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Abstract

In this paper, we designed and implemented an I/O-e�cien t algorithm for constructing
constrained Delaunay triangulations. If the number of constraining segments is smaller than
the memory size, our algorithm runs in expected O( N

B logM =B
N
B ) I/Os for triangulating N

points in the plane, where M is the memory sizeand B is the disk block size. If there are more
constraining segments, the theoretical bound doesnot hold, but in practice the performanceof
our algorithm degradesgracefully. Through an extensive set of experiments with both synthetic
and real data, we show that our algorithm is signi�can tly faster than existing implementations,
and is also insensitive to various data features such as point distributions and segment lengths.

1 In tro duction

With the emergenceof new terrain mapping technologiessuch asLaseraltimetry (LID AR), ground
based laser scanning and Real Time Kinematic GPS (RTK-GPS), one can acquire millions of
georeferencedpoints within minutes to hours. Converting this data into a digital elevation model
(DEM) of the underlying terrain in an e�cien t manner is a challenging important problem. The so-
called triangulated irregular network (TIN) is a widely usedDEM, in which a terrain is represented
as a triangulated xy-monotone surface. One of the popular methods to generate a TIN from
elevation data|a cloud of points in R3|is to project the points onto the xy-plane, compute the
Delaunay triangulation of the projected points, and then lift the Delaunay triangulation back to
R3. However, in addition to the elevation data one often also has data representing various linear
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featureson the terrain, such as rivers and road networks, in which caseonewould like to construct
a TIN that is consistent with this data, that is, where the linear featuresappear along the edgesof
the TIN. In such casesit is desirableto compute the so-calledconstrained Delaunay Triangulation
(CDT) of the projected point set with respect to the projection of the linear features. Roughly
speaking, the constrained Delaunay triangulation of a point set P and a segment set S is the
triangulation that is as close to the Delaunay triangulation of P under the constraint that all
segments of S appear as edgesof the triangulation.

The datasets being generated by new mapping technologies are too large to �t in internal
memory and are stored in secondarymemory such asdisks. Traditional algorithms, which optimize
the CPU e�ciency under the RAM model of computation, do not scalewell with such largeamounts
of data. This has led to growing interest in designing I/O-e�cien t algorithms that optimize the
data transfer between disk and internal memory. In this paper we study I/O-e�cien t algorithms
for planar constrained Delaunay triangulations.

Problem statemen t. Let P be a set of N points in R2, and let S be a set of K line segments
with pairwise-disjoint interiors whoseendpoints are points in P. The points p;q 2 R2 are visible
if the interior of the segment pq does not intersect any segment of S. The constrained Delaunay
triangulation CDT( P; S) is the triangulation of S that consistsof all segments of S, as well as all
edgesconnecting pairs of points p;q 2 P that are visible and that lie on the boundary of an open
disk containing only points of P that are not visible from both p and q. CDT (P; ; ) is the Delaunay
triangulation of the point set P. Refer to Figure 1. For clarity, we use segments to refer to the
\obstacles" in S, and the term \edges" for all the edgesin the triangulation CDT( P; S).

We work in the standard external memory model [2]. In this model, the main memory holds
M elements and each disk access(or I/O) transmits a block of B elements betweenmain memory
and continuous locations on disk. The complexity of an algorithm is measuredin the total number
of I/Os performed, while the internal computation cost is ignored.

Related results. Delaunay triangulation is one of the most widely studied problems in com-
putational geometry; see[5] for a comprehensive survey. Several worst-casee�cien t O(N logN )
algorithms are known in the RAM model, which are basedon di�eren t standard paradigms,such as
divide-and-conquer[12] and sweep-line.[13]. A randomizedincremental algorithm with O(N logN )
expected running time was proposedin [15]. This algorithm has received much attention in both
theory and practice becauseof its simplicit y. However, since it constructs the triangulation by
incrementally inserting points in a random order, thus accessingintermediate triangulations in a

s
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Figure 1: (a) The point setP of 7 points and segment setS of 1 segment s. (b) DT( P) = CDT (P; ; ).
(c) CDT( P; S).
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non-local manner, it is very ine�cien t in modern memory hierarchies; Amenta et al. [3] gave tech-
niques to improve its practical e�ciency while preserving its optimal theoretical bound. By now
e�cien t implementations of many of the developed algorithms are also available. For example, the
widely used software package triangle , developed by Shewchuk [21], has implementations of all
three algorithms mentioned above. Both CGAL [7] and LEDA [18] software libraries also o�er
Delaunay triangulation implementations.

By modifying some of the algorithms for Delaunay triangulations, O(N logN ) time RAM-
model algorithms have been developed for constrained Delaunay triangulations [8,20]. However,
thesealgorithms are rather complicated and do not perform well in practice. A common practical
approach for computing CDT (P; S), e.g. used by triangle [21], is to �rst compute DT( P) and
then add the segments of S one by one and update the triangulation. A segment s is inserted by
�rst removing all the triangles it intersects, and then retriangulating the two resulting polygons
on either side of s. It is believed that this incremental approach works well when there are not
too many segments and the segments are short. However, so far there has beenno formal analysis
for this incremental algorithm. In fact, it is an open question whether a randomized incremental
algorithm with O(N logN ) expectedrunning time can be developed for computing the constrained
Delaunay triangulation.

In the I/O-mo del, Goodrich et al. [14] gave an optimal O( N
B logM =B

N
B ) I/O Delaunay triangu-

lation algorithm, but it is too complicated to implement. Crauser et al. [11] extended the random
incremental construction framework of Clarkson and Shor [10], obtaining an I/O-e�cien t Delaunay
triangulation algorithm that runs in expected O( N

B logM =B
N
B ) I/Os. A simpli�ed version of this

algorithm is later implemented by Kumar and Ramos [17]. To our knowledge, there has beenno
theoretical or practical study on I/O-e�cien t construction of constrained Delaunay triangulations.

Our results. By modifying the algorithm of Crauser et al. [11] we develop the �rst I/O-e�cien t
constrained Delaunay triangulation algorithm. It usesO( N

B logM =B
N
B ) I/Os expected, provided

that jSj � c0M , where c0 is a constant. Although our algorithm falls short of the desired goal of
having an algorithm that performsO( N

B logM =B
N
B ) I/Os irrespective of the sizeof S, it is useful for

many practical situations. We demonstrate the e�ciency and scalability of our algorithm through
an extensive experimental study with both synthetic and real-life data. Compared with existing
constrainedDelaunay triangulation packages,our algorithm is signi�cantly faster on large datasets,
and is also insensitive to various data features,such aspoint distribution, segment lengths, etc. For
exampleit can process10GB of real-life LID AR data using only 128MB of main memory in roughly
7.5 hours! As far aswe know, this is the �rst implementation of constrainedDelaunay triangulation
algorithm that is able to processsuch a large dataset. Moreover, even when S is larger than the
sizeof main memory, our algorithm doesnot fail, but its performancedegradesquite gracefully.

