Chapter 10

Automated MechanismDesignfor
BoundedAgents

A long-termgoalof thisresearclis to combineautomateanechanisniesignandmechanisndesign
for boundedagentsso that mechanismshat take advantageof the agents'limited computational
capacitiesare automaticallydesigned. However, the approacheshat we have seenin previous
chaptersannotbe straightforvardly combinedo achieve this, for severalreasons.

As we sav in Chapter6, the work on automatednechanisndesign(oursaswell asothers)so
far hasrestricteditself to producingtruthful mechanismsandappealedo the revelationprinciple
to justify this. Theadwantageof this restrictionis thatit is easyto evaluatethe quality of a truthful
mechanismbecausehe agents'behaior is perfectly predictable(they will tell the truth). Thisis
whatallows usto comeup with a clearformulationof the optimizationproblem.

However, settingsin which the boundedrationality of agentscanbe exploited are necessarily
onesin which therevelationprinciple doesnot meaningfullyapply Speci cally, amechanisnthat
is truthful (in thesensdhatno manipulatiorcanbebene cial) canneverexploit theagentsbounded
rationality, becauseén sucha mechanismagentswould reveal the truth regardlessof their compu-
tationalsophistication.It follows thatwe mustextendthe searchspacefor automatednechanism
designto includenon-truthfulmechanisms. Findinganoptimalmechanisnin this extendedsearch
spacewvould requireusto have somemethodfor evaluatingthe quality of non-truthfulmechanisms,
which needgo be basedon a modelof how the agentsehae in non-truthfulmechanismsMore-
over, thismodelmusttake into accountheagentsboundedationality: if we assumehattheagents
will play optimally (in agame-theoretisense)thenby therevelationprinciplethereis still nevera
reasorto prefernon-truthfulmechanismsver truthful mechanisms.

! Anotheraspecof mechanismiesignfor boundedagentss thatwe may not wish to immediatelyaskeachagentto
provide all of its preferencesasthesemay be dif cult for the agentto compute.Rather we could considermultistage
mechanismshat selectvely querythe agentonly for the neededpreferencesThesemechanismsanstill be truthful in
the sensehatit is alwaysstratgically optimalto answerqueriestruthfully. However, asexplainedbefore,the ef cient
elicitationof agents'preferencess atopic thatis orthogonato this dissertation.

2Some non-truthful mechanismamay be just as good as truthful mechanismsvhen agentsbehae in a game-
theoreticallyoptimalway, soit is possiblethatour searchwould fortuitouslyreturna non-truthfulmechanismHowever,
if thishappensthereis still noguarante¢hatthis non-truthfulmechanisnwill performbetterthanthebesttruthful mech-
anismwhenagentsareactuallyboundedfor oneof two reasonsFirst, it may be easyto actoptimally in this particular
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274 CHAPTER10. AUTOMATED MECHANISM DESIGNFORBOUNDED AGENTS

Creatinga goodmodelof the behaior of boundedlyrationalagentsfor this purposeis by no
meanseasy For one,it is dif cult to guarante¢hatagentswill notadapttheir reasoningalgorithms
to the speci ¢ mechanisnthat they face. The resultson hardnesof manipulationin Chapter8
avoidedthis dif culty , by usingthe standarccompleity-theoreticapproachof shaving thatthere
arein nite familiesof instanceghatarehard. Thiswasnecessarpecausén standardormulations
of complity theory ary individual instanceof a problemis easyto solve, for exampleby the
algorithmthathasthe solutionto thatparticularinstanceprecomputedUnfortunately the purpose
of automatednechanismdesignis preciselyto designa mechanisnfor the instanceat handonly!
Thuswe cannotreferto hardnessverin nite classe®f instancedor this purpose.

Thesedif culties preventusfrom formulatingautomatedanechanisndesignfor boundedagents
asa cleanoptimizationproblem. Neverthelessjn Section10.1, we do proposea more heuristic
approachby which mechanismgor boundedagentscan be designedautomaticallyfConitzerand
Sandholm,2006¢€]. In light of the issuesdiscussedabove, it shouldnot comeasa surprisethat
this approachis very differentfrom the approacheslescribedearlierin this dissertation. Rather
thanoptimizingthe entiremechanisnin asinglestep(asin Chapter6), theideais to incrementally
make the mechanismmote stratgyy-proofover time, by nding potentialbene cial manipulations,
andchangingoutcomedocally sothatthesemanipulationsareno longerbene cial. Computation-
ally, thisis amuchmorescalableapproach.The mechanismmay eventuallybecome(completely)
strategy-proof,in which caseit will not take advantageof agents'boundedationality; however, it
may be that somemanipulationgemainin the end. Intuitively, oneshouldexpectsuchremaining
manipulationso be more dif cult to discover for the agents,asthe algorithmfor designingthe
mechanisnhasnot discoveredthemyet. Thus,insteadof usinga compleity-theoreticagumentas
in Chaptei8, heretheargumentfor hardnes®f manipulationdepend®n the agentsot beingable
to “outcompute”the designer(Neverthelesswe will alsogive a compleity-theoreticagument.)

10.1 Incrementally making mechanismsmore strategy-proof

In theapproactthatwe proposein this section,we startwith a navely designednechanisnthatis
not stratgy-proof (for example,the mechanisnthatwould be optimalin the absencef stratgic
behaior), andwe attemptto malke it more stratgy-proof. Speci cally, theapproactsystematically
identi es situationsin which anagenthasanincentve to manipulate andcorrectsthe mechanism
locally to take away this incentive. This is doneiteratively, andthe mechanismmay or may not
becomegcompletely)strateyy-proofeventually

Onecanconceve of this asbeinga new approacho automatednechanisndesign,insofar as
the updatego the mechanisno make it morestrategyy-proof canbe executedautomatically(by a
computer).Indeed,we will provide algorithmsfor doing so. (Thesealgorithmsare computation-
ally muchmoreef cient thanthe optimizationalgorithmsproposedn Chaptel6, because¢o ensure
stratgy-proofnessthosealgorithmshadto simultaneoushdecideon the outcomethatthe mecha-
nismchoosegor everypossiblenputof revealedpreferencesandthestratgyy-proofnesgonstraints
interrelatedthesedecisions.)It is alsopossibleto think aboutthe resultsof this approachtheoret-
ically, andusethemasa guidein more“traditional” mechanisndesign. We pursuethis aswell,

non-truthfulmechanism.Second(worse),it may the casethatit is not easy andthat this dif culty actuallyleadsthe
agentgo actin suchaway thatworseoutcomesareobtained.
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giving variousexamples.Finally, we will arguethatif the mechanisnthatthe approachproduces
remainsmanipulablethenary remainingmanipulationsvill be computationallyhardto nd.

