
Chapter 10

AutomatedMechanismDesignfor
BoundedAgents

A long-termgoalof thisresearchis to combineautomatedmechanismdesignandmechanismdesign
for boundedagents,so that mechanismsthat take advantageof the agents'limited computational
capacitiesare automaticallydesigned. However, the approachesthat we have seenin previous
chapterscannotbestraightforwardlycombinedto achieve this, for severalreasons.

As we saw in Chapter6, thework on automatedmechanismdesign(oursaswell asothers')so
far hasrestricteditself to producingtruthful mechanisms,andappealedto the revelationprinciple
to justify this. Theadvantageof this restrictionis that it is easyto evaluatethequality of a truthful
mechanism,becausetheagents'behavior is perfectlypredictable(they will tell the truth). This is
whatallowsusto comeupwith aclearformulationof theoptimizationproblem.

However, settingsin which the boundedrationality of agentscanbe exploited arenecessarily
onesin which therevelationprincipledoesnot meaningfullyapply. Speci�cally, a mechanismthat
is truthful (in thesensethatnomanipulationcanbebene�cial)canneverexploit theagents'bounded
rationality, becausein sucha mechanismagentswould reveal the truth regardlessof their compu-
tationalsophistication.It follows thatwe mustextendthesearchspacefor automatedmechanism
designto includenon-truthfulmechanisms.1 Findinganoptimalmechanismin thisextendedsearch
spacewouldrequireusto havesomemethodfor evaluatingthequalityof non-truthfulmechanisms,
which needsto bebasedon a modelof how theagentsbehave in non-truthfulmechanisms.More-
over, thismodelmusttakeinto accounttheagents'boundedrationality: if weassumethattheagents
will playoptimally (in agame-theoreticsense),thenby therevelationprinciplethereis still nevera
reasonto prefernon-truthfulmechanismsover truthful mechanisms.2

1Anotheraspectof mechanismdesignfor boundedagentsis thatwe maynot wish to immediatelyaskeachagentto
provide all of its preferences,asthesemaybedif�cult for theagentto compute.Rather, we couldconsidermultistage
mechanismsthatselectively querytheagentonly for theneededpreferences.Thesemechanismscanstill be truthful in
thesensethat it is alwaysstrategically optimal to answerqueriestruthfully. However, asexplainedbefore,theef�cient
elicitationof agents'preferencesis a topic thatis orthogonalto thisdissertation.

2Somenon-truthful mechanismsmay be just as good as truthful mechanismswhen agentsbehave in a game-
theoreticallyoptimalway, soit is possiblethatoursearchwould fortuitouslyreturnanon-truthfulmechanism.However,
if thishappens,thereis still noguaranteethatthisnon-truthfulmechanismwill performbetterthanthebesttruthful mech-
anismwhenagentsareactuallybounded,for oneof two reasons.First, it maybeeasyto actoptimally in this particular
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Creatinga goodmodelof the behavior of boundedlyrationalagentsfor this purposeis by no
meanseasy. For one,it is dif�cult to guaranteethatagentswill notadapttheir reasoningalgorithms
to the speci�c mechanismthat they face. The resultson hardnessof manipulationin Chapter8
avoidedthis dif�culty , by usingthe standardcomplexity-theoreticapproachof showing that there
arein�nite familiesof instancesthatarehard.Thiswasnecessarybecausein standardformulations
of complexity theory, any individual instanceof a problemis easyto solve, for exampleby the
algorithmthathasthesolutionto thatparticularinstanceprecomputed.Unfortunately, thepurpose
of automatedmechanismdesignis preciselyto designa mechanismfor theinstanceat handonly!
Thuswecannotreferto hardnessover in�nite classesof instancesfor thispurpose.

Thesedif�culties preventusfrom formulatingautomatedmechanismdesignfor boundedagents
asa cleanoptimizationproblem. Nevertheless,in Section10.1, we do proposea moreheuristic
approachby which mechanismsfor boundedagentscanbe designedautomatically[Conitzerand
Sandholm,2006e]. In light of the issuesdiscussedabove, it shouldnot comeasa surprisethat
this approachis very different from the approachesdescribedearlier in this dissertation.Rather
thanoptimizingtheentiremechanismin asinglestep(asin Chapter6), theideais to incrementally
make themechanismmore strategy-proofover time, by �nding potentialbene�cial manipulations,
andchangingoutcomeslocally sothat thesemanipulationsareno longerbene�cial. Computation-
ally, this is a muchmorescalableapproach.Themechanismmayeventuallybecome(completely)
strategy-proof, in which caseit will not take advantageof agents'boundedrationality;however, it
maybe thatsomemanipulationsremainin theend. Intuitively, oneshouldexpectsuchremaining
manipulationsto be moredif�cult to discover for the agents,as the algorithmfor designingthe
mechanismhasnotdiscoveredthemyet. Thus,insteadof usingacomplexity-theoreticargumentas
in Chapter8, heretheargumentfor hardnessof manipulationdependson theagentsnot beingable
to “outcompute”thedesigner. (Nevertheless,wewill alsogiveacomplexity-theoreticargument.)

10.1 Incr ementallymaking mechanismsmorestrategy-proof

In theapproachthatwe proposein this section,we startwith a nä�vely designedmechanismthatis
not strategy-proof (for example,the mechanismthat would be optimal in the absenceof strategic
behavior), andweattemptto make it morestrategy-proof.Speci�cally, theapproachsystematically
identi�es situationsin which anagenthasan incentive to manipulate,andcorrectsthemechanism
locally to take away this incentive. This is doneiteratively, andthe mechanismmay or may not
become(completely)strategy-proofeventually.

Onecanconceive of this asbeinga new approachto automatedmechanismdesign,insofar as
theupdatesto themechanismto make it morestrategy-proofcanbeexecutedautomatically(by a
computer).Indeed,we will provide algorithmsfor doingso. (Thesealgorithmsarecomputation-
ally muchmoreef�cient thantheoptimizationalgorithmsproposedin Chapter6, becauseto ensure
strategy-proofness,thosealgorithmshadto simultaneouslydecideon theoutcomethat themecha-
nismchoosesfor everypossibleinputof revealedpreferences,andthestrategy-proofnessconstraints
interrelatedthesedecisions.)It is alsopossibleto think abouttheresultsof this approachtheoret-
ically, andusethemasa guidein more“traditional” mechanismdesign. We pursuethis aswell,

non-truthfulmechanism.Second(worse),it may the casethat it is not easy, andthat this dif�culty actually leadsthe
agentsto actin suchaway thatworseoutcomesareobtained.
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giving variousexamples.Finally, we will arguethat if themechanismthat theapproachproduces
remainsmanipulable,thenany remainingmanipulationswill becomputationallyhardto �nd.