An open question is whether there exists a randomized incremental algorithm for constructing
CDT( P; S) in O(N logN ) expected time. An important step in the analysis of such an algorithm
is bounding the expected number of structural changesduring the incremental construction. In
Appendix A we give an 
( N logK ) lower bound on this quantit y, where K is the number of
segments. This is to be contrast with the well known �( N ) bound for Delaunay triangulations.
We also give an O(N log2 K ) upper bound. Closing this gap remains an open problem.
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2 I/O-E�cien t Algorithm

Let P be a set of N points in R2, and let S be a set of K segments with pairwise-disjoint interiors
whoseendpoints lie in P. Let E be the set of endpoints of segments in S. We assumethat the
points of P are in generalposition. For simplicit y of presentation, we include a point p1 at in�nit y
in P. We also add p1 to E . Below we describe an algorithm for constructing CDT( P; S) that
follows the framework of Crauser et al. [11] for constructing Delaunay triangulations. However, we
�rst introduce the notion of extended Voronoi diagrams, originally proposedby Seidel [20], and
de�ne con
ict lists and kernels.

Extended Voronoi diagrams. We extend the plane to a more complicated surfaceasdescribed
by Seidel[20]. Imagine the plane as a sheetof paper � with the points of P and the segments of S
drawn on it. Along each segment s 2 S we \glue" an additional sheetof paper � s, which is also a
two-dimensionalplane, onto �; the sheetsare glued only at s. TheseK + 1 sheetstogether form a
surface� S. We call � the primary sheet,and the other sheetssecondary sheets.P \liv es" only on
the primary sheet �, and a segment s 2 S \liv es" in the primary sheet � and the secondarysheet
� s. For a secondarysheet � s, we de�ne its outer region to be the set of points that do not lie in
the strip bounded by the two lines normal to s and passingthrough the endpoints of s.

Assumethe following connectivity on � S: When \tra veling" in � S, whenever wecrossa segment
s 2 S we must switch sheet,i.e., when traveling in a secondarysheet� s and reaching the segment s
we must switch to the primary sheet�, and vice versa. We can de�ne a visibilit y relation using this
switching rule. Roughly speaking, two points x; y 2 � S are visible if we can draw a line segment
from x to y on � S following the above switching rule. More precisely, x and y are visible if: x; y 2 �
and the segment xy does not intersect any segment of S; x; y 2 � s and the segment xy does not
intersect s; x 2 � ; y 2 � s and the segment xy crossess but no other segment; or x 2 � s; y 2 � t ,
and the segment xy crossess and t but no other segment. For x; y 2 � S, we de�ne the distance
d(x; y) between x and y to be the length of the segment connecting them if they are visible, and
d(x; y) = 1 otherwise.

For p;q; r 2 � S, if there is a point y 2 � S so that d(p;y) = d(q; y) = d(r; y), then we de�ne
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Figure 2: (a) For the point set of Figure 1(a), a portion of D(a; b;d; S) lies in the primary sheet(unshaded),
the other portion lies in the secondarysheet � be (shaded). (b) CDT (P; S) (solid lines) and the portion of
EVD( P; S) (dashed lines) that lies in the primary sheet. (c) The portion of EVD( P; S) (dashed lines) that
lies in the secondarysheet � be.
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the circumcircle C(p;q; r ; S) = f x 2 � S j d(x; y) = d(p;y)g. Otherwise C(p;q; r ; S) is unde�ned.
Note that portions of C(p;q; r ; S) may lie on di�eren t sheetsof � S. We de�ne D(p;q; r ; S) to be
the open disk bounded by C(p;q; r ; S), i.e., D (p;q; r ; S) = f x 2 � S j d(x; y) < d(p;y)g. Refer
to Figure 2(a). Using this circumcircle de�nition, the constrained Delaunay triangulation can
be de�ned in the same way as standard Delaunay triangulations, i.e., CDT( P; S) consists of all
triangles 4 uvw; u; v; w 2 P, whosecircumcircles do not encloseany point of P [20]. We de�ne the
extended Voronoi region of a point p 2 P as EV(p; P; S) = f x 2 � S j d(x; p) � d(x; q); 8q 2 Pg,
and the extended Voronoi diagram of P (with respect to S) as EVD (P; S) = f EV(p; P; S) j p 2 Pg.
Seidel[20] showed that CDT( P; S) is the dual of EVD (P; S), in the sensethat an edgepq appearsin
CDT( P; S) if and only if EV(p; P; S) and EV(q; P; S) sharean edge. Refer to Figure 2(b) and 2(c).
This dualit y relation will be useful in extending the algorithm by Crauser et al. [11] to computing
CDT( P; S).

Con
ict lists and kernels. Let R � P be a subsetof points such that E � R. Let e = pq be
an edgeof CDT( R; S), and let 4 pqu and 4 pqv be the two triangles adjacent to e. (Since p1 2 R,
each edgeis adjacent to two triangles.) We de�ne the con
ict list [10] of e, denoted by Pje � P ,
as the set of points of P that lie in D(p;q; u; S) [ D (p;q; v; S), plus p;q; u and v. This de�nition
implies that for any p0 2 P n f p;q; u; vg, p0 2 Pje if and only if at least one of 4 pqu and 4 pqv does
not appear in CDT( R [ f p0g; S).

Onebasicstep in our algorithm will beto computea triangulation of each Pje and then mergethe
results together to form CDT( P; S). Let I e = f eg if e 2 S, and ; otherwise. Then the triangulation
wewill computefor Pje is CDT( Pje; I e). In order to identify the triangles of CDT( Pje; I e) that appear
in CDT (P; S), we de�ne the notion of the kernel of e (with respect to R and S), denoted by � (e),
which is contained in EV(p; R; S) [ EV(q; R; S). A point x 2 EV(p; R; S) (resp. x 2 EV(q; R; S))
lies in � (e) if the ray �!px (resp. �!qx) leavesEV(p; R; S) through the commonedgeof EV(p; R; S) and
EV(q; R; S). Figure 3 gives someexamples, including somespecial casessuch as that one of the
endpoints of e is p1 , and that e itself is a segment of S. Note that � (e) dependsand only depends
on e's two adjacent triangles in CDT( R; S), since it just consistsof two triangles formed by p, q,
and the common edgeof EV(p; R; S) and EV(q; R; S), whoseendpoints are the circumcenters of
e's adjacent triangles by the dualit y of CDT( R; S) and EVD( R; S).
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Figure 3: (a) The kernelsof edgesad;bc, and bp1 . (b) The kernel of the edgebe; the darker part lies in the
primary sheet,and the lighter part lies in the secondarysheet � be.
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Lemma 1 Let E � R � P. The con
ict lists and kernels of the edgesin CDT( R; S) have the
following properties:

(i) The interiors of � (e); e 2 CDT (R; S) are pairwise disjoint.

