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1.4 Self-in tersections

Sincenon-orientable, compact 2-manifoldswithout boundary cannot be embed-
ded in three-dimensional Euclidean space,all their modelsin that spaceoccur
with self-intersections. In contrast, all orientable, compact 2-manifolds have
embeddings, but their models may have accidertal self-intersections. Removes
thoseis a coretopic in repairing surfacemodels of solid shapes.

Mapping into space. Let M be a compact 2-manifold without boundary
andf : M ! R3 a continuous mapping. For the time being, we assumef
is smooth, that is, it has derivatives of all orders. Parametrizing M locally
with two variables, we get get coordinate functions f; : M ! R mapping pairs
(s1;82) to xi, fori = 1;2; 3. Collecting the gradients of the coordinate functions
in a matrix, we get the Jacobian of f ,
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The rank of the Jacobianis at mosttwo. The mapping f is animmersion if the
Jacobian hasfull rank, namely rank two, at all points of M. It is an emtedding
if f restricted to its image is a homeomorphism. For smooth mappings, there
are three types of generic self-intersections, all illustrated in Figure I1.1. The

Figure I1.1: From left to right: a double point, a triple point, a branch point.

most interesting of the three is the branch point, which comesin seweral guises.
We can construct it by cutting a disk from two sidestoward the certer, folding
it, and re-glueingthe sidesas shown in Figure I1.2. Embeddings have no self-
intersectionsat all and immersionshave only the rst two typesand no branch
points.
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Figure 11.2: Constructing the Whitney umbrella from a disk.

The piecewise linear case. The classication of genericself-intersectionsis
similar in the piecewisdinear casein which M is givenby a nite triangulation,
K. Howewer, in contrast to the smooth case,the enumeration of the generic
typesis elemenary. SinceM is a 2-manifold, the triangles that corntain a vertex
form adisk. It isnot di cult to seethat imposingthis condition on the vertices
su ces to guarantee that K triangulates a 2-manifold without boundary. On
the other hand, requiring that ead edgebelongsto exactly two triangles is not
su cien t.
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Figure 11.3: The three ways two triangles whose vertices are in general position in R®
can crossead other.

We put K into spaceby mapping ead vertex to a point in R3. The edges
and triangles are mapped to the corvex hulls of the imagesof their vertices.
This mapping is an embeddingi any two triangles are either disjoint or they
sharea vertex or they sharean edge. Any other type of intersectionis improper
and referred to asa crossing It is conveniert to assumethat the points arein
generalposition, that is, no three are collinear and no four are coplanar. Under
this assumption, there are only three types of crossingspossible betweentwo
triangles, all shown in Figure 11.3. Each crossingis a line segmen common to
two triangles. In the rst case,oneof the endpoints of the line segmen coincides



1.3 Self-intersections 3

with the image of a vertex, which necessarilybelongsto both crossingtriangles.
In the other two cases,eat endpoint of the line segmer lies on the imagesof
an edgein the triangulation.

Recognizing crossings. We reducethe recognition problem from two trian-
glesto an edgeand a triangle and further to four points in space.Writing a;,
ay, az for the coordinates of the point a in spaceand similarly for the points
X, Y, and z, we say the sequenceaxyz has positive orientation if the matrix
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(axy;z) =

haspositive determinant. We obsenethat this correspondsto the casein which
a seesxyz make a right-turn in space. The four points lie in a common plane
i the determinant vanishes. Finally, we say axyz has negative orientation if
det ( a;x;y;z) < 0.

Using the ability to decidethe orientation of a sequencef four points, we now
return to the next more complicated problem given by v e points, a;b;x;y;z
in R3. We say the edgeab stabsthe triangle xyz if the two have an improper
intersection. Assuming the v e points are distinct and in generalposition, we
have only two cases,namely either the intersection is empty or a point in the
common interior of the edgeand the triangle. Thus, ab stabs xyz i a and
b lie on dierent sidesof the plane spannedby xyz and ab forms the same
orientation with the three directed edgesxy, yz, and zx.

boolean doesSt ab(a; b;x; y; z)
return signdet ( a;Xx;y;z) 6 signdet ( b;x;y;z) and
signdet ( a;b;x;y) = signdet ( a;b;y;z) = signdet ( a;b;z;x).