This approactbearssomesimilarity to how mechanismaredesignedn the realworld. Real-
world mechanismare often initially nave, leadingto undesirablestratgic behaior; oncethis
is recognizedthe mechanisms someha amendedo disincentthe undesirablebehaior. For
example,somenavely designednechanismgjive biddersincentivesto postponesubmittingtheir
bids until just beforethe event closes(i.e., sniping); often this is (partially) x ed by addingan
activity rule, which preventsbiddersthat do not bid actively early from winning later. As another
example,in the 2003 Trading Agent CompetitionSupply Chain Managemen{TAC/SCM) game,
therulesof thegameled theagentdo procuremostof theircomponent®nday0. Thiswasdeemed
undesirableandthe designerdried to modify the rulesfor the 2004 competitionto disincentthis
behavior [Kiekintveld etal., 2005]3

As we will see therearemary variantsof the approacheachwith its own merits. We will not
decidewhich variantis the bestin this dissertationrather we will shaw for afew differentvariants
thatthey canresultin desirablemechanisms.

10.1.1 De nitions

In this chapter we will considerpaymentqif they are possible)to be part of the outcome. Be-
causeof this, we canidentify a mechanisnwith its outcomeselectionfunction. Given a mecha-
nismM : £ | O mappingtype vectorsto outcomesa bene cial manipulatiorf consistsof an

agenti, atype vectorhus;::::pni 2 £, andan alternatie type report [ for agenti suchthat
Ui (M (s i) < ui(s M (g sss g 5[ ies 02 ni)). In this casewe saythati
manipulatesrom hug; 10 pni into hyg; sio; W, UM+t ei. We notethat a mechanisnis

stratgy-proof or (dominant-stratgies) incentve compatibleif andonly if thereareno bene cial
manipulations(We will not consideBayes-Naskequilibriumincentive compatibilityin this chap-
ter)

In settingswith payments,we will enforcean ex-postindividual rationality constraint: we
shouldnot make an agentworse off than he would have beenif he had not participatedin the
mechanism.Thatis, we cannotchage an agentmorethanhe reportedthe outcome(disregarding
paymentswasworthto him.

10.1.2 Our approachand techniques

In this subsectionwe explain the approachand techniqueghat we considerin this chapter We
recallthatour goalis notto (immediately)designa stratgy-proofmechanismrather we startwith
somemanipulablenechanismandattemptto incrementallymake it “more” stratgy-proof. Thus,
thebasictemplateof our approachs asfollows:

1. Startwith some(manipulablemechanisnM ;

3Interestingly thesead-hocmodi cations failed to prevent the behaior, and even an extrememodi cation during
the 2004 competitionfailed. Laterresearctsuggestshatin factall reasonableettingsfor a key parametervould have
failed[Vorobegychik etal., 2006].

““Bene cial” heremeansene cial to themanipulatingagent.
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2. FindsomesetF of manipulationgwhereamanipulationis givenby anagenti, atypevector

3. If possiblechangethe mechanismM to prevent (mary of) thesemanipulationdrom being
bene cial;

4. Repeafrom step2 until termination.

This is merelya template;at eachone of the steps,somethingremainsto be lled in. Which
initial mechanisndo we choosen step1? Which setof manipulationgdo we considerin step2?
How dowe“ x” themechanismn step3 to preventthesemanipulations?And how do we decide
to terminatein step4? In this dissertationwe will not resolhe whatis thebestwayto Il in these
blanks(it seemaunlikely thatthereis a single,universalbestway), but ratherwe will provide afew
instantiation®of thetechniqueijllustratethemwith examplesandshav someinterestingoroperties.

One naturalway of instantiatingstep1 is to choosea na'vely optimal mechanismthatis, a
mechanisnthat would give the highestobjective valuefor eachtype vectorif every agentwould
alwaysreveal his type truthfully. For instancejf we wish to maximizesocialwelfare,we simply
always choosean outcomethat maximizessocial welfare for the reportedtypes; if we wish to
maximizerevenue we chooseanoutcomethatmaximizessocialwelfarefor thereportedypes,and
make eachagentpay his entirevaluation.

In step2, therearemary possibleoptions:we canchoosahesetof all manipulationsthe setof
all manipulationdor a singleagent;the setof all manipulationgrom or to a particulartype or type
vector;or justasinglemanipulation Which optionwe choosewill affectthedif culty of step3.

Step3 is the mostcomple step. Let us rst considerthe casewherewe are only trying to
preventa singlemanipulationfrom p = hug; it pai to p°= hug; oo Wy 1 @ T+ . We
canmale this manipulationundesirablén oneof threeways: (a) make theoutcomethatM selects
for u moredesirablefor agenti (whenhe hastype |;), (b) make the outcomethat M selectsfor
W lessdesirablefor agenti (whenhe hastype ), or (c) a combinationof the two. For the most
part,we will focuson (a) in this chapter Theremaybe multiple waysto make the outcomethatM
selectdor u sufciently desirableo preventthe manipulation;a naturalway to selectfrom among
theseoutcomess to chooseheonethatmaximizeghedesigners original objective. (Notethatary
oneof thesemodi cations mayintroduceotherbene cial manipulations.)