(ii) f � (e) j e 2 CDT( R; S)g covers the points of � S that do not lie in an outer region.

(iii) For any edgee 2 CDT (R; S) and for any u; v; w 2 Pje such that C(u; v; w; S) is de�ned with
� being the center, if � 2 � (e) and D(u; v; w; I e) \ Pje = ; , then D(u; v; w; S) \ P = ; .

(iv) For any 4 uvw 2 CDT( P; S) with circumcenter � , there exists an edge e 2 CDT( R; S) such
that � 2 � (e), u; v; w 2 Pje, and D(u; v; w; I e) \ Pje = ; .

Proof :

(i) Sinceany point � S belongsto only one Voronoi region, it belongsto at most kernel.

(ii) For any x 2 � S, let x 2 EV(p; R; S) for somep 2 R. If x doesnot lie in an outer region, then
the ray �!px will eventually enter the extended Voronoi region of someq 6= p, since p1 2 R.
By the dualit y of CDT( R; S) and EVD( R; S), pq is an edgeof CDT( R; S) and x 2 � (pq).

(iii) We �rst show that D (u; v; w; S) doesnot contain any point of Pje. Weknow that D (u; v; w; I e),
the circum-disk de�ned on the surface � I e consisting of the primary sheet and just one
secondary� e if e 2 S, doesnot contain any point of Pje. SinceD(u; v; w; S) \ �, the portion
of D (u; v; w; S) lying in the primary sheet, is contained in D(u; v; w; I e) \ �, and all points of
P are on the primary sheet �, D (u; v; w; S) doesnot contain any point of Pje, either.

Next we show that D (u; v; w; S) doesnot contain any point of P n Pje. Supposeotherwise it
contains such a point p, then p is closerto � than any point in Pje, in particular the endpoints
of e. This meansthat if we add p to R, the shape of � (e) will be changed since � will not
belong to the Voronoi region of either endpoint of e. Since � (e) depends only on the two
adjacent triangles of e, this also implies that the insertion of p will destroy at least one of
thesetwo triangles. Thus p is in con
ict with e, which contradicts with the earlier assumption
that p 2 P n Pje.

(iv) First, from Property (ii), we know that there must exist an edgee 2 CDT (R; S) such that
� 2 � (e) because� cannot lie in any outer region. Second,all of u; v and w must be in Pje,
since they are either the endpoints of e, or they are closer to � than the endpoints of e, in
which casethe insertion of any of them will change � (e). By the samereasonas above, we
have u; v; w 2 Pje.

Now we show that D (u; v; w; I je) doesnot contain any point of Pje. Consider the surface� I e .
D (u; v; w; I e) must be fully contained in the union of the two circum-disks (also de�ned on
� I e ) of e's adjacent triangles, becauseotherwise we could add a point p0 to P that is closer
to � than the endpoints of e, and is not in con
ict with e, which are contradictory . Since
4 uvw is a valid triangle of CDT( P; S), D (u; v; w; S) doesnot contain any point of Pje. Let
p be a point of P that lies in D(u; v; w; I je) n D(u; v; w; S), then there exists a segment s 2 S
that cuts D(u; v; w; I je) and separatesp from u; v; w, so s must also cut at least one of the
circum-disks of e's adjacent triangles. Sinceu; v; w are visible from e, henceon the sameside
of s as e, it follows that s separatesp from e and p is not in con
ict with e.
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These properties imply that if we have computed CDT( R; S), we can compute CDT( P; S) by
repeating the following step for each e 2 CDT( R; S): Compute CDT( Pje; I e) and report a triangle
4 uvw 2 CDT( Pje; I e) if the center of C(u; v; w; S) lies inside � (e). Property (iii) guarantees that
the reported triangles are all valid triangles of CDT( P; S); Property (ii) and (iv) ensure that no
triangle of CDT( P; S) is missing; and Property (i) makes sure that no duplicated triangles are
reported.

There is onemore technical subtlety when we check if the center of C(u; v; w; S) lies inside � (e):
Although both C(u; v; w; S) and � (e) are de�ned on � S, it su�ces to do the check on the simpler
surface� I e , since if adding the other secondarysheetsassociated with S n I e moves the center of
C(u; v; w; S) from the primary sheetto a secondarysheet,the corresponding region of � (e) will also
be moved to the samesheet.

In our algorithm, we will carry out the above basic step recursively and in an I/O-e�cien t
manner.

Our algorithm. As mentioned, the overall structure of our algorithm is the sameas that of the
algorithm of Crauser et al. [11]. We call a subset R � P a p-sample if R is obtained by choosing
each point of P with probabilit y p. We choosea sequenceof subsetsof P, called a gradation:

P1 � P2 � � � � � Pl = P;

where E � P1 and Pi n E is a (B =M )-sample of Pi +1 n E. P1 is small enoughso that CDT( P1; S)
can be computed in main memory.

Initially , our algorithm constructs CDT( P1; S) using an internal memory algorithm. Then we
scanP and for each point p 2 P nP1 determine the edgesof CDT( P1; S) that it is in con
ict with;
for each such edgee, we generatean (e;p) pair. In the end we sort thesepairs to create the con
ict
lists for all the edgesof CDT( P1; S).

Next, we proceedin l � 1 rounds. In the i -th round, we are given CDT( Pi ; S) and the con
ict
lists for all the edgesof CDT (Pi ; S), and construct CDT( Pi +1 ; S) and the con
ict lists for the edges
of CDT( Pi +1 ; S) (the con
ict lists neednot be generatedfor the last round). This is accomplished
by the following steps.

1. For each edgee of Ti = CDT( Pi ; S), scan its con
ict list and determine Pi +1 je.

2. Consider each Pi +1 je in turn:

2.1 Let te = djPi +1 jej=c1(M =B)e. First take a 1=(c2te log te)-sample Ye of Pi +1 je; we add
the four vertices of the two adjacent triangles of e if they are not chosenin the sample.
Then compute Te = CDT( Ye; I e) using an internal memory algorithm. Next for each
edge e0 of Te determine (Pi +1 je) je0 by scanning Pi +1 je on disk. If for any e we have
j(Pi +1 je) je0j > c1M =B, repeat this step by taking a new sampleYe.