This approachbearssomesimilarity to how mechanismsaredesignedin therealworld. Real-
world mechanismsare often initially nä�ve, leadingto undesirablestrategic behavior; oncethis
is recognized,the mechanismis somehow amendedto disincentthe undesirablebehavior. For
example,somenä�vely designedmechanismsgive biddersincentivesto postponesubmittingtheir
bids until just beforethe event closes(i.e., sniping); often this is (partially) �x ed by addingan
activity rule, which preventsbiddersthatdo not bid actively early from winning later. As another
example,in the 2003TradingAgent CompetitionSupplyChainManagement(TAC/SCM) game,
therulesof thegameledtheagentsto procuremostof theircomponentsonday0. Thiswasdeemed
undesirable,andthedesignerstried to modify the rulesfor the2004competitionto disincentthis
behavior [Kiekintveldetal., 2005].3

As we will see,therearemany variantsof theapproach,eachwith its own merits.We will not
decidewhichvariantis thebestin thisdissertation;rather, wewill show for a few differentvariants
thatthey canresultin desirablemechanisms.

10.1.1 De�nitions

In this chapter, we will considerpayments(if they arepossible)to be part of the outcome. Be-
causeof this, we canidentify a mechanismwith its outcomeselectionfunction. Given a mecha-
nism M : £ ! O mappingtype vectorsto outcomes,a bene�cial manipulation4 consistsof an
agenti , a type vector hµ1; : : : ; µn i 2 £ , and an alternative type report µ̂i for agenti suchthat
ui (µi ; M (hµ1; : : : ; µn i )) < ui (µi ; M (hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i )) . In this casewe saythat i
manipulatesfrom hµ1; : : : ; µn i into hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i . We note that a mechanismis
strategy-proof or (dominant-strategies) incentive compatibleif andonly if thereareno bene�cial
manipulations.(We will not considerBayes-Nashequilibriumincentive compatibilityin this chap-
ter.)

In settingswith payments,we will enforcean ex-post individual rationality constraint: we
shouldnot make an agentworseoff than he would have beenif he had not participatedin the
mechanism.That is, we cannotchargeanagentmorethanhe reportedtheoutcome(disregarding
payments)wasworth to him.

10.1.2 Our approachand techniques

In this subsection,we explain the approachandtechniquesthat we considerin this chapter. We
recallthatourgoalis not to (immediately)designastrategy-proofmechanism;rather, westartwith
somemanipulablemechanism,andattemptto incrementallymake it “more” strategy-proof. Thus,
thebasictemplateof ourapproachis asfollows:

1. Startwith some(manipulable)mechanismM ;

3Interestingly, thesead-hocmodi�cations failed to prevent the behavior, andeven an extrememodi�cation during
the2004competitionfailed. Later researchsuggeststhat in factall reasonablesettingsfor a key parameterwould have
failed[Vorobeychik etal., 2006].

4“Bene�cial” heremeansbene�cial to themanipulatingagent.
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2. FindsomesetF of manipulations(whereamanipulationis givenby anagenti , a typevector
hµ1; : : : ; µn i , andanalternative typereportµ̂i for agenti );

3. If possible,changethemechanismM to prevent (many of) thesemanipulationsfrom being
bene�cial;

4. Repeatfrom step2 until termination.

This is merelya template;at eachoneof the steps,somethingremainsto be �lled in. Which
initial mechanismdo we choosein step1? Which setof manipulationsdo we considerin step2?
How do we “�x” themechanismin step3 to prevent thesemanipulations?And how do we decide
to terminatein step4? In this dissertation,we will not resolve what is thebestway to �ll in these
blanks(it seemsunlikely thatthereis asingle,universalbestway),but ratherwewill providea few
instantiationsof thetechnique,illustratethemwith examples,andshow someinterestingproperties.

Onenaturalway of instantiatingstep1 is to choosea nä�vely optimal mechanism,that is, a
mechanismthat would give the highestobjective valuefor eachtype vector if every agentwould
alwaysrevealhis type truthfully. For instance,if we wish to maximizesocialwelfare,we simply
always choosean outcomethat maximizessocial welfare for the reportedtypes; if we wish to
maximizerevenue,wechooseanoutcomethatmaximizessocialwelfarefor thereportedtypes,and
makeeachagentpayhisentirevaluation.

In step2, therearemany possibleoptions:wecanchoosethesetof all manipulations;thesetof
all manipulationsfor a singleagent;thesetof all manipulationsfrom or to a particulartypeor type
vector;or justasinglemanipulation.Whichoptionwechoosewill affect thedif�culty of step3.

Step3 is the mostcomplex step. Let us �rst considerthe casewherewe areonly trying to
preventa singlemanipulation,from µ = hµ1; : : : ; µn i to µ0 = hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i . We
canmake this manipulationundesirablein oneof threeways:(a) make theoutcomethatM selects
for µ moredesirablefor agenti (whenhe hastype µi ), (b) make the outcomethat M selectsfor
µ0 lessdesirablefor agenti (whenhe hastype µi ), or (c) a combinationof the two. For the most
part,wewill focuson (a) in this chapter. Theremaybemultiplewaysto make theoutcomethatM
selectsfor µ suf�ciently desirableto preventthemanipulation;a naturalway to selectfrom among
theseoutcomesis to choosetheonethatmaximizesthedesigner'soriginalobjective. (Notethatany
oneof thesemodi�cationsmayintroduceotherbene�cial manipulations.)

Whenwe are trying to prevent a setof manipulations,we areconfrontedwith an additional
problem:afterwehavepreventedonemanipulationin theset,wemayreintroducetheincentive for
this manipulationwhenwe try to preventanothermanipulation.As a simpleexample,supposethat
we aresellinga singleitem to a singlebidder, who mayvaluethe item at 1, 2, or 3. Supposethat
westartwith the(nä�ve)mechanismin whichwealwayssell theitemto thebidderat thebid thathe
places(if hebidsx 2 f 1; 2; 3g, wesell theitemto him atprice¼(x) = x). Of course,thebidderhas
anincentive to shadehisvaluation.Now supposethat(for somereason)in step2 wechoosetheset
of thefollowing two bene�cial manipulations:report2 whenthetruevalueis 3, andreport1 when
the true valueis 2. Also supposethat we take approach(a) above (for a type vectorfrom which
thereis abene�cial manipulation,make its outcomemoredesirableto themanipulatingagent).We
can�x the �rst manipulationby setting¼(3) = 2, but thenif we �x the secondmanipulationby
setting¼(2) = 1, the incentive to report2 whenthetruevalueis 3 returns.This canbeprevented
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by updatingall of the type vectorssimultaneouslyin sucha way that noneof the manipulations
remainbene�cial: in theexample,this would leadusto �nd thatwe shouldset¼(3) = ¼(2) = 1.
However, in generalsettings,this mayrequiresolvinga potentiallylargeconstrainedoptimization
problem,which would constituteanapproachsimilar to standardautomatedmechanismdesign—
reintroducingsomeof the scalabilityproblemsthat we wish to avoid.5 Instead,we will be less
ambitious:whenaddressingthemanipulationsfrom onetypevector, we will actasif we will not
changetheoutcomesfor any othertypevector. Thus,in theexampleabove,we will indeedchoose
¼(3) = 2, ¼(2) = 1. (Of course,if we hadincludedthemanipulationof reporting1 whenthetrue
valueis 3, wewouldset¼(3) = ¼(2) = 1, andtherewouldbenoproblem.This is effectively what
will happenin someof theexamplesthatwewill give later.)