We nally return to the original recognition problem formulated for two tri-

angles, abc and xyz. We rst considerthe casein which they share one of
the points, a = x. Then we have a crossingi one of the respective opposite
edgesstabs the other triangle. We secondconsiderthe casein which the six
points are distinct. Then the triangles are disjoint i none of the six edges
stabs the other triangle, and the triangles crossi exactly two edgesstab the

other triangle. Assuming generalposition, there are no other cases.If the two
stabbing edgesbelongto the sametriangle, we have the casein the middle in

Figure 11.3, and if they belongto dierent triangles, we have the caseon the

right.
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Curv es and preimages. Returning to the caseon the left in Figure 1.3,
we seethat one endpoint of the line segmen lies on the image of an edge of
the triangulation. There is a unique triangle on the other side of that edge
that cortinuesthe intersections. Similarly, there are unique continuations of
the intersection in the middle and the right case. Starting at a crossing,we can
therefore trace the intersection triangle by triangle, adding a line segmen at a
time. Sincewe only have nitely many triangles, the curve must either end or
closeup by coming badk to whereit started. Theseare the only two cases:

apath that starts at the image of a vertex and endsat the image of another
vertex;

a closedcurve that avoids the imagesof all verticesin the triangulation.

Almost all points of such a path or closedcurve are double points. Exceptions
are triple points at which the curvesintersects ead other or themseles. The
number of triple points is at most the number of ways we can choosethree
triangles, which is nite, and generically there are no points that belong to
more than three triangles.

When we trace a path or a closedcurve in space,we can, at the sametime,
trace its preimage under the mapping f. In the caseof a path, we get two
arcs starting at a common vertex and ending at another common vertex of
the triangulation. In the caseof the closedcurve, we get either two loops or
one loop whoseimage covers the curve twice. The three casesare illustrated
in Figure I1.4. The most interesting caseis the double-covering loop. Suc a
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Figure 11.4: The preimage of an intersection curve. From left to right: two arcs with
common endpoints, two loops, one loop covering the closed curve twice.
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loop is necessarilyorientation-reversing. To seethis, we may again trace the
closedcurve, its imagein R2, and this time draw parallel curvesto the left and
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the right on one of the two intersecting sheets. At the time we comeback to
where we started, the parallel curveshave moved to the other sheet. There is
either a clockwise or a courterclockwise rotation of the rst sheetto the second
that maps ead curve locally to itself. If the rotation is clockwise, as seenby
looking in the direction of the curve, then it is clockwise at all points of the
curve. Samefor counterclockwise. This implies that after another round we
map the rst sheetto itself but with reversedorientation. The double-covering
loop can thus only happen if M is non-orientable. No conclusioncan be drawn
if the preimage consistsof two loops.

To construct an example of a double-covering loop, we sweep the midpoint
of arod (a line segmem) along a circle in space.The rod is normal to the circle
at all times but it may rotate within the normal plane as we sweepalong. If
there is no rotation then the rod sweepsout a cylinder, and if the rotation is

after onetime around then we get a Mobius strip. Howewer, if the rotation
is >, we need a secondtime around to complete the surface. We thus get a
Mebius strip that crossestself along the certer circle, which is coveredtwice.

Immersions of the Klein bottle. We have seena rst picture of the Klein
bottle in Figure ??. The surfacein that drawing intersectsitself along a path
which ends at two branch points. In the smooth case,we get rank-de cient
Jacobiansat the branch points implying that this is not the image of an im-
mersion. Howewer, the Klein bottle can alsobe mapped without branch points
and we concludethis sectionwith the description of two such mappings.

Figure 11.5: Two immersions of the Klein bottle. Both modelsintersect themselvesin
a closedcurve whose preimage are two loops. On the left, these loops are orientation-
preserving and on the right, they are orientation-rev ersing.
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In the rst immersion, the ned of the bottle extends and turns back to
the body, like a sleepingFlamingo, but then continuesand passeshrough the
surface,as sketched in Figure 11.5 on the left. The closedintersection curve is
the commonimage of two orientation-preserving loops. The secondimmersion
is obtained by sweepingthe crosspoint of a gure-8 along a circle in space.
Similar to the rod example above, we keepthe gure-8 normal to the circle at
all times but we rotate within the normal plane. Turning the gure-8 upside
down during onetime around we exchangethe lobesand form a surfacethat
intersects itself along the circle, as sketched in Figure 1.5 on the right. The
preimage of the circle consists of two loops, both of which are orientation-
reversing.

Bibliographic notes. The way surfacesin three-dimensionalspaceintersect
ead other and themselesis discussedn length and with many illustrations by
Carter [2]. In the genericcase,a smooth mapping to R® hasonly three typesof
singularities, double points, triple points, and branch points. Whitney proved
that every d-manifold hasanimmersionin R2¢ 1 [4]. This implies that every 2-
manifold can be immersedin R3, meaningthere are smooth mappings without
branch points. For the projective plane, we must have a branch point or a
triple point which implies that every immersion hasa triple point [1]. Whitney
also proved that every d-manifold can be embeddedin R?¢ [3], implying that
every 2-manifold can be embeddedin R*.
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