2.2 For each edge e0 of Te, load (Pi +1 je) je0 into memory and compute Te0 =
CDT(( Pi +1 je) je0; I e0). Report only the triangles of Te0 that have their circumcircles cen-
tered inside � (e) \ � (e0). If this is not the last round, scan Pje to build the con
ict
lists for these triangles (4 uvw is in con
ict with p if p 2 D(u; v; w; S)). We do so by
allocating one main memory block for each of the O( M

B ) triangles and writing points to
the relevant block as they are processed;when a block is full it is written to disk.

7



3. After all edgesof CDT( Pi ; S) have been processed,Ti +1 = CDT (Pi +1 ; S) is simply all the
triangles reported in Step 2.2. The con
ict list for an edgeof CDT( Pi +1 ; S) is simply the
union of the con
ict lists of its two adjacent triangles.

Analysis of I/O. We wish to follow the analysis of Crauser et al. [11] that is based on the
bounds on the expected size of the con
ict lists and their higher moments [10]. However, unlike
[11], Pi is not a completely random sample of Pi +1 in our case,which makes the analysis more
complicated. Nevertheless,we can prove similar bounds on the expected sizeof con
ict lists. The
following lemma summarizesthe main technical result.

Lemma 2 Let R be a p-sampleof P n E. For any constant integer c � 1,

E

2

4
X

e2 CDT( R[ E ;S)

jPjejc

3

5 = O
�

jP j � jE j
pc� 1 +

jE j
pc

�
: (1)

Proof : Our proof is basedon the probabilistic technique of Clarkson and Shor [10]. We de�ne a
cell to be a 4-tuple � = (p;q; u; v) for any 4 points p;q; u; v 2 P. De�ne � 's con
ict list Pj � to
be the set of points of P that lie inside D(p;q; u; S) [ D (p;q; v; S), and let l (� ) = jPj � j. For any
R � P n E, let �( R) be the set of cells whosede�ning four points are in R [ E. We say that a cell
� 2 �( R) is at level c if R [ E contains exactly c points of Pj � . A cell at level 0 is also called an
active cell of �( R). Let � c(R) be the set of cells of �( R) at level c.

Consider the active cells � 0(R) and CDT( R [ E; S). Sinceeach edgeof CDT( R [ E; S) corre-
sponds to four cells in � 0(R), and the con
ict list size of the edgeis equal to con
ict list size of
each of the cells plus 4, it su�ces to prove the following, for a (1=p)-sample R of P n E.

E

2

4
X

� 2 � 0 (R)

�
l (� )

c

�
3

5 = O
�

jP j � jE j
pc� 1 +

jE j
pc

�
(2)

We �rst show that the LHS of (2) is O(E[j� c(R)j=pc]). A cell � appearsin � c(R) if and only if
all of its 4 de�ning points and exactly c points of Pj � are contained in R [ E. Let d0(� ) and l0(� )
respectively be the number of de�ning and con
icting points of � in E . Then,

Pr [� 2 � c(R)] =
�

l (� ) � l0(� )
c � l0(� )

�
p4� d0 (� )+ c� l0 (� ) (1 � p) l (� )� c:

Since
E[j� c(R)j] =

X

�

Pr [� 2 � c(R)];

we have

E[j� c(R)j] =
X

�

�
l (� ) � l0(� )

c � l0(� )

�
p4� d0 (� )+ c� l0 (� ) (1 � p) l (� )� c: (3)

The LHS of (2) is

X

�

�
l (� )

c

�
Pr [� 2 � 0(R)] =

X

�

�
l (� )

c

��
l (� ) � l0(� )

� l0(� )

�
p4� d0 (� )� l0 (� ) (1 � p) l (� ) ;
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which is bounded by O(E[j� c(R)j=pc]) by comparing with (3) and noting that
�

l (� )
c

��
l (� ) � l0(� )

� l0(� )

�
�

�
l (� ) � l0(� )

c � l0(� )

�
:

Next, we take a 1/2-sample R0 of R and consider � 0(R0). A cell � 2 � c(R) appears in � 0(R0)
if and only if all of its 4 � d0(� ) de�ning objects in R and noneof its c � l0(� ) con
icting points in
R are taken into R0. So

Pr [� 2 � 0(R0)] =
1

24� d0 (� )+ c� l0 (� )
:

If follows that

E[j� 0(R0)j] =
X

� 2 �( R)

Pr [� 2 � 0(R0)] �
X

� 2 � c (R)

Pr [� 2 � 0(R0)] �
j� c(R)j

24+ c :

Therefore, the LHS of (2) is bounded by

O
�

E[j� c(R)j]
pc

�
= O

�
E[j� 0(R0)j]

pc

�
= O

�
E[jR0[ E j]

pc

�
= O

�
E[jR [ E j]

pc

�

= O
�

jP j � jE j
pc� 1 +

jE j
pc

�
;

as desired.

Remark 1 In our proof, the use of the random sampling framework of [10] crucially depends
on the fact that all the segments and there endpoints are included in the constrained Delaunay
triangulation of the sample,which allows us to use4 points to de�ne a cell. Otherwise the sizeof
a cell's de�ning set becomesunbounded and the framework of [10] is not applicable.

In our algorithm, Pi n E is a pi -sample of P n E. If jE j � c1M for some constant c1 small
enough,we have jE j � c2E[jPi � E j] for someconstant c2, which meansthat \on average" at least
a constant fraction of the samplesin Pi are random. In this case(1) becomesO(N=pc� 1

i ). Setting
c = 1 yields that the expected total sizeof the con
ict lists is linear.

Since the con
ict list size is expected linear, the initialization step of our algorithm takes
expected O( N

B logM =B
N
B ) I/Os. In each round, Step 1 takes O( N

B ) I/Os, and since Step 2.1 is
repeated only a constant number of times with high probabilit y, the total cost of Step 2 and 3 is

O

0

@
X

e2T i

te log te �
jPjej

B

1

A (4)

for the last round and

O

0

@jTi +1 j +
X

e2T i

te log te �
jPjej

B

1

A

for the other rounds with high probabilit y.
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SinceE[jTi +1 j] = O( N
B ) for all but the last round, we only needto arguethat the expectedvalue

of (4) is also O( N
B ). Following [11], for any integer constant c, we have

E

2

4
X

e2T i

tc
e
jPjej

B

3

5 =
1
B

� O

0

@ 1
(M =B)c � E

2

4
X

e2T i

jPi +1 jejc � jPjej

3

5

1

A

=
1
B

� O

0

@ pc
i+1

(M =B)c � E

2

4
X

e2T i

�jPjejc+1

3

5

1

A

=
1
B

� O
�

pc
i+1

(M =B)c �
N
pc

i

�
= O

�
N
B

�
:

Since the number of rounds of the algorithm is O(logM =B
N
B ) with high probabilit y, summing

this expected cost over all the rounds, we obtain the following.