Whenwe aretrying to prevent a setof manipulationswe are confrontedwith an additional
problem:afterwe have preventedonemanipulationin the set,we mayreintroduceheincentve for
this manipulatiorwhenwe try to preventanothemanipulation.As a simpleexample,supposehat
we areselling a singleitem to a singlebidder who mayvaluetheitemat 1, 2, or 3. Supposehat
we startwith the (nave) mechanisnin which we alwaysselltheitemto the bidderatthebid thathe
placeqif hebidsx 2 f1;2; 3g, we selltheitemto him atprice¥{x) = x). Of coursethebidderhas
anincentie to shadehis valuation.Now supposéhat(for somereason)n step2 we chooseheset
of thefollowing two bene cial manipulationsreport2 whenthetruevalueis 3, andreportl when
the true valueis 2. Also supposehatwe take approach(a) above (for a type vectorfrom which
thereis abene cial manipulationmake its outcomemoredesirableo the manipulatingagent).We
can x the rst manipulationby setting{3) = 2, but thenif we x the secondmanipulationby
setting42) = 1, theincentie to report2 whenthetrue valueis 3 returns. This canbe prevented
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by updatingall of the type vectorssimultaneouslyin sucha way that noneof the manipulations
remainbene cial: in the example,thiswould leadusto nd thatwe shouldset¥{3) = Y{2) = 1.

However, in generalsettings this may requiresolving a potentiallylarge constrainedptimization
problem,which would constitutean approactsimilar to standardautomatednechanisndesign—
reintroducingsomeof the scalability problemsthat we wish to avoid.® Instead,we will be less
ambitious:whenaddressinghe manipulationdrom onetype vector we will actasif we will not
changethe outcomedor ary othertypevector Thus,in theexampleabore, we will indeedchoose
Y(3) = 2,%2) = 1. (Of coursejf we hadincludedthe manipulationof reportingl whenthetrue

valueis 3, we would set¥{3) = ¥{2) = 1, andtherewould beno problem.Thisis effectively what
will happenn someof theexamplesthatwe will give later)

Formally, for this particularinstantiationof our approachif M is the mechanisnat the begin-
ning of theiterationandM Cis the mechanisnat the endof theiteration (after the update),andF
is the setof manipulationsinderconsiderationwe have M ) 2 arg mMaXgo o(m er) 9(K 0) (here,
M= ha; i pai), whereO(M; i F) p O is thesetof all outcome= suchthatfor ary bene cial

It may happenthat O(M; i, F) = ; (no outcomewill preventall manipulations).In this case,
therearevariouswaysin which we canproceed.Oneis not to updatethe outcomeat all, i.e. set
MY = M (W). Anotheris to minimize the numberof agentsthatwill have anincentie to ma-
nipulatefrom p after the changethatis, to chooseM ) 2 argmingo jfi : (9(i; u;ﬁ) 2 F:

objective g).

Many othervariantsarepossible.For example,insteadof choosingfrom the setof all possible
outcomesD whenwe updatethe outcomeof the mechanisnfor sometype vectory, we canlimit
ourselesto the setof all outcomeghatwould resultfrom somebene cial manipulationin F from

in additionto the currentoutcomeM (l). Themotivationfor thisis thatratherthanhave to consider
all possibleoutcomesavery time, we may wish to simplify our job by consideringonly the ones
that causethe failure of stratgy-proofnessn the rst place. (We may, however, getbetterresults
by consideringall outcomes.)

In the last few paragraphsye have beenfocusingon approach(a) above (for a type vector
from which thereis a bene cial manipulation,make its outcomemoredesirableto the manipulat-
ing agent);approach(b) (for a type vectorinto which thereis a bene cial manipulation,make its
outcomelessdesirableto the manipulatingagent)canbe instantiatedwvith similar techniquesFor
example,we canrede neO(M; i F) 1 O asthesetof all outcomes suchthatfor ary manipula-
tionin F into y, choosingM {1) = o preventsthis manipulationfrom beingbene ciall.

Next, we presenexamplesof all of theabore-mentionedrariants.

10.1.3 Instantiating the methodology

In this subsectionwe illustrate the potentialbene ts of the approachby exhibiting mechanisms
thatit canproducein variousstandardnechanisndesignsettings.We will demonstratsettingsin

SAlthough, if the setof manipulationsthat we are consideringis small, this approachmay still scalebetterthan
standarcautomatednechanisndesign(in which all manipulationsareconsideregimultaneously).
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whichtheapproactendsup producingstratgyy-proofmechanismsaswell asa settingin whichthe
producedmechanisnis still vulnerableto manipulation(but in somesenseé'more” strat@y-proof
thannave mechanisms)We emphasizé¢hatour goalin this subsections not necessarilyo come
up with spectacularlynovel mechanismsbut ratherto showv that the approachadvocatedin this
chaptemproducessensibleresults. Therefore for now, we will considerthe approaclhsuccessfuif

it producesawell-known mechanism.n future researchywe hopeto usethe techniqueto help us
designnovel mechanismsaswell.

Deriving the VCG mechanism

In this subsubsectionye shav the following result: in generalpreferenceaggreation settingsin
which the agentscanmale paymentge.g. combinatorialauctions),(onevariantof) our technique
yieldsthe VCG mechanisnaftera singleiteration. We recallfrom Chapterd thatthe VCG mecha-
nismchoosesnoutcomethat maximizessocialwelfare (not countingpayments)andimposegshe
following tax on an agent: considerthe total utility (not countingpayments)f the otheragents
giventhe chosenoutcome andsubtracthis from the total utility (not countingpayments}hatthe
otheragentsvouldhaveobtainedif thegivenagents preferencefiadbeenignoredin choosinghe
outcome. Speci cally, we will considerthe following variantof our technique(perhapghe most
basicone):

2 Qurobjective g is to try maximizesome(say linear) combinationof allocatve socialwelfare
(i.e. socialwelfarenottakingpaymentsnto account)andrevenue. (It doesnot matterwhat
thecombinationis.)

2 ThesetF of manipulationghatwe consideris thatof all possiblemisreportgby ary single
agent).

2 We try to preventmanipulationsaccordingto (a) above (for a type vectorfrom which there
is a bene cial manipulationmake its outcomedesirableenoughto the manipulatingagents
to preventthe manipulation) Amongoutcomeghatachieve this, we chooseonemaximizing
the objective functiong.

Becauseve considempaymentartof the outcomein this section,we will usetheterm*“allo-
cation”to referto the part of the outcomethatdoesnot concernpaymentsgventhoughthe result
is notrestrictedto allocationsettingssuchasauctions.Also, we will referto theutility thatagent
with type s getsfrom allocations (notincludingpaymentshasu; (4 ; s). Thefollowing simpleob-
senationshavs thatthe navely optimalmechanisnis the r st-pricemechanismywhich choosesn
allocationthatmaximizessocialwelfare,andmakesevery agentpayhis valuationfor theallocation.