Formally, for this particularinstantiationof our approach,if M is themechanismat thebegin-
ning of the iterationandM 0 is themechanismat theendof the iteration(after theupdate),andF
is thesetof manipulationsunderconsideration,wehaveM 0(µ) 2 argmaxo2 O(M ;µ;F ) g(µ; o) (here,
µ = hµ1; : : : ; µn i ), whereO(M ; µ; F ) µ O is thesetof all outcomeso suchthat for any bene�cial
manipulation(i; µ̂i ) (with (i; µ; µ̂i ) 2 F ), ui (µi ; o) ¸ ui (µi ; M (hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i )) .
It may happenthat O(M ; µ; F ) = ; (no outcomewill prevent all manipulations). In this case,
therearevariouswaysin which we canproceed.Oneis not to updatetheoutcomeat all, i.e. set
M 0(µ) = M (µ). Anotheris to minimize the numberof agentsthat will have an incentive to ma-
nipulatefrom µ after the change,that is, to chooseM 0(µ) 2 argmino2 O jf i : (9(i; µ; µ̂i ) 2 F :
ui (µi ; o) < ui (µi ; M (hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i ))) gj (andtiescanbebrokento maximizethe
objectiveg).

Many othervariantsarepossible.For example,insteadof choosingfrom thesetof all possible
outcomesO whenwe updatetheoutcomeof themechanismfor sometypevectorµ, we canlimit
ourselvesto thesetof all outcomesthatwould resultfrom somebene�cial manipulationin F from
µ—thatis, thesetf o 2 O : ((9(i; µ̂i ) : (i; µ; µ̂i ) 2 F ) : o = M (hµ1; : : : ; µi ¡ 1; µ̂i ; µi +1 ; : : : ; µn i ))g—
in additionto thecurrentoutcomeM (µ). Themotivationfor this is thatratherthanhaveto consider
all possibleoutcomesevery time, we may wish to simplify our job by consideringonly the ones
thatcausethe failureof strategy-proofnessin the �rst place. (We may, however, getbetterresults
by consideringall outcomes.)

In the last few paragraphs,we have beenfocusingon approach(a) above (for a type vector
from which thereis a bene�cial manipulation,make its outcomemoredesirableto themanipulat-
ing agent);approach(b) (for a typevectorinto which thereis a bene�cial manipulation,make its
outcomelessdesirableto themanipulatingagent)canbe instantiatedwith similar techniques.For
example,wecanrede�neO(M ; µ; F ) µ O asthesetof all outcomeso suchthatfor any manipula-
tion in F into µ, choosingM 0(µ) = o preventsthismanipulationfrom beingbene�cial.

Next, wepresentexamplesof all of theabove-mentionedvariants.

10.1.3 Instantiating the methodology

In this subsection,we illustrate the potentialbene�ts of the approachby exhibiting mechanisms
that it canproducein variousstandardmechanismdesignsettings.We will demonstratesettingsin

5Although, if the set of manipulationsthat we are consideringis small, this approachmay still scalebetterthan
standardautomatedmechanismdesign(in whichall manipulationsareconsideredsimultaneously).
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which theapproachendsupproducingstrategy-proofmechanisms,aswell asasettingin which the
producedmechanismis still vulnerableto manipulation(but in somesense“more” strategy-proof
thannä�ve mechanisms).We emphasizethatour goal in this subsectionis not necessarilyto come
up with spectacularlynovel mechanisms,but ratherto show that the approachadvocatedin this
chapterproducessensibleresults.Therefore,for now, we will considertheapproachsuccessfulif
it producesa well-known mechanism.In future research,we hopeto usethe techniqueto helpus
designnovel mechanismsaswell.

Deriving the VCG mechanism

In this subsubsection,we show the following result: in generalpreferenceaggregationsettingsin
which theagentscanmake payments(e.g. combinatorialauctions),(onevariantof) our technique
yieldstheVCG mechanismaftera singleiteration.We recallfrom Chapter4 thattheVCG mecha-
nismchoosesanoutcomethatmaximizessocialwelfare(not countingpayments),andimposesthe
following tax on an agent: considerthe total utility (not countingpayments)of the otheragents
giventhechosenoutcome,andsubtractthis from thetotal utility (not countingpayments)that the
otheragentswouldhaveobtainedif thegivenagent'spreferenceshadbeenignoredin choosingthe
outcome.Speci�cally, we will considerthe following variantof our technique(perhapsthe most
basicone):

² Ourobjectiveg is to try maximizesome(say, linear)combinationof allocativesocialwelfare
(i.e. socialwelfarenot takingpaymentsinto account)andrevenue.(It doesnot matterwhat
thecombinationis.)

² ThesetF of manipulationsthatwe consideris thatof all possiblemisreports(by any single
agent).

² We try to preventmanipulationsaccordingto (a) above (for a typevectorfrom which there
is a bene�cial manipulation,make its outcomedesirableenoughto themanipulatingagents
to preventthemanipulation).Amongoutcomesthatachieve this,wechooseonemaximizing
theobjective functiong.

Becausewe considerpaymentspartof theoutcomein this section,we will usetheterm“allo-
cation” to refer to thepartof theoutcomethatdoesnot concernpayments,even thoughtheresult
is not restrictedto allocationsettingssuchasauctions.Also, we will referto theutility thatagenti
with typeµi getsfrom allocations (not includingpayments)asui (µi ; s). Thefollowing simpleob-
servationshowsthatthenä�vely optimalmechanismis the�r st-pricemechanism,whichchoosesan
allocationthatmaximizessocialwelfare,andmakeseveryagentpayhisvaluationfor theallocation.

Observation 2 The �r st-price mechanismnä�vely maximizesboth revenueand allocative social
welfare.

Proof: That themechanism(nä�vely) maximizesallocative socialwelfareis clear. Moreover, due
to theindividual rationalityconstraint,wecanneverextractmorethantheallocativesocialwelfare;
andthe�rst-price mechanism(nä�vely) extractsall theallocativesocialwelfare,for anoutcomethat
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(nä�vely) maximizesallocativesocialwelfare.

Beforewe show themain resultof this subsubsection,we �rst characterizeoptimalmanipula-
tionsfor theagentsunderthe�rst-price mechanism.

