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Abstract

We introducerelaxed schedulingas a paradigmfor mesh
maintenancenddemonstratéts applicability to triangulat-
ing askin surfacein

Keywords. Computationabeometry adaptve meshing,deforma-
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1 Intr oduction

In this paperwe describearelaxedschedulingparadigmfor
operationsthat maintainthe meshof a deformingsurface.
We prove thecorrectnessf this paradigmfor skin surfaces.

Background. In 1999,Edelsbrunnef5] shavedhow a -
nite collectionof spheresr weightedpointscanbe usedto
constructa  -continuoussurfacein . It is referredto as
the skin or the skin surfaceof the collection. If the spheres
representheatomsof amoleculethentheappearancef that
surfaceis similar to the molecularsurfaceusedin structural
biology [2, 8]. The two differ in a numberof details,one
being that the former useshyperboloidsto blend between
spherepatcheswhile the latterusestori. The skin surfaceis
not -continuousput its maximumnormalcurvature, , is
continuous. This propertyis exploited by Chenget al. [1],
who describean algorithmthatconstructsa triangularmesh
representingheskin surface.In thismesh thesizesof edges
andtrianglesareinverselyproportionato themaximumnor-
mal curvature. The mainideaof thealgorithmis to maintain
themeshwhile graduallygrowing the skin surfaceto thede-
sired shape,asillustratedin Figure 1. The algorithmthus
reduceghe constructiorto a sequencef restructuringpper
ations.Thereareedge ips, which maintainthe meshasthe
restrictedDelaunaytriangulationof its vertices,edge con-
tractionsandvertex insertions which maintaina sampling
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Figurel: The meshis maintainedasthe surfaceon theleft grovs
into thaton theright.

whoselocal densityis proportionalto the maximumnormal
curvature,and metamorphosesvhich adjustthe meshcon-
nectvity to re ect changesn the surfacetopology Some
of theseoperationsare easierto schedulethan others,and
the mostdif cult onesarethe edgecontractionsandvertex

insertions. They dependon how the sampledpoints move
with the surfaceasit deforms. The quality of the meshis

guaranteedby maintainingsizeconstraintdor all edgesand
triangles. Whenan edgegetstoo shortwe contractit, and
whena triangle getstoo large we inserta point nearits cir-

cumcenterBotheventscanberecognizedy nding rootsof

fairly involvedfunctions. Schedulingedgecontractionsand
vertex insertionghusbecomes bottleneckpothin termsof

therobustnesandthe runningtime of thealgorithm.

Result. Inthispaperwestudyhow fastedgesandtriangles
vary their size,andwe usethatknowledgeto schedulghese
elementsn arelaxedfashion.In otherwords,we do notde-

terminewhenexactly anelementviolatesits sizeconstraint,
but we catchit beforethe violation happensOf course the

dangeris now that we either updateperfectly well-shaped
elementsor we wastetime by checkingelementsunneces-
sarily often. To avoid the former, we introduceintervals or

gray zonesin which the shapeof the elementsare neither
goodnor unacceptablyad. To avoid unnecessaril§requent
checking,we prove lower boundson how long an element



staysin the gray zonebeforeits shapebecomesunaccept-
ably bad. Theseboundsare differentfor edgesandfor tri-

angles.Considerrst anedge . Let be
its half-lengthand thesmallerra-
diusof curvatureatits endpointsWe usejudiciouslychosen
constants , and andcalltheedge

acceptable
borderline if
unacceptable

The middle interval is what we calledthe gray zoneabove.
Assuming is acceptablewe proveit will notbecomeun-
acceptablavithin a time interval of duration

, Where

In theworstcase, is barelylargerthan , sowe have
as a worst casebound. We

will seethat , and arefea-
sible choicesfor the constants,and that for thesewe get
and . Considernext a

triangle . Let betheradiusof its circumcircle,and

thesmallestadiusof curva-
tureatits vertices.We call

acceptable
borderline if
unacceptable

Assuming is acceptablewe prove it will not become
unacceptablgvithin atime intenal of duration
, Where

In the worst case, is barely smallerthan , sowe
have . For the above valuesof
and |, thisgives and t

seemghattrianglescangetout of shapeabouttwice asfast
asedgeshut we do not know whetherthis is really the case
becaus®ur boundsarenottight.