Obsewation 2 The r st-price medanismnavely maximizesoth revenueand allocative social
welfare.

Proof: Thatthe mechanisn{navely) maximizesallocative socialwelfareis clear Moreover, due
to theindividual rationality constraintwe cannever extractmorethantheallocatie socialwelfare;
andthe rst-price mechanisngnavely) extractsall theallocatve socialwelfare,for anoutcomethat
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(navely) maximizesallocative socialwelfare. m

Beforewe shav the mainresultof this subsubsectionye rst characterizeoptimal manipula-
tionsfor theagentaunderthe rst-price mechanism.

Lemma 22 Thefollowingis anoptimalmanipulation; fromp 2 £ for agenti underthe r st-price
medanism:

2 for the allocation s” that would be chosenunderthe r st-price mehanismfor |, reporta
valueequalto i's VCG paymenunderthetrue valuations(u(fi (s°)) = VCGi(ki; 1 i));

2 for anyotherallocations 6 s°, reporta valuationof 0.6

Theutility of this manipulationis u(p;s®) i VCGi(l; 1 i). (Thisassumesieswill be brokenin
favor of allocations”.)

Without the tie-breakingassumptionthe lemmadoesnot hold: for example,in a single-item
rst-price auction,bidding exactly the secondpricefor theitemis not an optimal manipulationfor
the bidderwith the highestvaluationif the tie is brokenin favor of the otherbidder However,
increasinghebid by any amountwill guarante¢hattheitemis won (andin generaljncreasinghe
valuefor s” by any amountwill guarante¢hatoutcome).

Proof: First, we shav thatthis manipulatiorwill still resultin s* beingchosen.Supposehatallo-
cations 6 s° is chosennstead.Giventhetie-breakingassumptionit followsthat  uj (i ;s) >

i6i
ui(fj};s“)+ P uj (1;s%), orequivalently VCG;(; 1 i) < P Uj (L;s) i uj(K;s”). However,
j6i P j6i P
by de nition, VCG; (W 1 i) = maxsnn_g_uj(p,-;s i oui(;st) . -6‘Uj(|Jj';S)i uj (15,
j6i

]el
so we have the desiredcontradiction. It follows that agenti's utility underthe manipulationis
Ui(k:s%) i VCGi(ki K i)-
Next, we shav that agenti cannotobtaina higherutility with arny othermanipulation. Sup-
posethatmanipulationf} resultsin allocations belnq:;hosen Becausmtllltle§,cannotbe negative

undertruthful reporting, it follows that u; ({%;s) + U (K:s) ., MaXgee  Uj (k;8™). Us-

ing the factthat VC G (l4; 1y i) = MaXses _P' uj (HJ ;ssl"“) i Uj(i;s%), we JC@’clln rewrite the pre-

vious inequality as u; ({i; s) + _: u;j (1 ;S)Jiil VCGi(Mi i) + _P_ uj (1 ;s”), or equivalently

i i

ui(ﬁ-;s) ., VCGi(M; i)+ i Ui (58" i uj(l:s). Becausé uj (558" ., P uj (1 ;9),
e canrewrite the pra/iousmJeqluaIityasui(pi;s) ., VCGi(H; :) i Ui(ui;s?) +Jui(u-;s) +
CU(H5ST) i ui(ls) . VCGI(WG K i) i ui(piss®) + ui(l;s), or equivalently ui(l;s) i

Lji(fj};s)- ui(k;s”) i VCGi(l; 1 i), aswastobeshavn. =

5Theremaybeconstraint®nthereportedutility functionthatpreventthis—forexample,in a(combinatorialjauction,
perhaponly monotonevaluationsareallowed (winning moreitemsnever hurtsanagent).If so,theagentshouldreport
valuationsfor theseoutcomesghatareassmallaspossible which will still leadto s” beingchosen.
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Theorem 107 Underthe variant of our approac describedabove, the medanismresultingafter
a singleiterationis the VCG medtanism.

Proof: By Obsenation 2, the navely optimal mechanisnis the rst-price mechanismWhenup-
datingthe outcomefor p, by Lemma22, eachagenti mustreceve a utility of atleastu;(l4;s”) i
VCGi(u; 1 i), wheres® is theallocationthatmaximizesallocative socialwelfarefor typevectorpL.
Oneway of achieving thisis to chooseallocations®, andto chageagent exactlyVCG; (1i; 1y i)—
thatis, simply run the VCG mechanism.Clearly this maximizesallocatve socialwelfare. But,
underthe constraintson the agents'utilities, it alsomaximizesrevenue,for the following reason.
For ary allogations, the mostrevenuethatwe canhopeto extractis the allocatve socialwelfare
of s, thatis,  u;j(l;s), minusthe sumof the utilities that we mustguaranteg¢he agentsthatis,
I

Ui(ki;s®) i VCGi(M; 1 i) Becauses = s° maximizesp Ui (i ; s), this meanshatthe most
| I
revenuewe canhopeto extractis P VCGi(l; 1 i), andtheVCG mechanismachie/esthis. =

|

Deriving an equal costsharing mechanismfor a nonexcludablepublic good

We now returnto the problemof designinga mechanisnfor decidingon whetheror not a single
nonecludablepublic goodis built. (We studiedtheautomatediesignof suchmechanismg Chap-
ter 6, Subsectior6.5.2.)Speci cally, every agent hasatypev; (thevalueof thegoodto him), and
the mechanisrrdecideSNhetheEhe goodis producedaswell aseachagents paymenty;. If the
goodis producedwe musthave %, c, wherecis thecostof producingthegood.An individual

5

rationality constraintapplies:for Ieachi , Y - ¥ (nobodypaysmorethanhis reportedvaluefor the
good).

In this subsectiontatherthanusea singlevariantof our approachyve actuallyusetwo distinct
phasesThroughoutpurobjective is to maximizethe ef ciency of thedecision(thegoodshouldbe
producedf andonly if thetotal utility thatit generatesxceedghe costof thegood);asasecondary
objective, we try to maximizerevenue! Thus,the ndvely optimal mechanisnis to producethe
goodif andonly if thesumof thereportedvaluationsexceedsc, andif so,to chageevery agenthis
entirereportedvaluation.

