pis not very useful. Why?

Definition 2.7 The classBPP (for Bounded-error Probabilistic Polynomial time) is the class of
languages that have a randomized algorithmith worst case polynomial running time such that
for any inputx € *,

e XeL= Pr[A(x) accept% > 3/4.

o x¢L= Pr[A(x) accept% <1/4.