Outline. Section 2 reviews skin surfaces and the dy-
namictriangulationalgorithm. Section3 introduceselaxed
schedulingas a paradigmto keeptrack of moving or de-
forming data. Section4 analyzeghe local distortionwithin
the meshand derives the formulas neededfor the relaxed
schedulingparadigm.Section5 concludeghe paper

2 Preliminaries

In this sectionwe introducethe necessarpackgroundrom
[5], whereskin surfaceswere originally de ned, and from
[1], wherethe meshingalgorithm for deformingskin sur
faceswasdescribed.

Skin surfaces. We write for the spherewith

center andradius andthink of it asthe zero-
setof the weightedsquaredistancefunction

de ned by . The squareradiusis

a real numberand the radiusis either a non-neyative real

or a non-ngjative multiple of theimaginaryunit. We know

how to addfunctionsandhow to multiply themby scalars.
For example,if we havea nite collectionof spheres and
scalars then is againa weightedsquare
distancefunction,andwe denoteby thesphere
thatde nesit. Thecorvex hull of the s the setof such
sphere®obtainedusingonly non-neyative scalars:

and

We alsoshrink spheresandwrite ~, which
is the zero-setof . The skin surfacede ned by
the is thenthe ervelope of the spheresin the corvex
hull, all scaleddown by a factor ~, and we write this
as . Equivalently it is the zero-sebf the point-
wiseminimumoverall functions , overall ,
where is theweightedsquaredistancefunctionde ned by
. At rst glance this mightseemlike anunwieldysurface,
but we cancompletelydescribét asa collectionof quadratic
patchesbtainedby decomposinghe surfacewith whatwe
call the mixed comple. Its cells are Minkowski sumsof
Voronoi vertices,edges polygonsand polyhedrawith their
dually correspondingdelaunaytetrahedratriangles,edges
and vertices,all scaleddown by a factor Insteadof
formally describingthis constructionwe illustrateit with a
two-dimensionakxamplein Figure2. Dependingon the di-

Figure2: The mixed complex decomposethe skin curve andthe
areait bounds.

mensionof the contributing Delaunaysimplex, we have four
typesof mixed cells. Becauseof symmetry we have only
two typesof surfacepatchespamelypiecesof spheresand
of hyperboloidsof revolution, which we frequently put in
Standard~orm:

1)
)



wherethe plus sign givesthe one-sheetethyperboloidand
theminussigngivesthetwo-sheetedhyperboloid.

Meshing. Themeshingalgorithmtriangulategheskinsur
faceusingedgesandtriangleswhosesizesadaptto thelocal
cunature. Let us be morespeci c. At ary point ,
let bethe maximumnormalcurvatureat . In contrast
to othernotionsof curvature, is continuousover the skin
surfaceandthusamenabléo controllingthelocal sizeof the
mesh.Call thelocal lengthscaleat . The
verticesof the meshare pointson the surface. For anedge
,let behalfits length,andfor atriangle
, let be the radiusof its circumcircle. The algo-
rithm obeys the Lower and Upper Size Boundsthat require
edgesot betoo shortandtrianglesnotbetoo large:

[L] for everyedge ,and

[U] for everytriangle ,

where is thelarger of and , is the mini-
mum of , and ,and and arejudiciously
chosemositive constants.

The particularalgorithmwe considerin this paperis dy-
namic,in the sensehatit maintainsthe meshwhile the sur
facedeforms.We canusethis algorithmto constructa mesh
by startingwith the empty surfaceand growing it into the
desiredshape. This is preciselythe scenarioin which our
resultsapply. To modelthe growth processwe useatime
parameteandlet bethe -th sphere
attime . We startat , atwhichtimeall radii are
imaginaryandthe surfaceis empty andwe endat , at
whichtimethesurfacehasthedesiredshape This particular
growth modelis amenabldo ef cient computatiorbecause
it doesnot affect the mixed comple, which staysthe same
atall times. Eachpatchof the surfacesweepsout its mixed
cell. At arny moment,we have a collection of points sam-
pled on the surface,andthe meshis the restrictedDelaunay
triangulationof thesepoints,asde nedin [4, 7]. Giventhe
surfaceandthe points, this triangulationis unique. As the
surfacedeforms,we move the pointswith it andupdatethe
meshasrequired.Fromglobalandlessfrequentto local and
morefrequenttheseoperationsare:

1. topology changeghat affect the local and global con-
nectvity of the surfaceandthemesh,

2. edgecontractionsandvertex insertionsthat locally re-
move or addpointsto coarseror re ne themesh.and

3. edgeips thatlocally adjustthe meshwithout affecting
thepointdistribution or the surfacetopology

For the particulargrowth modelintroducedabove, thetopol-
ogy changesreeasilypredictedusingthe ltration of alpha
complexesasdescribedn [6]. To predictwhereandwhen
we needto coarseror re ne the meshis moredif cult and
depend®nhow thepointsmoveto follow thedeformingsur
face.Thisis thetopic of this paperandwill be discussedn

detailin the subsequergections.Finally, edge ips arerel-
atively robust operationswhich canbe performedin a lazy
mannerwithout arny sophisticatedchedulingmechanism.

Point motion. To describethe motion of the points sam-
pledon the skin surface,it is corvenientto considerthetra-
jectory of the surfaceovertime. Notethatthe -th sphereat

time is . Similarly, the cornvex combina-
tion de ned by coefcients  attime is ,
where . We canrepresenthe skin surfacein

the samemannerby introducingthe function
de ned as the point-wise minimum of the functions rep-
resentingthe shrunlen spheres. More formally,

, wherethe minimum is taken over all

spheres and is thecenterof . The skin surface
attime isthen , SOit is appropriateto call
thegraphof thetrajectoryof the skin surface.We seethat

growing the surfacein time is equivalentto sweepingout its

trajectorywith athree-dimensionalpacehatmovesthrough
time. It is naturalto let thepointssampledn maovenor-

mal to the surface. For a point onasphere
or hyperboloidin Standard=orm , the
gradientis . Thepoint movesin the
direction of the gradientwith a speedthatis inverselypro-

portionalto thelength.In otherwords,thevelocity vectorat

apoint is

Thespeedf istherefore . Theimplemen-
tation of therelaxed schedulingparadigmcrucially depends
on the propertiesof this motion. We usethe remainderof
this sectionto describea symmetrypropertyof the veloc-
ity vectorsthatis instrumentain theanalysisof the motion.
Considertwo mixed cells that sharea commonface. The
StandardForms of the two correspondingsurface patches
differ by a single sign, and so do the gradients. If we re-
ect pointsin onecell acrosghe planeof the commonface
into the other cell thenwe presere the velocity vector, as
illustratedin Figure3. We usethis obsenation aboutadja-
centmixed cells to relatethe velocity vectorsof pointsin
possiblynon-adjacentells. Considermoints and andlet
betheintersectiorpointswith facesof mixed
cells encountere@swe travel alongthe edgefrom to
Startingat , we work backwardandre ect the portion
of theedgebeyond acrosghefacethatcontains . Inthe
generakasethis portionis a polygonalpaththatleadsfrom
to thepossiblymultiply re ectedimage™ of . After re-
ections we have apolygonalpathfrom tothe nal —. The
lengthof the pathis equalto the length of the initial edge,

andhence . We notethat™ doesnot nec-
essarilylie in the mixedcell of , but its velocity vector—
whichisthesameasthatof — is consistentvith thefamily

of spheresor hyperboloidshat sweepsut that mixed cell.



Figure3: Velocity vectorsof a shrinkingcircle on theleft andof a
hyperbolaon theright. Theright portionof theedge isre ected
acrosdacesharecby thetwo mixedcells.

In otherwords,the motionof and™
samequadraticfunction.

is determinedby the

3 RelaxedScheduling

In this section, we introduce relaxed schedulingas a
paradigmfor maintainingmoving or deformingdata. It is
designedto copewith situationsin which the precisemo-
mentfor an updateis eithernot known or too expensve to
compute.