An iterationin the rst phaseproceedslmostexactly asin the previous subsubsection\e try
to preventmanipulationsaccordingto (a) above: for atype vectorfrom which therearebene cial
manipulationsmale its outcomedesirableenoughto the manipulatingagentsto preventthe ma-
nipulations,andamongoutcomeghatachieve this, choosethe onethatmaximizesour objectie. If
thereis nosuchoutcomethenwe do notchangeheoutcomeselectedor thistypevector However,
in eachiteration,we consideronly alimited setof manipulationsin the rst iteration,we consider
only manipulationgo the highestpossibletype (i.e. the highestpossiblevaluethatan agentmay
have for the public good);in the secondwe alsoconsidemanipulationgo the seconchighestpos-
sibletype;etc, up until thelastiteration,in which we considemanipulationsall theway down to a
valueof 0.

"It is not necessaryo have this secondarybjective for theresultto go through,but it simpli es theanalysis.
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Technicallyspeakingthis approactonly workson a nite typespacelf thetypespaces R: ©
(all nonnnegative valuations),we encountetwo problems: rst, thereis no highestvaluationto
startwith; andsecondthereareuncountablyin nitely mary valuations)eadingto in nitely mary
iterations. Thus,it would not be possibleto run the approachautomaticallyin this case.However,
for the purposeof theoreticabnalysiswe can(andwill) still considetthe casewherethetypespace
isR: O: the rst problemis overcomeby thefactthatmanipulatingto a highertypeis notbene cial
in this domain(free-riderspretendto have a lower valuation);the secondoroblemis overcomeby
conceving of this processasthelimit of asequencef similar processesorrespondingo ner and
ner discretization®f thenonneative numbers (If we wereto actuallyrun onadiscretizationthe
nal resultingmechanisnwould be closeto the mechanisnthatresultsin the limit case—andhe
ner thediscretizationthe closertheresultwill be.)

Beforewe describehe secondohasewe will rst analyzewhathappensn the rst phase.

Lemma 23 Afterconsideringmanipulationgo valuer, themedanismwill take thefollowingform
(¥ is agenti'sreportedvalue):

P
1. Thegoodwill beproducedf andonlyif ¥ , c;
[
P
2. If thegoodis producedand minfr;¥g> c, theneveryagenti will payminfr;¥%g;
i

P
3. If thegoodis producedand  minfr;¥ig - ¢, then,lettingt , r bethenumbersud that

|
minft; ¥yg = c, everyagenti will payminft; ¥ig.
i

Proof: Supposeave have provedtheresultfor manipulationgo r; let usprove theresultfor manip-

Vi , c. InthemechanisnmM thatresultsafterconsideringnanipulationgo r only, ary agenti

|

with v; - r®hasnoincentive to manipulateto r ° (afterthe manipulationthe agentwill be madeto
payatleastr®, v;), sowewill notchangesuchanagents paymentsAn agentwith v; > r% how-
ever, will have anincentive to manipulateto r © if this manipulationrdoesnot preventthe production
of thegood (the agentwill payr°ratherthantheatleastminfr;vig > r°thathe would have paid
without manipulation).If thetotal paymentunderM givenv exceedst (thatis, 2. above applies),
thenmanipulatingto r %in factdoesnot preventthe productionof the good,soall suchagentshave
anincentive to manipulateput, onthe otherhand,we canreducethe paymenbof suchagentdfrom r
to r%in the new mechanisnior typevectorv, whichwill preventthe manipulation However, if the
total paymentunderM givenv is exactly ¢ (thatis, 3. above applies) thenit is impossibleto reduce
the paymentsf suchagentso r ® becausave cannotcollectary moremone from the remaining
agentsandhencewe would notbeableto afford thegood. =

Corollary 31 After consideringall manipulations(includingto r = 0), the mehanismwill take
thefollowing form:

P
1. Thegoodwill beproducedf andonlyif ¥ , c;
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P
2. If thegoodis producedthen,lettingt bethenumbersudhthat  minft; ¥,g = c, everyagent
[

i will payminft; % g.

-

O = NWPLOOON OO

agent1 agent2 agent3

Figure10.1: Exampleof apublicgoodsettingin whichthereare3 agentsthepublic goodcosts9 to
produce.Thehorizontallinesrepresentheagentstruevaluationg8, 1, and6), which aresufcient

to producethe good. The circlesrepresenthe paymentghatthe agentamnalke for this type vector
after consideringmanipulationdo 7; the crossegepresenthe paymentghatthe agentsmake for

this type vectorafter consideringmanipulationdo 4. At this stagethe paymentsumexactly to 9,

sothe paymentgemainatthis level evenafterconsideringnanipulationgo evenlower values.

The mechanisnfrom Corollary 31 (call it M) is still not stratgy-proof. For example,in the
examplein Figure10.1,supposdhatagent2's valuationfor the goodis 3 instead.Then,M 1 will
chage agent2 a paymentof 3 insteadof 1. Thus,agent2 will be betteroff reportingl instead.
However, the next phasewill make the mechanisnstrategy-proof.

In phasetwo, we take approach(b) above: for a type vectorinto which thereare bene cial
manipulations male its outcomeundesirableenoughto the manipulatingagentsto prevent the
manipulations. We will do so by not producingthe good at all for suchtype vectors. We will
performasingleiterationof this, consideringall possiblemanipulations.

c=n. For thismodi ed typevectot i mustpayatleastc=n (becausé mustalwaysbethe casethat
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t , c=n), andthusi would be betteroff manipulatingnto the original typevector This provesthe
“if " partof thelemma.

Ontheotherhand,if for all i, v; , c=n, thent = c=n, andall agentgpayc=n. Supposehere
exists a bene cial manipulationby someagenti into this type vectot from somemaodi ed type

manipulatdrom atypevectorfor whichthegoodis not producedasthe manipulatingagentwould
have to pay morethanhis valuefor the good.) We musthave v? > c=n, for otherwisei would be
atleastaswell off reportingtruthfully. But then,everyonepaysc=nin the modi ed typevectoras
well, contradictingheincentive to manipulate This provesthe“only if” partof thelemma. =

Thus,we have the following theoremfor the mechanisnM , thatresultsafter oneiterationof
thesecondohase:

Theorem 108 M, produceghegoodif andonlyif for all i, ¥ , c=n; andif so,M, chargesevery
agentc=n.