Theorem 1 The constrained Delaunay triangulation of a set of N points in R2 and a set of seg-
ments S can be computed in O( N

B logM =B
N
B ) expected I/Os, provided that jSj � c0M , where c0 is a

constant.

3 Exp erimen ts

In this sectionwedescribeexperiments with our constrainedDelaunay triangulation algorithm using
both synthetic and real-life data. We implemented and experimented with a simpli�ed version of
the theoretical algorithm described in Section2; we describe the simpli�cation and implementation
details in Section3.1. In Section3.2 we describe our experimental setup, including the datasetswe
used,and in Sections3.3, 3.4 and 3.5 we report our experimental results.

3.1 Simpli�ed algorithm and implemen tation details

We implemented and experimented with a simpli�ed version of the theoretical algorithm described
in Section 2. The main observation behind our simpli�cation is that one round of the multi-round
theoretical algorithm is enoughto handle most real-world datasets. Even if we only have 128MB of
main memory, which is more than the amount of memory neededto triangulate 105 points, about
(105)2 = 1010 points can be processedwith just one round. This naturally leads to the following
simple and practical algorithm:

1. Compute a random sample P1 of P of size c � maxf K ;
p

N g that includes all endpoints of
segments in S, where c is a constant. We set c = 3 in all our experiments.

2. Construct CDT( P1; S) in memory using an internal memory algorithm.

3. For each point p 2 P in turn determine the edgesthat p is in con
ict with, generating a pair
(e;p) for each such edgee 2 CDT( P1; S). Then sort all thesepairs to construct the con
ict
list Pje for each edgee. If any con
ict list is larger than M , restart the algorithm by taking
a new sample.

10



4. For each edgee 2 CDT( P1; S) in turn load its con
ict list Pje into memory and construct
CDT( Pje; I e) using an internal memory algorithm. Then report all the triangles whosecir-
cumcenters are inside � (e).

Note that sincewe compute CDT( P1; S) in Step 2, we require that both K and
p

N are smaller
than the memory size.

Implemen tation. Each of the four steps in the algorithm is relatively easy to implement both
I/O and internal memory e�cien tly. Step 1 can be implemented by scanning through the input
points P, and to implement Step 2 we simply usethe triangle package[21].

In Step 3, we �rst scan through the input points, and �nd con
icting edgeswith CDT( P1; S)
kept in internal memory. To �nd the edgesin con
ict with a point p (internal memory) e�cien tly,
it is su�cien t to �nd all triangles in con
ict with p. Since all triangles in con
ict with p are
connected,we simply �rst locate the triangle containing p and then perform a BFS search to �nd
all triangles that are in con
ict with p. Rather than using a complicated (internal memory) point
location structure to �nd the triangle of CDT( P1; S) containing p, we pre-sort all points according
to the Hilb ert space-�lling curve, which has high spatial locality, and use a simple point-location
algorithm while processingthe points in Hilb ert order: To locate a point p, we start from the
triangle 
 where the previous point was located and \w alk towards" p by traversing all triangles
intersectedby the line segment from the centroid of 
 to p. Sincethe locations of consecutive points
are likely to be very close(due to the Hilb ert ordering), we in practice perform each point location
query in constant time. At the end of Step 3 we sort the list of edge-point pairs.

Finally, in Step 4, we scanthis list and use the triangle package to compute the constrained
Delaunay triangulation of each con
ict list.

Reducing con
ict list size. In practice, the e�ciency of our simpli�ed algorithm mainly de-
pends on the total size of the con
ict lists. The theoretical analysis in Section 2 shows that the
expected total size is linear and in practice the constant is roughly 9. We reducethe total con
ict
size and thus improve the overall e�ciency of the algorithm by combining several adjacent edges
into a single \edge group". More precisely, we put several edgesinto an edgegroup, and a point
is in con
ict with the edgegroup if it con
icts with any edgein the group. We then compute the
con
ict list and solve the subproblem for each edgegroup. The idea is that if the con
ict lists of
the individual edgesin the sameedgegroup contain many of the samepoints, then the total sizeof
the con
ict lists of the edgegroups can be much smaller than the combined sizeof the individual
con
ict lists. However, if we mergemany edgesinto an edgegroup, we needto do more work when
we report valid triangles in Step 4, as we need to report a triangle if its circumcenter lies in the
kernel of one of the edgesin the group. So we needto choosean appropriate edgegroup size.

We usethe following heuristic to mergeedgesinto edgegroups. Initially all edgesare unmarked.
To form an edgegroup G, we �rst randomly choosea \seed" triangle from CDT (P1; S) with all
three edgesunmarked. If no such a triangle exists, we chooseone with two unmarked edges(or
one if such a triangle still doesnot exists). Then we mark all it unmarked edgesand add them to
G. Next from this seed,we grow the edgegroup in a BFS manner, favoring neighboring triangles
with most unmarked edges. Once a triangle is visited, all of its unmarked edgesare marked and
added to G. We continue this processto form G until we have visited � triangles, or there are no
neighboring triangles with at least one unmarked edge. If there are still unmarked edgesleft, we
form another edgegroup by repeating the process.
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As discussedthere is a tradeo� between the total con
ict list size and the cost to check for
valid triangles in Step 4. The larger � is, the smaller the con
ict list becomes,but it is also more
costly to check for valid triangles. In order to determine an appropriate value of � , we performed
experiments with uniformly randomly generateddatasetswith di�eren t valuesof � . We found that
� = 10 gave the best improvement: The constant factor in the con
ict list sizeis reducedto around
3 and the total running time is reducedby 50%. In fact, the improvements with � ranging from 5
to 20 do not di�er much. We used� = 10 in all of our experiments.