Corr ectnesgonstraints. In thecontet of maintainingthe
trianglemeshof a skin surface we userelaxedschedulingo
determinavhento contractanedgeandwhento insertanewv
vertex. Sincedeterminingwhenthe sizeof anedgeor trian-
gle stopsto be acceptablés expensve, we introducea gray
zonebetweenacceptabilityand unacceptabilityand update
anelementwhenwe catchit insidethatgrayzone.Thatthis
courseof actionis evenconcevableis basedon the correct-
nessproof of the dynamicskin triangulationalgorithmfor a
rangeof its controllingparametersThe rst threeconditions
de ning thatrangereferto , and .Wehaveseerthelat-
tertwo beforein the formulationof thetwo SizeBounds[L]
and[U]:  controlshow well themeshapproximateshesur
faceand controlsthequality of themesh.Botharerelated
to , whichquanti esthe samplingdensity

() We require , Where is aroot
of — —

(1)

am — - , Where S —

It is computationallyef cient to selectthe loosestpossible

bound for the sampling density: Then we get
and,asnotedin [1], we maychoose

and to satisfyConditions(l) to (Ill). Alternatively,

we may lower to andarethenfreeto pick ary-

whereinsidethe interval from to . Thetwo choices

of parameteraremarkedby a hollow dotanda white barin

Figure5. The lasttwo conditionsreferto , and . All

threeparametersontrolhow metamorphosethataddor re-
move a handleareimplemented.Sincethe curvatureblows
up atthe pointandtime of atopologychangewe usea spe-
cial andrelatively coarsesamplinginside sphericalneigh-
borhoodsof such points. Assuminga unit radiusof such
neighborhoodsye turnthe specialsamplingstrateyy onand
off whentheskinsurfaceentersandleavesthesmallerspher

ical neighborhoodf radius . If theskin entersasa
two-sheetedhyperboloidwe triangulateit usingtwo -sided
pyramidsinside the unit sphereneighborhood.If it enters
asaone-sheetetlyperboloidwe triangulateit asan -sided
drumwith awaist. The conditionsarestatedin termsof the

Figure4: Thetriangulationof a two-sheeteénda one-sheetetly-
perboloidinsidea unit neighborhoodpherearoundtheir apices.

edges , and andthetriangles and , asde-
ned in Figure4. Theirsizescanall beexpressedn termsof
, and ,andwereferto [1, Section10] for theformulas.

(V)
V)

Quality buffer. The key technicalinsight aboutthe dy-
namic skin triangulationalgorithmis thatwe can nd con-
stants, , , , and suchthat Conditions
() to (V) aresatis ed for all . Thisis illus-
tratedin Figure5, which shavs the feasibleregion of points
assumingx edvaluesfor , , and . Insteadof
xing and contractingan edgewhenits size-scaleratio
reaches , We suggesto contractthe edgeary time its
ratiois in theinterval . After theratio enters
this interval at it caneitherleave againat or
it canget contractedput it is not allowed to reach
Vertex insertionsare treatedsymmetrically Speci cally, a
triangleis removed by addinga vertex nearits circumcen-
ter, andthis canhappenat any momentits size-scaleatio

isin . Theratio canenterandleave the inter-
val at , but it is not allowed to reach . We call
and the lower and upper size

buffers. The quality of the meshis guaranteedecausall

edgesandtrianglessatisfythetwo SizeBounds[L] and[U]

for . Symmetrically the correctnes®f the trian-
gulationis guaranteethecausedgecontractionsandvertex
insertionsareexecutedonly if the sameboundsareviolated
for
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Figure5: Theshadedeasibleregion of parametepairs for
and . For this

region containsthe intenal . The boundingcures
arelabeledby thecorrespondingonstraintsRedundantonstraints
arenotshawn.

Early warning. Recall that an edgeis borderlineiff its
size-scaleatio is containedin the lower size buffer, andit
becomesinacceptablatthemomentt reaches . Sim-
ilarly, a triangleis borderlineiff its size-scaleratio is con-
tainedin the uppersize buffer, and it becomesunaccept-
ableatthemomentit reaches . Therelaxedscheduling
paradigndepend®nanearlywarningalgorithmthatreports
an elementbeforeit becomesinacceptableThatalgorithm
might err andproducefalsepositives,but it may not let ary
elementslip by and becomeunacceptable.False positives
costtime but donot causeary harm,while unacceptablele-
mentscompromisahecorrectnessf themeshingalgorithm.
In Figure 6, falsepositivesare marked by hollow dotsand
deletionsaremarkedby lled blackdots. All falsepositive

ratio
cQ,

cQ,

CIQ

CiQ
time

Figure6: Thetwo buffers are shadedandthe two curvesarepos-
sible developmentsof size-scalegatiosfor an edge(dashedanda
triangle(dotted). The dotsindicatemomentsat which the elements
aretestedand®nally removed.