Thus,ourapproacthasproducedavery simplemechanisnthatmostof ushave encounterect
somepointin life: theagentsareto sharethe costsof producingthegoodequally andif oneof them
refusego do so,thegoodwill notbeproducedandnobodywill haveto pay). Thismechanisnmay
seemsomeavhat disappointingespeciallyif it is unlikely thatall the agentswill valuethe goodat
at leastc=n. However, it turnsout thatthis is in fact the bestpossibleanonymoustrategy-proof
medanism(thatsatis estheindividual rationality constraint).(Moulin [1994] hasalreadyshavn a
similarresultin amoregenerakettingin which multiple levelsof the public goodcanbe produced;
however, he requiredcoalitional stratgy-proofnessandhe explicitly posedasan openquestion
whethertheresultwould continueto hold for thewealer notionof (individual) stratey-proofness.)

Deriving the plurality-with-runoff rule for voting

In this subsectionwe addressrsoting (socialchoice)settings. Recallthatin sucha setting,every
agent(voter)i's typeis a completerankingA; over the outcomegcandidates).The mechanism
(voting rule) takesasinput the agents'type reports(votes),consistingof completerankingsof the
candidatesandchoosesnoutcome.

Recall that underthe commonlyusedplurality rule, we only considerevery voter's highest-
ranked candidateandthe winneris simply the candidatewith the highestnumberof votesranking
it rst (its plurality score). The plurality rule is very manipulable:a voter voting for a candidate
thatis not closeto winning may preferto attemptto getthe candidatehatcurrentlyhasthe second-
highestplurality scoreto win, by voting for thatcandidatanstead.In the realworld, onecommon
way of “xing” this is to adda runoff round, resultingin the plurality-with-runof rule. Recall
that underthis rule, we take the two candidateswith the highestplurality scores,anddeclareas
the winner the onethatis ranked higher by more voters. By the Gibbard-Satterthaite theorem
(Chapterd), thisis still nota strategy-proofmechanisngit is neitherdictatorialnor doesit preclude
ary candidatdrom winning)—indeeda votermay changehis voteto changewhich candidatesre
in the runoff. Still, the plurality with runof rule is, in anintuitive sense;less” manipulablethan
the plurality rule (andcertainlymoredesirablethana stratgy-proofrule, sinceit would eitherbe
dictatorialor precludesomecandidatdrom winning).
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In this subsubsectiorwe will shawv thatthe following variantof our approactwill producethe
plurality-with-runof rule whenstartingwith the plurality rule astheinitial mechanism.

2 ThesetF of manipulationghat we consideris that of all manipulationsn which a voter
changesvhich candidateheranks rst.

2 We try to prevent manipulationsasfollows: for a type (vote) vectorfrom which thereis a
bene cial manipulation considerall the outcomeshatmay resultfrom sucha manipulation
(in additionto the currentoutcome) andchooseasthe newv outcomethe onethatminimizes
the numberof agentghatstill have anincentive to manipulatefrom this vote vector

2 We will changethe outcomefor eachvote vectorat mostonce (but we will have multiple
iterations for vote vectorswhoseoutcomedid notchangdn earlieriterations).

Theorem 109 For a giventype vector |, supposehat candidateb is ranked r st the mostoften,
anda is ranked r stthe secondmostoften(s(b) > s(a) > :::, whee s(0) is the numberof times
oisranked r st). Moreover, supposehat the numberof votesthat prefers a to b is greaterthanor
equalto the numberof votesthat prefers bto a. Then,startingwith the plurality rule, after exactly
s(b) i s(a) iterationsof theappmoad describedabove theoutcomefor p changesfor the r sttime,
to a (the outcomeof the plurality with runof rule).8

Proof. We will prove theresultby inductionons(b) j s(a). First notethattheremustbe some
voterthatprefersa to b but did notranka rst. Now, if s(b) j s(a) = 1, abene cial manipulation
for this voteris to ranka rst, which will make a win. No othercandidatecan be madeto win
with a bene cial manipulation(no voterrankingb rst hasanincentive to changehis vote, hence
no bene cial manipulationwill reduceb's score;ary othercandidates scorecanbeincreasedy at
most1 by a manipulation;andevery candidatebesidesa is at leasttwo votesbehindb). Thus,in
the rst iteration,we mustdecidewhetherto keepb asthewinner, or changset to a. If wekeepbas
thewinner, all thevotersthatprefera to b but do notranka rst have anincentve to changeheir
vote (andranka rst). Ontheotherhand,if we changethewinnerto a, all the votersthatpreferb
to a but do notrankb rst have anincentive to changetheir vote (andrankb rst), sothatbleads
by two votesandwins. So,in which casedo we have morevoterswith anincentive to changeheir
vote?In the rst casepecausehereareatleastasmary voterspreferringa to basbto a, andthere
arefewer votersamongthosepreferringa to bthatranka rst thantherearevoterspreferringb to
a thatrankb rst. Hencewewill changeheoutcometo a.

Now supposethat we have proven the resultfor s(b) j s(a) = ki 1; let usprove it for
s(b) i s(a) = k. First, we notethatin prior iterations,therewere no bene cial manipulations
from the type vectorthatwe areconsideringno voterrankingb rst hasanincentive to changehis
vote, thusary bene cial manipulationcanonly reducethe differencebetweens(b) andthe score
of anothercandidateby 1, andby the inductionassumptiomo vote vectorthat resultsfrom such
a manipulationhashadits outcomechangedn earlieriterations—.e. it is still b), andthusthe
outcomehasnot yet changedn prior iterations.But, by theinductionassumptionary vote vector

8Thisis assuminghattiesin theplurality rule arebrokenin favor of a; otherwise pnemoreiterationis needed(Some
assumptioron tie-breakingmustalwaysbe madefor voting rules.)
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that can be obtainedfrom the vote vectorthat we are consideringby changingone of the votes
rankinga higherthanbbut not rst, to onethatranksa rst, musthave hadits outcomechangedo
a in the previousround. Thus,now thereis a bene cial manipulationthatwill make a the winner.
Ontheotherhand,no othercandidatecanbe madeto win by sucha bene cial manipulation since
they aretoo far behindb given the currentnumberof iterations. The remainderof the analysisis
similartothebasecase(s(b) i s(a) = 1). =

10.1.4 Computing the outcomesof the mechanism

In this subsectionye discusshow to automaticallycomputethe outcomesf the mechanismshat
are generatedy this approachn general. It will be corvenientto think aboutsettingsin which
the setof possibletypevectorsis nite (sothatthemechanisntanberepresentedsa nite table),
althoughthesetechniquesanbe extendedto (some)in nite settingsaswell. Onepotentialupside
relative to standarcautomatednechanisndesigntechniquegaspresentedn Chapter6) is thatwe
do not needto computethe entire mechanisn{the outcomedor all type vectors)here;rather we
only needto computethe outcomefor thetypevectorthatis actuallyreported.