Lemma 22 Thefollowingis anoptimalmanipulationµ̂i fromµ 2 £ for agenti underthe�r st-price
mechanism:

² for the allocation s¤ that would be chosenunder the �r st-pricemechanismfor µ, report a
valueequalto i 'sVCGpaymentunderthetruevaluations(u(µ̂i (s¤)) = VCGi (µi ; µ¡ i ));

² for anyotherallocations 6= s¤, reporta valuationof 0.6

Theutility of this manipulationis u(µi ; s¤) ¡ VCGi (µi ; µ¡ i ). (Thisassumestieswill bebrokenin
favorof allocations¤.)

Without the tie-breakingassumption,the lemmadoesnot hold: for example,in a single-item
�rst-price auction,biddingexactly thesecondpricefor theitem is not anoptimalmanipulationfor
the bidderwith the highestvaluationif the tie is broken in favor of the otherbidder. However,
increasingthebid by any amountwill guaranteethattheitem is won(andin general,increasingthe
valuefor s¤ by any amountwill guaranteethatoutcome).

Proof: First,we show thatthis manipulationwill still resultin s¤ beingchosen.Supposethatallo-
cations 6= s¤ is choseninstead.Giventhetie-breakingassumption,it follows that

P

j 6= i
uj (µj ; s) >

ui (µ̂i ; s¤) +
P

j 6= i
uj (µj ; s¤), or equivalently, VCGi (µi ; µ¡ i ) <

P

j 6= i
uj (µj ; s) ¡ uj (µj ; s¤). However,

by de�nition, VCGi (µi ; µ¡ i ) = maxs¤¤
P

j 6= i
uj (µj ; s¤¤) ¡ uj (µj ; s¤) ¸

P

j 6= i
uj (µj ; s) ¡ uj (µj ; s¤),

so we have the desiredcontradiction. It follows that agenti 's utility underthe manipulationis
ui (µi ; s¤) ¡ VCGi (µi ; µ¡ i ).

Next, we show that agenti cannotobtaina higherutility with any othermanipulation. Sup-
posethatmanipulationµ̂i resultsin allocations beingchosen.Becauseutilities cannotbenegative
under truthful reporting, it follows that ui (µ̂i ; s) +

P

j 6= i
uj (µj ; s) ¸ maxs¤¤

P

j 6= i
uj (µj ; s¤¤). Us-

ing the fact that VCGi (µi ; µ¡ i ) = maxs¤¤
P

j 6= i
uj (µj ; s¤¤) ¡ uj (µj ; s¤), we can rewrite the pre-

vious inequality as ui (µ̂i ; s) +
P

j 6= i
uj (µj ; s) ¸ VCGi (µi ; µ¡ i ) +

P

j 6= i
uj (µj ; s¤), or equivalently

ui (µ̂i ; s) ¸ VCGi (µi ; µ¡ i ) +
P

j 6= i
uj (µj ; s¤) ¡ uj (µj ; s). Because

P

j
uj (µj ; s¤) ¸

P

j
uj (µj ; s),

we can rewrite the previous inequalityas ui (µ̂i ; s) ¸ VCGi (µi ; µ¡ i ) ¡ ui (µi ; s¤) + ui (µi ; s) +P

j
uj (µj ; s¤) ¡ uj (µj ; s) ¸ VCGi (µi ; µ¡ i ) ¡ ui (µi ; s¤) + ui (µi ; s), or equivalently, ui (µi ; s) ¡

ui (µ̂i ; s) · ui (µi ; s¤) ¡ VCGi (µi ; µ¡ i ), aswasto beshown.

6Theremaybeconstraintsonthereportedutility functionthatpreventthis—forexample,in a(combinatorial)auction,
perhapsonly monotonevaluationsareallowed(winning moreitemsnever hurtsanagent).If so,theagentshouldreport
valuationsfor theseoutcomesthatareassmallaspossible,whichwill still leadto s¤ beingchosen.
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Theorem107 Under thevariant of our approach describedabove, themechanismresultingafter
a singleiteration is theVCGmechanism.

Proof: By Observation2, thenä�vely optimalmechanismis the �rst-price mechanism.Whenup-
datingtheoutcomefor µ, by Lemma22, eachagenti mustreceive a utility of at leastu i (µi ; s¤) ¡
VCGi (µi ; µ¡ i ), wheres¤ is theallocationthatmaximizesallocativesocialwelfarefor typevectorµ.
Onewayof achieving this is to chooseallocations¤, andto chargeagenti exactlyVCGi (µi ; µ¡ i )—
that is, simply run the VCG mechanism.Clearly this maximizesallocative socialwelfare. But,
underthe constraintson the agents'utilities, it alsomaximizesrevenue,for the following reason.
For any allocations, the mostrevenuethat we canhopeto extract is the allocative socialwelfare
of s, that is,

P

i
ui (µi ; s), minusthesumof theutilities thatwe mustguaranteetheagents,that is,

P

i
ui (µi ; s¤) ¡ VCGi (µi ; µ¡ i ). Becauses = s¤ maximizes

P

i
ui (µi ; s), this meansthat themost

revenuewecanhopeto extractis
P

i
VCGi (µi ; µ¡ i ), andtheVCG mechanismachievesthis.

Deriving an equal costsharing mechanismfor a nonexcludablepublic good

We now returnto the problemof designinga mechanismfor decidingon whetheror not a single
nonexcludablepublicgoodis built. (Westudiedtheautomateddesignof suchmechanismsin Chap-
ter6, Subsection6.5.2.)Speci�cally, everyagenti hasa typevi (thevalueof thegoodto him), and
the mechanismdecideswhetherthe goodis produced,aswell aseachagent's payment¼i . If the
goodis produced,wemusthave

P

i
¼i ¸ c, wherec is thecostof producingthegood.An individual

rationalityconstraintapplies:for eachi , ¼i · v̂i (nobodypaysmorethanhis reportedvaluefor the
good).

In this subsection,ratherthanusea singlevariantof our approach,we actuallyusetwo distinct
phases.Throughout,ourobjective is to maximizetheef�ciency of thedecision(thegoodshouldbe
producedif andonly if thetotalutility thatit generatesexceedsthecostof thegood);asasecondary
objective, we try to maximizerevenue.7 Thus, the nä�vely optimal mechanismis to producethe
goodif andonly if thesumof thereportedvaluationsexceedsc, andif so,to chargeeveryagenthis
entirereportedvaluation.