testsof edgesarerepresentedby dotsabove the lower size
buffer. To getacorrectearlywarningalgorithmwe justneed
to testeachedgeoftenenoughsothatits size-scaleatio can-
notcrosstheentirelower sizebuffer betweertwo contiguous
tests.Thesymmetricrule appliesto triangles.Boundsonthe
amountof time it takesto crossthe sizebufferswill begiven
in Section4.

Notethatwe have selectedheparameters obtainafairly
longinterval . It is not clearwhetheror notthisis a
goodideaor whethera shorterinterval would leadto amore
efcient algorithm. An argumentfor a long interval is that
theimplied large sizebufferslet usgetby with lessfrequent
andthereforefewer tests. An amgumentagainsta long in-
tenal is thatlarge size buffers are morelikely to causethe
deletionof elementsthat are on their way to betterhealth
but did not recover fastenoughand get caughtbeforethey
could leave the buffers. It might be usefulto optimizethe
lengthof theintervalsthroughexperimentationgfterimple-
mentingtherelaxedschedulespartof theskintriangulation
algorithm.

4 Analysis

In this section,we derive lower boundson the amountof
time it takesfor an edgeor triangle to changeits size by
morethansomethresholdvalue. Fromthesewe will derive
lower boundsonthetimeit takesanelemento passhrough
the entiresizebuffer. We begin by studyingthe motionof a
singlepoint.

Traveling point. We recallthatthe speedof a point on
the skin surfaceis , assumingwve write the
patchthat containsit in Standard=orm. The distancetrav-
eledby in asmalltimeintervalis thereforemaximizedf it
headsstraighttowardthe origin, which for examplehappens
if lies on ashrinkingsphere.Startingthe motion at point

, Whichis thepoint attime ,weget

®3)

for thepoint attime . Thisimplies ,
sowe seethat reachegheorigin attime .
More generally we reachthe point be-
tween andtheorigin attime
. Sincethe above analysisassumeshe

fasteswvay canpossiblytravel, this impliesthatwithin an
interval of duration , thepoint  cannottravel
further than a distance . We use asa corvenient
intermediatequantitythatgivesusindirectaccesgo theim-
portantquantity whichis

Recallfrom the CurvatureVariationLemmaof [1] thatthe
differencein lengthscalebetweentwo pointsis at mostthe
Euclideandistance.If thatdistances

thenthelengthscaleat isbetween and timesthe



. It follows thatif we travel for a duration
, we canchangethelengthscaleonly

lengthscaleat

by afactor
— (4)

The lower boundis tight, and the upperbound cannotbe
reachecdbecausehe distance from  canonly be
achivedif the lengthscaleshrinks. We will alsobe inter
estedn theintegral of , whichis againmaximized
if movesstraighttowardthe origin:

Denotingthe above integral by  andchoosing
, asbefore we have

(5)

Edge length variation. Considertwo points and on
the skin surfaceduring a time interval . We assume
thatboth pointsfollow their trajectoriesundisturbedy ary
meshmaintenanceperationsLet and bethepoint
attimes and and,similarly,let and bethepoint at
theseéwo momentsWe provethatif thetimeintervalis short
relative to the length scaleof the points then the distance
betweerthemcannotshrink or grow by much.