Let Mo denotethe (nave) mechanisnfrom which we start,andlet M ; denotethe mechanism
aftert iterations. Let F; denotethe setof bene cial manipulationghat we are considering(and
aretrying to prevent) in the tth iteration. Thus, M is a function of Fy andM¢; 1. What this
functionis depend®nthespeci c variantof theapproachhatwe areusing.Whenwetry to prevent
manipulationdy makingtheoutcomefor thetypevectorfrom whichtheagentis manipulatingmore
desirabldor thatagentwe canbemorespeci ¢, andsaythat,for typevectory, M (1) is afunction
of the subsetF* p F; that consistsof manipulationghat startfrom p, andof the outcomeghat
My; 1 selectson the subsebf type vectorsthat would resultfrom a manipulationin FH. Thus,to
computethe outcomethat M produceson , we only needto considerthe outcomeshat My, 1
choosedor type vectorsthat differ fromp in at mostonetype(andpossiblyevenfewer, if FH does
notconsiderall possiblemanipulations)As such,we needto consideMy; 1's outcomesn atmost

JEi] type vectorsto computeM(p) (for ary given p), which is much smallerthanthe setof
i=1
all type vectors((@ jEij). Of course,to computeMy; 1(19) for sometype vector 1, we needto

i=1

: P
consideM¢; »'s outcomesn upto ] typevectorsetc.

Becauseof this, a simple recursve approachfor computingM () for somep will require
P

O(( j£ij)!) time. This approactmay, however, spenda signi cant amountof time recomputing
i=1

valuesMj (19 mary times. Anotherapproachis to use dynamic programming,computingand

storingmechanisnMj; 1's outcomeson all type vectorsbeforeproceedingo computeoutcomes

P
for M . Thisapproactwill requireO(td(_@ JE  jEi))) time(for everyiteration,for everytype

i=1 i=1
vector we mustinvestigateall possiblenanipulations)We notethatwhenwe usethis approachwe
may aswell computethe entiremechanisniM ; (we alreadyhave to computethe entiremechanism
My; 1). If nis largeandt is small, the recursve approachis moreefcient; if n is smallandt is
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large,the dynamicprogrammingapproachs moreef cient.

All of thisis for fully general nite) domainsiit is likely thatthesetechniquesanbe spedup
considerablyfor speci ¢ domains.Moreover, aswe have alreadyseen,somedomainscansimply
besolvedanalytically

10.1.5 Computational hardnessof manipulation

We have alreadydemonstratedhat our approachcan changenave mechanismsnto mechanisms
thatareless(sometimesotatall) manipulableln this subsectionwe will aguethatin addition,if
the mechanisnremainsmanipulablethe remainingmanipulationsare computationallydif cult to
nd. Thisis especiallwaluablebecauseaswe amguedearliet if it is computationallytoo dif cult
to discover bene cial manipulationsthe revelation principle ceaseso meaningfullyapply anda
manipulablenechanisntansometimesctuallyoutperformall truthful mechanisms.

In this subsectionwe rst presentan informal, but general,aigumentfor the claim that any
manipulationghat remainafter a large numberof iterationsof our approacharehardto nd. This
amgumentdependon the assumptiorthat the agentsonly usethe most straightforvard possible
algorithmfor nding manipulations.Secondwe shav thatif we adda randomcomponento our
approachor updatingthe mechanismthenwe canprove formally thatdetectingwhetherthereis a
bene cial manipulatiorbecomesgtP-hard.

An informal argumentfor hardnessof manipulation

Supposehattheonly thing thatanagentknows aboutthe mechanisnis thevariantof ourapproach
by which the designembtainsit (theinitial nave mechanismthe manipulationghatthe designer
considershow shetriesto eliminatetheseopportunitiefor manipulationshow mary iterationsshe
performs.etc). Giventhis, onenaturalalgorithmfor anagentto nd abene cial manipulationis to
simulateour approacltfor the relevanttypevectors perhapsisingthe algorithmspresentecearliet
However, this approachs computationallyinfeasibleif the agentdoesnot have the computational
capabilitieso simulateasmary iterationsasthe designemill actuallyperform.

Of course this agumentfails if the agentactuallyhasgreatercomputationahbilities or better
algorithmsthanthe designer In the next subsubsectionye will give a different,formal agument
for hardnes®f manipulatiorfor oneparticularinstantiationof our approach.

Random sequentialupdating leadsto #P-hardness

Sofar, we have only discussedpdatingthemechanisnin adeterministidashion.Whenthe mech-
anismis updateddeterministically ary agentthatis computationallypowerful enoughto simulate
this updatingprocescandeterminehe outcomethatthe mechanisnwill choosefor ary vectorof
revealedtypes. Hence thatagentcanevaluatewhetherhe would bene t from misrepresentingis
preferencesHowever, thisis notthe casef we addrandomchoicego ourapproachi{andtheagents
arenottold abouttherandomchoicesuntil afterthey have reportedheir types).

The hardnessesultthatwe shaw in this subsubsectioholdsevenfor a singleagent;therefore
we will only specifythe variantof our approachusedin this subsubsectiofor a singleagent.Any
generalizatiorof the variantto morethanoneagentwill have the sameproperty
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First,wetakethesetf of all of theagentstypes,andorganizethetypesasasequencef j£ j=2

betweeny;1 andpi», andconsiderall the bene cial manipulationsout of the chosentype (andno
othermanipulations)(Wewill only needj£ j=2 iterations.)Then,asbefore wetry to preventthese
manipulationsoy makingthe outcomefor the chosentype more appealingto an agentwith that
type (andif therearemultiple waysof doing so, we choosethe onethatmaximizesthe designers
objectve).