An iterationin the�rst phaseproceedsalmostexactly asin theprevioussubsubsection.We try
to preventmanipulationsaccordingto (a) above: for a typevectorfrom which therearebene�cial
manipulations,make its outcomedesirableenoughto the manipulatingagentsto prevent the ma-
nipulations,andamongoutcomesthatachieve this,choosetheonethatmaximizesourobjective. If
thereis nosuchoutcome,thenwedonotchangetheoutcomeselectedfor thistypevector. However,
in eachiteration,we consideronly a limited setof manipulations:in the�rst iteration,we consider
only manipulationsto the highestpossibletype(i.e. the highestpossiblevaluethat an agentmay
have for thepublicgood);in thesecond,wealsoconsidermanipulationsto thesecondhighestpos-
sibletype;etc., upuntil thelastiteration,in whichweconsidermanipulationsall thewaydown to a
valueof 0.

7It is notnecessaryto have thissecondaryobjective for theresultto go through,but it simpli�es theanalysis.
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Technicallyspeaking,this approachonly workson a �nite typespace.If thetypespaceis R¸ 0

(all nonnnegative valuations),we encountertwo problems: �rst, thereis no highestvaluationto
startwith; andsecond,thereareuncountablyin�nitely many valuations,leadingto in�nitely many
iterations.Thus,it would not bepossibleto run theapproachautomaticallyin this case.However,
for thepurposeof theoreticalanalysis,wecan(andwill) still considerthecasewherethetypespace
is R¸ 0: the�rst problemis overcomeby thefactthatmanipulatingto ahighertypeis notbene�cial
in this domain(free-riderspretendto have a lower valuation);thesecondproblemis overcomeby
conceiving of thisprocessasthelimit of asequenceof similarprocessescorrespondingto �ner and
�ner discretizationsof thenonnegativenumbers.(If wewereto actuallyrunonadiscretization,the
�nal resultingmechanismwould becloseto themechanismthat resultsin the limit case—andthe
�ner thediscretization,theclosertheresultwill be.)

Beforewedescribethesecondphase,wewill �rst analyzewhathappensin the�rst phase.

Lemma 23 Afterconsideringmanipulationsto valuer , themechanismwill takethefollowingform
(v̂i is agenti 's reportedvalue):

1. Thegoodwill beproducedif andonly if
P

i
v̂i ¸ c;

2. If thegoodis produced,and
P

i
minf r; v̂i g > c, theneveryagenti will payminf r; v̂i g;

3. If thegoodis produced,and
P

i
minf r; v̂i g · c, then,letting t ¸ r bethenumbersuch that

P

i
minf t; v̂i g = c, everyagenti will payminf t; v̂i g.

Proof: Supposewe have provedtheresultfor manipulationsto r ; let usprove theresultfor manip-
ulationsto an in�nitesimally smallerr 0. Consideran arbitrarytype vectorv = hv1; : : : ; vn i withP

i
vi ¸ c. In themechanismM thatresultsafterconsideringmanipulationsto r only, any agenti

with vi · r 0hasno incentive to manipulateto r 0 (afterthemanipulation,theagentwill bemadeto
payat leastr 0 ¸ vi ), sowe will not changesuchanagent's payments.An agentwith vi > r 0, how-
ever, will haveanincentive to manipulateto r 0, if thismanipulationdoesnotpreventtheproduction
of thegood(theagentwill payr 0 ratherthantheat leastminf r; vi g > r 0 thathewould have paid
without manipulation).If thetotal paymentunderM givenv exceedsc (that is, 2. above applies),
thenmanipulatingto r 0 in factdoesnot preventtheproductionof thegood,soall suchagentshave
anincentiveto manipulate;but, ontheotherhand,wecanreducethepaymentof suchagentsfrom r
to r 0 in thenew mechanismfor typevectorv, whichwill preventthemanipulation.However, if the
totalpaymentunderM givenv is exactlyc (thatis, 3. aboveapplies),thenit is impossibleto reduce
thepaymentsof suchagentsto r 0, becausewe cannotcollectany moremoney from theremaining
agentsandhencewewouldnotbeableto afford thegood.

Corollary 31 After consideringall manipulations(including to r = 0), the mechanismwill take
thefollowing form:

1. Thegoodwill beproducedif andonly if
P

i
v̂i ¸ c;
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2. If thegoodis produced,then,lettingt bethenumbersuch that
P

i
minf t; v̂i g = c, everyagent

i will payminf t; v̂i g.

Figure10.1:Exampleof apublicgoodsettingin whichthereare3 agents;thepublicgoodcosts9 to
produce.Thehorizontallinesrepresenttheagents'truevaluations(8, 1, and6), whicharesuf�cient
to producethegood. Thecirclesrepresentthepaymentsthat theagentsmake for this typevector
after consideringmanipulationsto 7; the crossesrepresentthe paymentsthat the agentsmake for
this typevectorafterconsideringmanipulationsto 4. At this stagethepaymentssumexactly to 9,
sothepaymentsremainat this level evenafterconsideringmanipulationsto evenlowervalues.

Themechanismfrom Corollary31 (call it M 1) is still not strategy-proof. For example,in the
examplein Figure10.1,supposethatagent2's valuationfor thegoodis 3 instead.Then,M 1 will
charge agent2 a paymentof 3 insteadof 1. Thus,agent2 will be betteroff reporting1 instead.
However, thenext phasewill make themechanismstrategy-proof.

In phasetwo, we take approach(b) above: for a type vector into which therearebene�cial
manipulations,make its outcomeundesirableenoughto the manipulatingagentsto prevent the
manipulations. We will do so by not producingthe good at all for suchtype vectors. We will
performasingleiterationof this,consideringall possiblemanipulations.

Lemma 24 A typevectorhv1; : : : ; vn i for which themechanismM 1 producesthegoodhasa ma-
nipulationinto it if andonly if for somei , vi < c=n.

Proof: If vi < c=n, considerthe modi�ed type vectorhv1; : : : ; vi ¡ 1; v0
i ; vi +1 ; : : : ; vn i with v0

i =
c=n. For this modi�ed typevector, i mustpayat leastc=n (becauseit mustalwaysbethecasethat
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t ¸ c=n), andthusi would bebetteroff manipulatinginto theoriginal typevector. This provesthe
“if ” partof thelemma.

On theotherhand,if for all i , vi ¸ c=n, thent = c=n, andall agentspayc=n. Supposethere
exists a bene�cial manipulationby someagenti into this type vector, from somemodi�ed type
vectorhv1; : : : ; vi ¡ 1; v0

i ; vi +1 ; : : : ; vn i for which thegoodis alsoproduced.(It is neverbene�cial to
manipulatefrom atypevectorfor which thegoodis notproduced,asthemanipulatingagentwould
have to paymorethanhis valuefor thegood.) We musthave v0

i > c=n, for otherwisei would be
at leastaswell off reportingtruthfully. But then,everyonepaysc=n in themodi�ed typevectoras
well, contradictingtheincentive to manipulate.Thisprovesthe“only if ” partof thelemma.