LENGTH LEMMA. Let and
, for some . Then

ProOF. Thederivative of the distancebetweerpoints and
with respecto timeis

(6)

For exampleif and
, and

lie on a commonspherepatchthen
, which
implies

We prove below thatin thegenerakasethedistancederiva-
tive staysbetweerthesetwo extremes:

7
where . To getthe nal resultfrom (6),
wedivideby , multiply by , anduse
to get

Next we integrateover
thenaturallogarithm:

andexponentiatdo eliminate

Theclaimedpair of inequalitiesollows from (5) andtheob-
senationthattheupperoundfor  cannotberealizedwhen
the distancederivative is positive. To prove (7) for general
points and , it sufces to shav thatthe length of

is atmost . We have seerthatthisis trueif
and belongto acommonspherepatch. It is alsotrueif
and belongto acommonhyperboloidpatchbecause

wherethe primedandunprimedvectorsarethe same gxcept
that they have a differentsign in the third coordinate. We
needa slightly more elaborateagumentif and do not
belongto the samemixedcell. We thenre ect acrosshe
facesof mixedcellsthatintersectheedge . Asdescribed
in Section2, sucha sequence®f re ections doesnot affect
the velocity vector The distancebetween andtheimage
— of underthe compositionof re ections is at mostthat
between and . Hence,

asrequired.

The lower boundin the LengthLemmais tight andreal-
izedby points and onacommonspherepatch.

Shrinking edge. Consideranedge , whosehalf-length
attime is .Asbeforewewrite and forthepoints
and attime . Let . Wefollow the
two pointsduringthetime interval , whosedurationis
. The LengthLemmaimplies

thatattime , thelengthof theedgesatis es

— 8
Ourgoalisto choose suchthattheedgeattime is guar
anteedo satisfythe Lower SizeBoundfor . Using



from (8) and
notethat isimplied by
. In otherwords,

from (4), we

(9)

is sufciently small. The correspondingime interval dur-
ing which we canbe surethattheedge  doesnotbecome
unacceptablghorthasduration . To get
a betterfeeling for whattheseresultsmean,let us write the
half-lengthof asa multiple of the lower boundin [L]
for : with . We thenget
and from asbefore.

Tablel shovsthevaluesof and  for afew valuesof

Tablel: Foredgesthevaluesof and for ,
andafew typical valuesof

Height variation. Considera triangle during atime
interval . We assumehatall threepointsfollow their
trajectoriesundisturbedby ary mesh maintenanceopera-
tions. Eachvertex hasa distanceto the line spannedy the
othertwo vertices,andthe height  of is the small-
est of the threedistances. If is the longestedgethen
, Where s the orthogonalprojectionof
onto . Weprovethatif thetimeintervalis shortrelative
to thelengthscaleat the pointsthenthe heightcannotshrink
or grow by much. To statethe claim we useindices0 and1
for pointsandheightsattimes and

HEIGHT LEMMA. Let and
, for some . Then

PrRoOOF. We prove that (7) is alsotrue if we substitutethe
height for thelengthof theedge

— - — (10)

where . Theclaimedpair of in-
equalitiesfollows as explainedin the proof of the Length
Lemma. To see(10) note rst thatthe heightof thetriangle
is always determinecdby a vertex and a point on the oppo-
site edge,eg. . Let

If and belongto the samemixed cell then
becausehe gradientvarieslinearly.
Along a moving line sggment  the velocity vectorsvary
linearly, hence . Sincethegradientsand
thevelocity vectorsat and pointin the samedirections,
they dothesameat . Thelengthof the velocity vectorat
is at mostthatof thelongervelocity vectorat and . If
belonggo thesamemixedcellas |, thisimplies

from which (10) follows. If , and donotbelongto the
samemixedcell thenwe performre ections, asin the proof
of the LengthLemma,and get (10) becausee ections do
notaffectvelocity vectors.

In the following, we only needthe lower boundin the
HeightLemma,whichis tight andis realizedpoints , and
onacommonspherepatch.

Expanding triangle. We useboththe LengthLemmaand
the HeightLemmato derive a lower boundon the lengthof
time duringwhich atrianglethatinitially satis edthe Upper
SizeBound[U] for is guaranteetb satisfythesame
for . We bagin by establishinga relationbetween
thecircumradius of atriangle andits height
andedgelengths.Referringto Figure7, welet denotethe
centerof the circumcircle. Assuming is the longestof
the threeedgesthe heightis and and
lie on the sameside of the line passingthrough and
Let bethemidpointof andnotethatthe angleat is

twice thatat : . Thisimplies
thatthe triangles and aresimilar, andtherefore

. It followsthatthecircumradius
of is

Therearethreewaysto write twice the areaasthe product
of an edgelengthandthe distanceof the third vertex from
the line of thatedge:

. Hence thecircumradiuss also

For the remainderof this section,we useindices0 and 1
for points, heightsandradii attimes and . Theabove
equationdor thecircumradiugmply

Assuming
have attime

is the heightat time , we
. We canthereforeusethe



is similar to
andthecircumradius .