We arenow readyto presenpur #P-hardnessesult. We emphasizehat, similarly to the hard-
nessresultsin Chapter8, this is only a worst-casenotion of hardnesswhich may not prevent
manipulationin all cases.

Theorem 110 Evaluatingwhetherthere existsa manipulationthat increasesan agent's expected
utility is #P-had'® underthevariant of our techniquedescribedabove

Proof. We reducean arbitrary#SAT instancetogetherwith a numberK , to thefollowing setting.
Let therebe a singleagentwith thefollowing types. For every variablev 2 V, we have typesp y
andy, ; for every clausec 2 C, we have typesp? andp?; nally, we have four additionaltypes

(T (péjcj ; p@jcj); (le; K2); (Ms; ) - Let theoutcomesetbeasfollows: for every variable
v 2 V, we have outcomes., , ando; y; for everyclausec 2 C, we have anoutcomeog; nally , we
have outcome®s; 02; 03; 04. Theutility functionis zeroeverywherewith thefollowing exceptions:
for everyliteral |, u(; o) = 2;u(p; 02) = 1; for every clausec, u(l; oc) = 4;u(le; o) = 3if |
oceursin ¢, u(ke; 0) = 2;U(ke; 02) = 1; for U 2 fhuikeg, U( 00) = Fyres Uk 01) = 1 for
M2 fus; g, U(;04) = 2;u(l; 03) = 1. The designets objective functionis zeroeverywhere,
with the following exceptions:for all u 2 £, g(;01) = 3; g(s; 02) = 9(l4; 02) = 4; for every
literal I, g(l; o) = 2; for every clausec, g(kc; 03) = 2;9(ke; Oc) = 1; 9(Ms; 04) = 9(fu; 04) = 2.
Theinitial mechanismyhich navely maximizesthe designelis objective, choose®; for all types,
with the exceptionof pz andpy, for whichit choose®,.

Themechanisnwill rst updateexactly oneof p., andy; v, for everyv 2 V. Speci cally, if
I (wherel is aliteral) is updatedthe new outcomechoserfor thattypewill be o, (whichis more
desirableto the agentthato,, andbetterfor the designetthanoy). Subsequentlyexactly oneof p}
and £ is updated.Speci cally, if |} is updatedthe nev outcomechoserfor thattype will be o3
if notypey with | 2 ¢ hasbeenupdated(andthereforeno o with | 2 c is ever chosenby the
mechanism)ando. otherwise. (03 is moredesirableto the agentthano,, but lessdesirablethan
someq, with | 2 c¢; however, o; is evenmoredesirableghansuchano,. Thedesignemwould prefer
to preventthemanipulatiorwith os, but o; is the next bestway of preventingthe manipulationif o3
will notsufce.) Then,oneof y; andy, is updatedbut theoutcomewill notbechangedor eitherof
them(theonly outcomethattheagentwould preferto o for thesetypesis 04, whichthemechanism
doesnot yet choosefor ary type); nally, oneof Yz andy is updated,andthe outcomefor this

%The hardnessesultwill hold evenif the numberof typesis restrictedto be even, soit doesnot matterhow this is
generalizedo situationsn which the numberof typesis odd.
Technically we reducefrom adecisionvariantof #SAT (“Are therefewerthanK solutions?”).An algorithmfor this
decisionvariantcanbe usedto solve the original problemusingbinary search.
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typewill changeto o4 if andonly if outcomeos is now choserby the mechanisnior sometype i
(thatoutcomewould be preferredto o, by theagentfor thesetypes;o, is the next bestoutcomefor
the designer).We notethatthis updateto o4 will nothappenf andonly if, for every clausec, for
atleastoneliteral | 2 c, y wasupdated(ratherthany, |)—becauseén this case(andonly in this
case)whene&er we updatedone of pcl; p§ oc waschosen(ratherthanos). In otherwords,it will
not happenf andonly if theliterals| thatwere chosenconstitutea satisfyingassignmentor the
formula. The probability that this happenss n=(2/V}), wheren is the numberof solutionsto the
SAT formula.

Now, let usconsidemhethertheagentasanincentive to manipulatef histypeis ;. Reporting
truthfully will leadto outcomeo; beingchosengiving theagenta utility of 1. It only makessense
to manipulateo atypefor which o, maybechosenpecaus®; is preferredo all otheroutcomes—
henceary bene cial manipulationwould beto sz or . Withoutlossof generality let usconsider
a manipulationto ps. Whatis the chance(given that we have doneexactly j£ j=2 updates}hat
we chooseoy for pg? It is 1=2 (the chancethat ps wasin factupdated)times1 n=(2/Vl) (the
chancethatos waschosen)whichis (2/V1j n)=(2/Vi*1). Otherwisep; is still choserfor s, and
manipulatingto s from ;. would give utility 0. Thus,the expectedutility of the manipulationis

2Yin 2V17  Thisis greatethanl if andonlyif n < K. m

21Vij+l 2jVji K

10.2 Summary

In this chaptey we suggeste@n approachfor (automatically)designingmechanismg$or bounded
agents.Underthis approachwe startwith a nave (manipulable)mechanismandincrementally
malke it more stratgy-proofover asequencef iterations.

We gave variousexamplesof mechanismshat (variantsof) our approactgenerateincluding:
theVCG mechanisnin generakettingswith paymentsanequalcostsharingmechanisnior public
goodssettingsandthe plurality-with-runof voting rule. We alsoprovided severalbasicalgorithms
for automaticallyexecutingour approachin generalsettings,including a recursve algorithmand
a dynamicprogrammingalgorithm,andanalyzedheir runningtimes. Finally, we discussedow
computationallyhardit is for agentdo nd ary remainingbene cial manipulation.We arguedthat
agentsusinga straightforvard manipulationalgorithmwill not be ableto computemanipulations
if the designerthasgreatercomputationapower (and canthus executemoreiterations). We also
shaved thatif we add randomnes$o how the outcomesare computed thendetectingwhethera
manipulationthatis bene cial in expectationexistsbecomestP-hardfor anagent.