Thus,we have the following theoremfor themechanismM 2 that resultsafteroneiterationof
thesecondphase:

Theorem108 M 2 producesthegoodif andonly if for all i , v̂i ¸ c=n; andif so,M 2 chargesevery
agentc=n.

Thus,ourapproachhasproducedaverysimplemechanismthatmostof ushaveencounteredat
somepoint in life: theagentsareto sharethecostsof producingthegoodequally, andif oneof them
refusesto doso,thegoodwill notbeproduced(andnobodywill haveto pay).Thismechanismmay
seemsomewhatdisappointing,especiallyif it is unlikely thatall theagentswill valuethegoodat
at leastc=n. However, it turnsout that this is in fact the bestpossibleanonymousstrategy-proof
mechanism(thatsatis�estheindividual rationalityconstraint).(Moulin [1994]hasalreadyshown a
similar resultin amoregeneralsettingin whichmultiple levelsof thepublicgoodcanbeproduced;
however, he requiredcoalitional strategy-proofness,andhe explicitly posedasan openquestion
whethertheresultwouldcontinueto hold for theweakernotionof (individual)strategy-proofness.)

Deriving the plurality-with-runoff rule for voting

In this subsection,we addressvoting (socialchoice)settings.Recall that in sucha setting,every
agent(voter) i 's type is a completerankingÂ i over the outcomes(candidates).The mechanism
(voting rule) takesasinput theagents'typereports(votes),consistingof completerankingsof the
candidates,andchoosesanoutcome.

Recall that underthe commonlyusedplurality rule, we only considerevery voter's highest-
rankedcandidate,andthewinneris simply thecandidatewith thehighestnumberof votesranking
it �rst (its plurality score). The plurality rule is very manipulable:a voter voting for a candidate
thatis notcloseto winningmaypreferto attemptto getthecandidatethatcurrentlyhasthesecond-
highestplurality scoreto win, by voting for thatcandidateinstead.In therealworld, onecommon
way of “�xing” this is to add a runoff round, resultingin the plurality-with-runoff rule. Recall
that underthis rule, we take the two candidateswith the highestplurality scores,anddeclareas
the winner the one that is ranked higherby morevoters. By the Gibbard-Satterthwaite theorem
(Chapter4), this is still notastrategy-proofmechanism(it is neitherdictatorialnordoesit preclude
any candidatefrom winning)—indeed,avotermaychangehisvoteto changewhichcandidatesare
in the runoff. Still, theplurality with runoff rule is, in an intuitive sense,“less” manipulablethan
theplurality rule (andcertainlymoredesirablethana strategy-proof rule, sinceit would eitherbe
dictatorialor precludesomecandidatefrom winning).
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In this subsubsection,we will show thatthefollowing variantof our approachwill producethe
plurality-with-runoff rulewhenstartingwith theplurality ruleastheinitial mechanism.

² The setF of manipulationsthat we consideris that of all manipulationsin which a voter
changeswhichcandidateheranks�rst.

² We try to prevent manipulationsasfollows: for a type (vote) vector from which thereis a
bene�cial manipulation,considerall theoutcomesthatmayresultfrom sucha manipulation
(in additionto thecurrentoutcome),andchooseasthenew outcometheonethatminimizes
thenumberof agentsthatstill haveanincentive to manipulatefrom thisvotevector.

² We will changethe outcomefor eachvote vectorat mostonce(but we will have multiple
iterations,for votevectorswhoseoutcomedid notchangein earlieriterations).

Theorem109 For a giventypevectorµ, supposethat candidateb is ranked �r st the mostoften,
anda is ranked�r st thesecondmostoften(s(b) > s(a) > : : :, where s(o) is thenumberof times
o is ranked�r st). Moreover, supposethat thenumberof votesthat prefers a to b is greaterthanor
equalto thenumberof votesthat prefers b to a. Then,startingwith theplurality rule, after exactly
s(b) ¡ s(a) iterationsof theapproach describedabove, theoutcomefor µ changesfor the�r st time,
to a (theoutcomeof theplurality with runoff rule).8

Proof: We will prove the resultby inductionon s(b) ¡ s(a). First notethat theremustbe some
voterthatprefersa to bbut did not ranka �rst. Now, if s(b) ¡ s(a) = 1, a bene�cial manipulation
for this voter is to rank a �rst, which will make a win. No othercandidatecanbe madeto win
with a bene�cial manipulation(no voter rankingb �rst hasan incentive to changehis vote,hence
no bene�cial manipulationwill reduceb's score;any othercandidate's scorecanbeincreasedby at
most1 by a manipulation;andevery candidatebesidesa is at leasttwo votesbehindb). Thus,in
the�rst iteration,wemustdecidewhetherto keepbasthewinner, or changeit to a. If wekeepbas
thewinner, all thevotersthatprefera to b but do not ranka �rst have anincentive to changetheir
vote(andranka �rst). On theotherhand,if we changethewinnerto a, all thevotersthatpreferb
to a but do not rankb �rst have an incentive to changetheir vote (andrankb �rst), so thatb leads
by two votesandwins. So,in whichcasedo we have morevoterswith anincentive to changetheir
vote?In the�rst case,becausethereareat leastasmany voterspreferringa to basbto a, andthere
arefewer votersamongthosepreferringa to b thatranka �rst thantherearevoterspreferringb to
a thatrankb �rst. Hence,wewill changetheoutcometo a.

Now supposethat we have proven the result for s(b) ¡ s(a) = k ¡ 1; let us prove it for
s(b) ¡ s(a) = k. First, we note that in prior iterations,therewereno bene�cial manipulations
from thetypevectorthatwe areconsidering(no voterrankingb �rst hasanincentive to changehis
vote, thusany bene�cial manipulationcanonly reducethe differencebetweens(b) andthe score
of anothercandidateby 1, andby the inductionassumptionno vote vectorthat resultsfrom such
a manipulationhashad its outcomechangedin earlier iterations—i.e. it is still b), and thus the
outcomehasnot yet changedin prior iterations.But, by theinductionassumption,any votevector

8Thisis assumingthattiesin theplurality rulearebrokenin favor of a; otherwise,onemoreiterationis needed.(Some
assumptionon tie-breakingmustalwaysbemadefor voting rules.)



10.1. INCREMENTALLY MAKING MECHANISMSMORESTRATEGY-PROOF 285

that canbe obtainedfrom the vote vector that we areconsideringby changingoneof the votes
rankinga higherthanbbut not �rst, to onethatranksa �rst, musthavehadits outcomechangedto
a in thepreviousround. Thus,now thereis a bene�cial manipulationthatwill make a thewinner.
On theotherhand,no othercandidatecanbemadeto win by sucha bene�cial manipulation,since
they aretoo far behindb given the currentnumberof iterations.The remainderof the analysisis
similar to thebasecase(s(b) ¡ s(a) = 1).