There is a technical subtlety herewhen dealing with edgegroups instead of individual edges.In
Step 4, we just build CDT( Pje; I e) if only a single edgee is considered.However, for an edgegroup
G, it is not enoughto build CDT ([ e2 GPje; [ e2 GI e), sincepoints from the con
ict lists of di�eren t
edgesmay \in terfere" with each other, and generatewrong triangles. Such an example is shown
in Figure 4(a). To ensurecorrectness,we needto include all the e�ective segments of the triangles
adjacent to the edgesof G during the computation of the sub-triangulation of G. An e�ectiv e
segment of an triangle 4 uvw is a segment of S that intersectsthe circumcircle of 4 uvw and is not
separatedfrom the triangle by any other segment. Someexamplesare shown in Figure 4(b). We
determine the e�ectiv e segments of each triangle of CDT( P1; S) in an additional step before Step
4: We �rst build an R-tree on the bounding boxes of all circumcircles, and then query the R-tree
with the segments of S in turn. Each triangle always keepsits e�ectiv e segments seenso far, and
discard segments as soon as they becomenot e�ectiv e. In the end, each triangle of CDT( P1; S)
obtains a list of all its e�ectiv e segments.

a

b
c

d

e

f

g

u v

w

(a)

e�ectiv e segmen ts

u

w

s3 s4

s5

s6

v

s1

s2

(b)

Figure 4: (a) Supposethe sample is P1 = f a; : : : ; gg, and set of segment is S = f beg. Let u; v; w be three
points in P n P1, and u; w 2 Pj de; v 2 Pj eg. Consider the edgegroup G consisting of the dashededges.We
also needto include the segment bewhen building the constrainedDelaunay triangulation of G, otherwisea
wrong triangle 4 uvw would be reported. (b) Segments s2; s3; s4 are the e�ectiv e segments of 4 uvw, while
the other segments are not.

3.2 Exp erimen tal setup and datasets

We implemented our simpli�ed constrained Delaunay triangulation algorithm in C++ using
TPIE [4]. TPIE is a library that provides support for implementing I/O-e�cien t algorithms and
data structures. We useddouble to store the coordinates of each point. For experimentation, we
used a 2.4GHz Intel XEON machine with hyperthreading, running Linux with kernel 2.4.5-smp,
and a local disk system consisting of four 10000RPM 72GB SCSI disks in RAID-0 con�guration.
The machine had 1GB main memory, but we restricted it to useonly 128MB of memory in order
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(a) Uniform (b) Normal (c) Kuzmin (d) Line singularity

Figure 5: Sampledatasetsof 1000points for the four distributions.

to obtain a large data sizeto memory sizeratio. All input, output and temporary �les were stored
on the local disk system.

Synthetic datasets. We experimented with both synthetic and real-life data. For the synthetic
data, we used four di�eren t distributions that have been used to evaluate the performance of
Delaunay triangulation algorithms [6]: uniform, normal, the Kuzmin, and line singularity.

� Uniform distribution : Random points in a unit square.

� Normal distribution : Points (x; y) where x; y are independent samplesfrom the normal dis-
tribution.

� The Kuzmin distribution : Points form a radically symmetric distribution with the accumu-
lativ e probabilit y function M (r ) = 1 � 1=

p
1 + r 2 where r is the distance to the center. The

Kuzmin distribution convergesto the center at a much faster rate than the normal distribu-
tion. It is usedto model the distribution of star clusters in 
at galaxy formations.

� Line Singularity distribution : Points form a distribution that convergesto a line instead of a
point. Let u and v be two independent uniform variables in [0, 1]. A point (x; y) is obtained
by the transformation (x; y) = (b=(u � bu+ b); v). We set b = 0:01.

After generating a point set P from one of the distributions, we generate the segment set S
as follows: To obtain a segment s 2 S, we �rst choose one endpoint uniformly at random from
P. With some probabilit y � we choose the other endpoint uniformly at random from P; with
probabilit y 1 � � we chooseit uniformly at random from the endpoints of the segments already in
S. We add s to S if it doesnot intersect any existing segment in S and its length is smaller than
somethreshold � . In our experiments we �xed � = 0:2. Someexamplesof the segments generated
this way are shown in Figure 6.

Real data. Our real-life datasets consist of LID AR data for the Neuse River Basin of North
Carolina [1]. This data consist of points p = (x; y; z) in R3 and to obtain a point set P in R2 we
simply used the x and y coordinates. We broke the data into a number of \tiles" geographically,
and concatenateddi�eren t subsetsof the tiles together to create 9 datasetsof increasingsizes.For
the segments S, we used road data segments obtained from the TIGER/Line data [23]. For each
point dataset P, we usedall the segments from the TIGER/Line data that completely fall into the
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(a) Uniform (b) Kuzmin

Figure 6: Sampledatasetsof 1000points with segments. Figure 7: LID AR data.

bounding box of P. The numbers of points and segments of the datasetsare listed in Table 1; the
last dataset covers the entire NeuseRiver Basin and has half of billion points. Compared with the
synthetic data, the LID AR data points are more regularly distributed, but with a few low density
regions (e.g. lakes); the segments are better structured and tend to form long chains. A small
portion of the LID AR data is shown in Figure 7.

Dataset 1 2 3 4 5 6 7 8 9

# points (million) 16.8 27.7 44.5 58.5 90.8 116.2 163.1 257.1 503.7
# segments (thousand) 19.5 27.8 55.7 44.9 50.5 77.3 137.3 627.1 755.0

Input �le size(MB) 336 554 890 1176 1816 2324 3262 5142 10074

Table 1: The number of points and segments in each dataset of the NeuseRiver Basin.

3.3 Delauna y triangulation exp erimen ts

We �rst investigate the performanceof our algorithm when S = ; , that is, when we are computing
standard Delaunay triangulations. We compared our external memory algorithm (EM) with the
(internal memory) divide-and-conquer (D&C) and incremental (INC) algorithm as implemented
in the triangle package [21]. Since it is known that pre-sorting the points along some space-
�lling curve improves the performance of D&C and especially INC greatly on modern memory
hierarchies [3], we sorted the points along the Hilb ert curve in all our experiments. If the points are
not sorted, D&C starts thrashing and takesmore than 10 hours to completeon a dataset of only 5
million points; INC starts thrashing on an even smaller dataset of 2 million points. The time used
to perform the Hilb ert curve sort is not included in the computation times reported below.

The experimental results of our experiments on the four distributions with datasets of sizes
varying from 106 to 107 are shown in Figure 8, 9, 10 and 11. Note that the 128MB main memory
can only hold the data structure for triangulating roughly 1 million points. In all experiments, INC
performsbest. Its running time is almost linear in the data size,which can be explainedby the fact
that the triangle packagestarts by checking if a point to be inserted lies in any of the neighboring
triangles of the last inserted point; this way the more complicated point location is almost always
avoided when the points are inserted in Hilb ert order, and each point is almost always handled in
constant time (since the number of structural changesneededwhen inserting a point is alsoalmost
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Figure 8: Delaunay triangulation results
on uniform distribution.
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Figure 9: Delaunay triangulation results
on normal distribution.
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Figure 10: Delaunay triangulation results
on the Kuzmin distribution.
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Figure 11: Delaunay triangulation results
on line singularity distribution.

always constant). The number of I/Os (page faults) is also low sinceINC visits its data structure
in a highly local manner. The running time of our EM algorithm is also linear in the input size,
which can be explained by the fact that the O(logM =B

N
B ) factor in the number of I/Os it performs

is basically a constant for the range of N 's we tested. Still the algorithm performs around 20%
worsethan INC becauseof the overheadin the con
ict lists. Although the D&C algorithm is faster
than the two algorithms as long as the dataset �ts in main memory, which agreeswith previous
experimental studies on Delaunay triangulation algorithms [21,22], when the dataset size grows
larger than the available main memory, its performancequickly degenerates.Although the Hilb ert
ordering of points improves its performance(since the points visited in a mergestep are likely to
be placed consecutively in memory), the binary nature of the algorithm results in an O( N

B log2
N
B )

I/O behavior.