Figure 7: The triangle
relationbetweerthe height

, which implies a

LengthLemmato boundthe rst two ratiosandthe Height
Lemmato boundthethird to get

— — (11)

We now choose suchthat a triangle that satis es [U] for
attime is guaranteedo satisfy[U] for
at time Using from (11) and
from (4), we note that is
implied by . In otherwords,
12)

is sufciently small. It is corvenientto write the circum-
radius of the triangle as a fraction of the upper
boundin [U]: with Then,
. Table2 shaws the valuesof and

for afew valuesof

Table2: For triangles thevaluesof and  for ,
andafew typical valuesof

5 Discussion

Themaincontribution of this paperis theintroductionof re-
laxed schedulingas a paradigmfor maintainingmoving or
deformingdata,andthe demonstrationsf its applicability
to schedulingedgecontractionsandvertex insertionsmain-
tainingskin surfaces.

Algorithm design. We view the dynamicskin triangula-
tion algorithm,of which relaxedschedulings now apart,as
aninterestingexercisein rationalalgorithmdesign.Whatare
thelimits for proving meshingalgorithmscorrect?This de-
signexercisegivesus a glimpseon how complicatedmesh-
ing problemscanbe. Perhapsnoreimportantly it illustrates
whatit mighttaketo prove othermeshingalgorithmscorrect.
We especiallyhighlighttherole of constanparameters the
algorithmandhow they controlthe algorithmaswell asthe
constructednesh.Iln our example theimportantparameters
are , which controlshow closely the meshapproximates
the surface,and , which controlsthe quality of the mesh.
Theeffort of proving thevariouspiecesof thealgorithmcor-
rect hasleadto inequalitiesfor theseparameters.In other
words,we have identi ed a feasibleregion which is neces-
saryfor our proofsandsufcient for the correctnes®f the
algorithm. The detailedknowledge of this feasibleregion
hasinspiredthe ideaof relaxed schedulingandit wasnec-
essaryto formulateit in detailandto prove its correctness.
Many meshingalgorithmsare basedon parametershat are
ne-tunedin the experimentalphaseof softwaredesign.We
suggesthatin the absencef detailedknowledgeof limits,
ne-tuning is a necessarwctiity thatgropesfor a placein
thefeasibleregion wherecorrectnesss implied. Of course,
it might happerthatthis region is empty but this is usually
dif cult to determine.

Future work. It is not our intentionto criticize work in

meshgeneratiorfor the lack of correctnesproofs. Indeed,
it would be more appropriateto criticize our own work for

the lack of generality Althoughwe laid out a completeal-
gorithm for maintainingthe meshof a deformingsurface,
we areafar cry from beingableto prove its correctnes$or

ary surfaceotherthanthe skin surfaceintroducedn [5]. We
have alsonot beenableto extendthe algorithmbeyond the
deformationgmplied by growing the sphereghatde ne the
surface. For example,it would be desirableto maintainthe
meshfor deformationsisedfor morphingasdescribedn [3].

Generalizingthe algorithm to include this applicationand
proving it correctmaybewithin reach.

Anotherworthwhiletaskis theimplementatiorof relaxed
schedulingas part of the dynamicskin algorithm. Are our
lower boundsfor the necessary sufcient to eliminate
edgecontraction@ndvertex insertionsasabottleneckof the
algorithm?Cantheselower boundsbeimprovedin ary sig-
ni cant manner?Canwe improve the performanceby ne-
tuningtheparameterdn particular and , while staying
within the provedfeasibleregion?
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Appendix

weighted(squaredistancefunction
zero-sebf

spherewith center andradius
corvex hull of spheres
skinsurface

maximumcurvature lengthscale
constantontrollingquality
additionalconstants

point-wisemin of the

skin surfaceattime

time parameterrel. travel distance
time interval

duration

point, projection,re ection
gradientvelocity vector

edge triangle,height,radius

Table3: Notationfor importantgeometricconceptsfunctions vari-

ables,andconstants.