10.1.4 Computing the outcomesof the mechanism

In this subsection,we discusshow to automaticallycomputetheoutcomesof themechanismsthat
aregeneratedby this approachin general. It will be convenientto think aboutsettingsin which
thesetof possibletypevectorsis �nite (sothatthemechanismcanberepresentedasa �nite table),
althoughthesetechniquescanbeextendedto (some)in�nite settingsaswell. Onepotentialupside
relative to standardautomatedmechanismdesigntechniques(aspresentedin Chapter6) is thatwe
do not needto computetheentiremechanism(theoutcomesfor all typevectors)here;rather, we
only needto computetheoutcomefor thetypevectorthatis actuallyreported.

Let M 0 denotethe(nä�ve) mechanismfrom which we start,andlet M t denotethemechanism
after t iterations. Let Ft denotethe setof bene�cial manipulationsthat we areconsidering(and
are trying to prevent) in the tth iteration. Thus, M t is a function of Ft and M t ¡ 1. What this
functionis dependsonthespeci�c variantof theapproachthatweareusing.Whenwetry to prevent
manipulationsbymakingtheoutcomefor thetypevectorfromwhichtheagentismanipulatingmore
desirablefor thatagent,wecanbemorespeci�c, andsaythat,for typevectorµ, M t (µ) is a function
of the subsetF µ

t µ Ft that consistsof manipulationsthat start from µ, andof the outcomesthat
M t ¡ 1 selectson thesubsetof typevectorsthatwould resultfrom a manipulationin F µ

t . Thus,to
computethe outcomethat M t produceson µ, we only needto considerthe outcomesthat M t ¡ 1

choosesfor typevectorsthat differ fromµ in at mostonetype(andpossiblyevenfewer, if F µ
t does

notconsiderall possiblemanipulations).As such,weneedto considerM t ¡ 1'soutcomesonatmost
nP

i =1
j£ i j type vectorsto computeM t (µ) (for any given µ), which is muchsmallerthanthe setof

all type vectors(
nQ

i =1
j£ i j). Of course,to computeM t ¡ 1(µ0) for sometype vectorµ0, we needto

considerM t ¡ 2's outcomesonup to
nP

i =1
j£ i j typevectors,etc.

Becauseof this, a simple recursive approachfor computingM t (µ) for someµ will require

O((
nP

i =1
j£ i j)t ) time. This approachmay, however, spenda signi�cant amountof time recomputing

valuesM j (µ0) many times. Another approachis to usedynamicprogramming,computingand
storingmechanismM j ¡ 1's outcomeson all typevectorsbeforeproceedingto computeoutcomes

for M j . Thisapproachwill requireO(t¢(
nQ

i =1
j£ i j)¢(

nP

i =1
j£ i j)) time(for everyiteration,for everytype

vector, wemustinvestigateall possiblemanipulations).Wenotethatwhenweusethisapproach,we
mayaswell computetheentiremechanismM t (we alreadyhave to computetheentiremechanism
M t ¡ 1). If n is largeandt is small, the recursive approachis moreef�cient; if n is small andt is
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large,thedynamicprogrammingapproachis moreef�cient.
All of this is for fully general(�nite) domains;it is likely that thesetechniquescanbespedup

considerablyfor speci�c domains.Moreover, aswe have alreadyseen,somedomainscansimply
besolvedanalytically.

10.1.5 Computational hardnessof manipulation

We have alreadydemonstratedthat our approachcanchangenä�ve mechanismsinto mechanisms
thatareless(sometimesnotatall) manipulable.In thissubsection,wewill arguethatin addition,if
themechanismremainsmanipulable,theremainingmanipulationsare computationallydif�cult to
�nd . This is especiallyvaluablebecause,aswe arguedearlier, if it is computationallytoo dif�cult
to discover bene�cial manipulations,the revelationprinciple ceasesto meaningfullyapply, anda
manipulablemechanismcansometimesactuallyoutperformall truthful mechanisms.

In this subsection,we �rst presentan informal, but general,argumentfor the claim that any
manipulationsthat remainaftera largenumberof iterationsof our approacharehardto �nd. This
argumentdependson the assumptionthat the agentsonly usethe most straightforward possible
algorithmfor �nding manipulations.Second,we show that if we adda randomcomponentto our
approachfor updatingthemechanism,thenwecanprove formally thatdetectingwhetherthereis a
bene�cial manipulationbecomes#P-hard.

An informal argument for hardnessof manipulation

Supposethattheonly thing thatanagentknowsaboutthemechanismis thevariantof ourapproach
by which thedesignerobtainsit (the initial nä�ve mechanism,themanipulationsthat thedesigner
considers,how shetriesto eliminatetheseopportunitiesfor manipulations,how many iterationsshe
performs,etc.). Giventhis,onenaturalalgorithmfor anagentto �nd abene�cial manipulationis to
simulateour approachfor therelevanttypevectors,perhapsusingthealgorithmspresentedearlier.
However, this approachis computationallyinfeasibleif theagentdoesnot have thecomputational
capabilitiesto simulateasmany iterationsasthedesignerwill actuallyperform.

Of course,this argumentfails if theagentactuallyhasgreatercomputationalabilitiesor better
algorithmsthanthedesigner. In thenext subsubsection,we will give a different,formal argument
for hardnessof manipulationfor oneparticularinstantiationof ourapproach.

Randomsequentialupdating leadsto #P-hardness

Sofar, wehaveonly discussedupdatingthemechanismin adeterministicfashion.Whenthemech-
anismis updateddeterministically, any agentthat is computationallypowerful enoughto simulate
this updatingprocesscandeterminetheoutcomethatthemechanismwill choose,for any vectorof
revealedtypes.Hence,thatagentcanevaluatewhetherhewould bene�t from misrepresentinghis
preferences.However, this is not thecaseif weaddrandomchoicesto ourapproach(andtheagents
arenot told abouttherandomchoicesuntil afterthey have reportedtheir types).

Thehardnessresultthatwe show in this subsubsectionholdsevenfor a singleagent;therefore
we will only specifythevariantof our approachusedin this subsubsectionfor a singleagent.Any
generalizationof thevariantto morethanoneagentwill have thesameproperty.
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First,wetaketheset£ of all of theagent's types,andorganizethetypesasasequenceof j£ j=2
pairsof types:9 ((µ11; µ12); (µ21; µ22); : : : ; (µj£ j1; µj£ j2)) . In the i th iteration,we randomlychoose
betweenµi 1 andµi 2, andconsiderall the bene�cial manipulationsout of the chosentype (andno
othermanipulations).(Wewill only needj£ j=2 iterations.)Then,asbefore,we try to preventthese
manipulationsby making the outcomefor the chosentype moreappealingto an agentwith that
type(andif therearemultiple waysof doingso,we choosetheonethatmaximizesthedesigner's
objective).