3.4 Constrained Delauna y triangulation exp erimen ts

Next we compared our EM algorithm with the algorithm (INC) implemented in triangle [21],
which �rst constructs a Delaunay triangulation on the input points P, and then inserts all the
segments in S one by one. The triangle packageo�ers several options for constructing Delaunay
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triangulations, we used the incremental algorithm since it is shown to be fastest in the previous
section. When inserting a segment s 2 S, INC �rst destroys all the triangles s intersects, and
then retriangulates the two polygons on either side of s. To retriangulate a polygon of size t
it uses a simple worst-caseO(t2) algorithm, which runs in linear time in most common cases.
There exist theoretically optimal linear-time simple polygon constrained Delaunay triangulation
algorithms [9,16], but they are too complicated to implement and unlikely to be practical. As
before we pre-sorted the points by Hilb ert values; we sorted the segments by the Hilb ert value of
one of their endpoints.

Exp erimen ts with synthetic data. The running times of our experiments on the four distribu-
tions are shown in Figure 12, 13, 14 and 15. We �xed the number of points to be 107 and generated
up to 105 segments, each of length at most � = 0:003. The range of the number of segments are
chosen to resemble the segment-to-p oint ratios of the real-life LID AR datasets, as well as larger
ratios. The experimental results show that our EM algorithm performs signi�cantly better than
INC. The main reasonfor this is probably that while our algorithm incrementally inserts points in
a small triangulation in memory (CDT (P1; S)), the INC algorithm incrementally inserts segments
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Figure 12: Constrained Delaunay triangu-
lation results on uniform distribution.
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Figure 13: Constrained Delaunay triangu-
lation results on normal distribution.
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Figure 14: Constrained Delaunay triangu-
lation results on the Kuzmin distribution.
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Figure 15: Constrained Delaunay triangu-
lation results on line singularity distribu-
tion.
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in a much larger (and larger than main memory) triangulation containing all the points. The other
reasonis that the triangle packageis not fully optimized for constrainedDelaunay triangulations.
SeeSection 3.5 for more details.

The performance of the EM algorithm starts to (very slowly) degenerateat around 60,000
segments. This can be explained by the fact that the memory usageof the algorithm almost only
dependson the samplesize jP1j; at K = 60; 000 the sample is about the sizeof the main memory
(we consumeabout 5MB memory per 10,000points, and sample 3K points; the system daemons
useroughly 30MB memory). Although in theory our algorithm only works when the sample�ts in
internal memory, we seethat thrashing doesnot happen when this assumption is violated. Instead
the performanceof the algorithm degradesquite gracefully becausethe algorithm has a very local
memory accesspattern. Note that as the number of segments approaches N , our algorithm will
eventually degenerateinto INC.

Both algorithms are relatively insensitive to the data distribution. However, as the number of
segments grows, the running time of the EM algorithm degradesfaster on line singularity distribu-
tion than on the other distributions. This is becausethe points are much denser in this dataset,
meaning that segments are relatively longer. The EM algorithm spendsmore time on the R-tree
construction sinceone segment may intersect a lot of circumcircles.

Next we investigated how the segment length a�ects performance. Using 107 points from the
uniform distribution, we generated10,000segments with varying � from 0.001 to 0.1 using only
segments of length between� =2 and � . The results of the experiments with thesedatasetsare given
in Figure 16. As expected, the running time of INC increasesas the segments get longer, since
more triangles are destroyed and created when a longer segment is inserted in the triangulation,
but the increaseis not substantial. Maybe somewhatcounter-intuitiv ely, the running time of EM
decreasesas the segments get longer. This is probably becausewhile longer segments increasethe
time to triangulate the sample, they also reducethe con
ict list sizesomewhat.
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Figure 16: Constrained Delaunay triangulation
results with varying segment lengths.

Figure 17: Constrained Delaunay triangula-
tion results on real datasets.

Exp erimen ts with real data. The running times of our experiments with the LID AR datasets
are shown in Figure 17. Note that the smallest LID AR dataset is larger than the largest of our
synthetic dataset, thus, due to insu�cien t addressspaceon a 32-bit machine (there is a 4GB limit

17



on the addressspacefor each process),we wereunable to run the triangle program except on the
smallest dataset. In Figure 17 we also show a breakdown of the running time of the EM algorithm
into di�eren t phases: triangulating the samples,generating the con
ict lists, sorting the con
ict
lists, and building the sub-triangulations. Except on the last two datasets, the total running time
is dominated by the last three phases,which essentially dependson the number of points. On the
last two datasets, the number of segments is much larger than in the other datasets,and the time
spent on building CDT (P1; S) starts to be signi�cant. However, sinceP1 is still much smaller than
the entire dataset, our algorithm should still be much faster than building the entire constrained
Delaunay triangulation directly.

3.5 Optimizing the triangle program

As mentioned in Section1, the problem of building large-scaleconstrainedDelaunay triangulations
e�cien tly hasnot beenseriouslyconsideredbefore. Although it is oneof the most popular Delaunay
triangulation softwares publicly available, through our experiments we found that triangle still
hassomee�ciency issueswhen constrainedDelaunay triangulations are considered.In this section
we describe how we have further optimized portions of triangle 's code that dealswith inserting
segments in a triangulation, and give additional experimental results with the improved code.

Impro vements to the triangle program. The following improvements apply to triangle ver-
sion 1.5 (releasedJune 4, 2004,available at http://www-2.cs.cmu.edu/~q uake/tr iang le. html ).

� locate() : This function is used in the point location routine. The code contains a bug
when taking samplesfrom the triangulation, which sometimescausesthe program to gener-
ate segmentation faults when inserting segment to a triangulation, or using the incremental
algorithm to build a Delaunay triangulation. We corrected the bug.

� flip() : This function is used in building the initial Delaunay triangulation with the incre-
mental algorithm, and in retriangulating the two polygonsafter a segment hasbeeninserted.
When the program inserts segments, it maintains a mapping from vertices to triangles, so
that the point location procedurecan be avoided when trying to locate the endpoints of the
segments. However, when an edge is 
ipp ed in this function, this mapping is not restored
correctly, causing someof the subsequent segment insertions to fail to use the mapping to
locate the endpoints directly, and the expensive point location procedurehas to be invoked.
We added code to restore the mapping after each 
ip, if the 
ip is causedby inserting a
segment.