We arenow readyto presentour #P-hardnessresult. We emphasizethat,similarly to thehard-
nessresultsin Chapter8, this is only a worst-casenotion of hardness,which may not prevent
manipulationin all cases.

Theorem110 Evaluatingwhetherthere existsa manipulationthat increasesan agent's expected
utility is #P-hard10 underthevariantof our techniquedescribedabove.

Proof: We reduceanarbitrary#SAT instance,togetherwith a numberK , to thefollowing setting.
Let therebea singleagentwith thefollowing types.For every variablev 2 V , we have typesµ+ v

andµ¡ v ; for every clausec 2 C, we have typesµ1
c andµ2

c ; �nally , we have four additionaltypes
µ1; µ2; µ3; µ4. Thesequenceof pairsof typesis asfollows: ((µ+ v1 ; µ¡ v1 ); : : : ; (µ+ vj V j ; µ¡ vj V j );
(µ1

c1
; µ2

c1
); : : : ; (µ1

cj C j
; µ2

cj C j
); (µ1; µ2); (µ3; µ4)) . Let theoutcomesetbeasfollows: for everyvariable

v 2 V , wehaveoutcomeso+ v ando¡ v ; for everyclausec 2 C, wehaveanoutcomeoc; �nally , we
haveoutcomeso1; o2; o3; o4. Theutility functionis zeroeverywhere,with thefollowing exceptions:
for every literal l , u(µl ; ol ) = 2; u(µl ; o2) = 1; for every clausec, u(µc; oc) = 4; u(µc; ol ) = 3 if l
occursin c, u(µc; o3) = 2; u(µc; o2) = 1; for µ 2 f µ1; µ2g, u(µ; o4) = 2j V j +1

2j V j ¡ K
; u(µ; o1) = 1; for

µ 2 f µ3; µ4g, u(µ; o4) = 2; u(µ; o3) = 1. The designer's objective function is zeroeverywhere,
with the following exceptions:for all µ 2 £ , g(µ; o1) = 3; g(µ3; o2) = g(µ4; o2) = 4; for every
literal l , g(µl ; ol ) = 2; for every clausec, g(µc; o3) = 2; g(µc; oc) = 1; g(µ3; o4) = g(µ4; o4) = 2.
Theinitial mechanism,which nä�vely maximizesthedesigner's objective,chooseso1 for all types,
with theexceptionof µ3 andµ4, for which it chooseso2.

Themechanismwill �rst updateexactly oneof µ+ v andµ¡ v , for every v 2 V . Speci�cally, if
µl (wherel is a literal) is updated,thenew outcomechosenfor that typewill beol (which is more
desirableto theagentthato2, andbetterfor thedesignerthano2). Subsequently, exactly oneof µ1

c
andµ2

c is updated.Speci�cally, if µi
c is updated,the new outcomechosenfor that type will be o3

if no type µl with l 2 c hasbeenupdated(andthereforeno ol with l 2 c is ever chosenby the
mechanism),andoc otherwise.(o3 is moredesirableto the agentthano2, but lessdesirablethan
someol with l 2 c; however, oc is evenmoredesirablethansuchanol . Thedesignerwould prefer
to preventthemanipulationwith o3, but oc is thenext bestwayof preventingthemanipulationif o3

will notsuf�ce.) Then,oneof µ1 andµ2 is updated,but theoutcomewill notbechangedfor eitherof
them(theonly outcomethattheagentwouldpreferto o1 for thesetypesis o4, whichthemechanism
doesnot yet choosefor any type); �nally , oneof µ3 andµ4 is updated,andthe outcomefor this

9Thehardnessresultwill hold even if thenumberof typesis restrictedto beeven,so it doesnot matterhow this is
generalizedto situationsin which thenumberof typesis odd.

10Technically, wereducefrom adecisionvariantof #SAT (“Are therefewer thanK solutions?”).An algorithmfor this
decisionvariantcanbeusedto solve theoriginalproblemusingbinarysearch.
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typewill changeto o4 if andonly if outcomeo3 is now chosenby themechanismfor sometypeµi
c

(thatoutcomewouldbepreferredto o2 by theagentfor thesetypes;o4 is thenext bestoutcomefor
thedesigner).We notethat this updateto o4 will not happenif andonly if, for every clausec, for
at leastoneliteral l 2 c, µl wasupdated(ratherthanµ¡ l )—becausein this case(andonly in this
case),whenever we updatedoneof µ1

c ; µ2
c , oc waschosen(ratherthano3). In otherwords,it will

not happenif andonly if the literals l that werechosenconstitutea satisfyingassignmentfor the
formula. The probability that this happensis n=(2jV j ), wheren is the numberof solutionsto the
SAT formula.

Now, let usconsiderwhethertheagenthasanincentiveto manipulateif histypeis µ1. Reporting
truthfully will leadto outcomeo1 beingchosen,giving theagenta utility of 1. It only makessense
to manipulateto atypefor whicho4 maybechosen,becauseo1 is preferredto all otheroutcomes—
hence,any bene�cial manipulationwould beto µ3 or µ4. Without lossof generality, let usconsider
a manipulationto µ3. What is the chance(given that we have doneexactly j£ j=2 updates)that
we chooseo4 for µ3? It is 1=2 (the chancethat µ3 wasin fact updated)times1 ¡ n=(2jV j ) (the
chancethato4 waschosen),which is (2jV j ¡ n)=(2jV j+1 ). Otherwise,o2 is still chosenfor µ3, and
manipulatingto µ3 from µ1 would give utility 0. Thus,theexpectedutility of themanipulationis
2j V j ¡ n
2j V j +1

2j V j +1

2j V j ¡ K
. This is greaterthan1 if andonly if n < K .

10.2 Summary

In this chapter, we suggestedan approachfor (automatically)designingmechanismsfor bounded
agents.Under this approach,we startwith a nä�ve (manipulable)mechanism,andincrementally
make it morestrategy-proofoverasequenceof iterations.

We gave variousexamplesof mechanismsthat (variantsof) our approachgenerate,including:
theVCG mechanismin generalsettingswith payments;anequalcostsharingmechanismfor public
goodssettings;andtheplurality-with-runoff voting rule. Wealsoprovidedseveralbasicalgorithms
for automaticallyexecutingour approachin generalsettings,including a recursive algorithmand
a dynamicprogrammingalgorithm,andanalyzedtheir runningtimes. Finally, we discussedhow
computationallyhardit is for agentsto �nd any remainingbene�cial manipulation.We arguedthat
agentsusinga straightforward manipulationalgorithmwill not be ableto computemanipulations
if the designerhasgreatercomputationalpower (andcanthusexecutemoreiterations). We also
showed that if we addrandomnessto how the outcomesarecomputed,thendetectingwhethera
manipulationthatis bene�cial in expectationexistsbecomes#P-hardfor anagent.