� getvertex() : This function is called to retrieve an endpoint of a segment from the list of
existing vertices. The current code may take O(N ) time, and we improved it to constant
time.

Additional exp erimen t results with the impro ved code. With the improved code, we have
rerun all the experiments of Section 3.4.

The results on the synthetic datasets are shown in Figure 18{22. From Figure 18{21, we see
that theseimprovements have drastically reducedthe running times of triangle when the number
of segment is large. These curves in fact more reasonably demonstrate the behavior of the INC
algorithm: When there are not somany segments, each insertion may causea pagefault; but when

18



10 20 30 40 50 60 70 80 90 100
0

100

200

300

400

500

600

700

800

900

# segments (´  103)

ru
nn

in
g 

tim
e 

(s
ec

on
ds

)

INC
EM

Figure 18: Constrained Delaunay triangu-
lation results on uniform distribution (with
improved code).

10 20 30 40 50 60 70 80 90 100
0

100

200

300

400

500

600

700

800

900

# segments (´  103)

ru
nn

in
g 

tim
e 

(s
ec

on
ds

)

INC
EM

Figure 19: Constrained Delaunay triangu-
lation results on normal distribution (with
improved code).
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Figure 20: Constrained Delaunay triangu-
lation results on the Kuzmin distribution
(with improved code).
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Figure 21: Constrained Delaunay triangu-
lation results on line singularity distribu-
tion (with improved code).
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Figure 22: Constrained Delaunay triangulation results with
varying segment lengths (with improved code).
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there are a lot of segments and they are inserted in the Hilb ert order, the location of a segment is
very likely to be closeto that of the previous one, thus the likelihood of a pagefault is small. This
roughly explains why the INC curves start to level o� as the number of segments grows. We do
not seemajor di�erences in Figure 22 for the varying-segment-length experiment.

On the smallest LID AR dataset, the running time of triangle decreasesfrom 2272secondsto
1252seconds,while that of the EM algorithm is 607seconds.We werestill unable to run triangle
on any of the other larger datasets.

In comparison with the improved triangle program, our EM algorithm is still generally a
factor of two faster, when the number of segments is smaller than the memory size. However, when
there are more segments and the point distribution is highly skewed, one needsto be careful in
choosing which triangulator to use.
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A Randomized Incremen tal Construction of Constrained Delau-
nay Triangulations

Randomizedincremental construction (RIC) is a powerful paradigm for designingmany geometric
algorithms. Typically such algorithms are conceptually simple, easyto implement, and are capable
of doing the construction in an online fashion. While optimal constrained Delaunay triangulations
algorithms following other paradigms are known, as mentioned in Section 1, there have been no
provably optimal incremental algorithms for constrainedDelaunay triangulations to date, although
such an algorithm is often the choice of practitioners (e.g. Shewchuk's Triangle software [21]).
The lack of an RIC algorithm also posesa major di�cult y for us to develop an external memory
constrained Delaunay triangulation algorithm. Therefore, it will be interesting to analyze an RIC
algorithm for constructing constrained Delaunay triangulations.

Like in the Delaunay triangulation case, the �rst step is to bound the expected number of
structural changeswhen we add the segments into a Delaunay triangulation in a random order. In
this section, we report somepreliminary results on this combinatorial problem, with the hope that
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they may shed some lights on future investigations of RIC algorithms for constrained Delaunay
triangulations.

We �rst show that the expected number of structural changesis 
( N logK ) by giving such an
example. This is to be contract with the well known �( N ) bound on such changeswhen a standard
Delaunay triangulation is constructed. Then we give an O(N log2 K ) upper bound.

Lower bound. Our lower bound example consistsof N + 3K = �( N ) points and K segments.
We put K points p1; : : : ; pK on the top of a circle, and N points q1; : : : ; qN on the bottom of the
circle (seeFigure 23(a)). Sincewe are interestedin the lower bound, we will only focuson the edges
connecting somepi to someqj , ignoring all other edges.We call theseedgesinteresting edges.To
make sure the Delaunay triangulation is always uniquely de�ned, we move p1 downward by a small
distance � 1, such that the edgesshown in Figure 23(a) are all Delaunay edges.Next, we move p2

downward by a distance of � 2, which is chosensmall enoughsuch that it doesnot a�ect the edges
going out from p1, but if p1 did not exist, then all the qj 's would be connectedto p2. Similarly we
move pi downward by a distance of � i such that all the qj 's are connectedto pi if and only if all
of p1; : : : ; pi � 1 do not exist. Finally we place the K segments, along with the remaining 2K points
serving as their endpoints, as follows. For each pi , we put a segment si that hides it from the circle,
with both endpoints of si being outside the circle (seeFigure 23(b)). This is always possibleif we
choosethe � i 's small enough. It is alsoclear that these2K points do not a�ect the interesting edges
at all.

We have �nished the description of our example, now let us compute the expected number of
changesamong the interesting edgeswhen we add the K segments in a random order. It su�ces
to only count the number of edgesthat are destroyed during the process. Let Ti be the number
of edgesdestroyed by the insertion of si . By our construction, Ti is N if s1; : : : ; si � 1 are inserted
before si , and 0 otherwise. So, we have E[Ti ] = N=i. By linearity of expectation, the expected
total number of edgesdestroyed is E[

P K
i=1 Ti ] = �( N logK ).

(a)

(b)

Figure 23: The lower bound example.

Upp er bound. Let si be the i -th segment inserted, and let Si = f s1; : : : ; si g, for i = 1; : : : ; K .
Let Ti be the number of edgesof CDT (P; Si � 1) intersected(in the interior) by si , thus, the insertion
of si destroys Ti + 1 triangles and createsTi + 1 new ones,and the total number of structural changes
is K +

P K
i=1 Ti .
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For any edgee 2 CDT( P; Si � 1), let Sje be the set of segments of S intersected(in the interior)
by e. Since Si � 1 is a random sample of S, using standard techniques [19], the size of Sje can be
boundedby O(K =i � log K ) for all edgesof CDT( P; Si � 1) with high probabilit y. Sincesi is randomly
chosenfrom S n Si � 1, we have

E[Ti ] = O

 P
e2 CDT (P;Si � 1 ) jSjej

K � i

!

= O
�

N K logK
i (K � i )

�
:

Then the expected total number of structural changesis

E

"

K +
KX

i =1

Ti

#

= O

 
KX

i =1

N K logK
i (K � i )

!

= O(N log2 K ):
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