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Abstract
We introducerelaxed schedulingas a paradigmfor mesh
maintenanceanddemonstrateits applicability to triangulat-
ing askin surfacein ��� .
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1 Intr oduction
In this paper, we describea relaxedschedulingparadigmfor
operationsthat maintainthe meshof a deformingsurface.
We provethecorrectnessof this paradigmfor skinsurfaces.

Background. In 1999,Edelsbrunner[5] showedhow a �-
nite collectionof spheresor weightedpointscanbeusedto
constructa ��� -continuoussurfacein �

� . It is referredto as
theskinor theskinsurfaceof thecollection. If thespheres
representtheatomsof amoleculethentheappearanceof that
surfaceis similar to themolecularsurfaceusedin structural
biology [2, 8]. The two differ in a numberof details,one
being that the former useshyperboloidsto blend between
spherepatcheswhile thelatterusestori. Theskin surfaceis
not �
	 -continuous,but its maximumnormalcurvature,� , is
continuous.This propertyis exploited by Chenget al. [1],
who describeanalgorithmthatconstructsa triangularmesh
representingtheskinsurface.In thismesh,thesizesof edges
andtrianglesareinverselyproportionalto themaximumnor-
malcurvature.Themainideaof thealgorithmis to maintain
themeshwhile graduallygrowing theskinsurfaceto thede-
siredshape,as illustratedin Figure1. The algorithmthus
reducestheconstructionto asequenceof restructuringoper-
ations.Thereareedge �ips , which maintainthemeshasthe
restrictedDelaunaytriangulationof its vertices,edge con-
tractionsandvertex insertions, which maintaina sampling
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Figure1: Themeshis maintainedasthesurfaceon the left grows
into thaton theright.

whoselocal densityis proportionalto themaximumnormal
curvature,andmetamorphoses, which adjustthemeshcon-
nectivity to re�ect changesin the surfacetopology. Some
of theseoperationsare easierto schedulethanothers,and
the mostdif�cult onesaretheedgecontractionsandvertex
insertions. They dependon how the sampledpointsmove
with the surfaceas it deforms. The quality of the meshis
guaranteedby maintainingsizeconstraintsfor all edgesand
triangles. Whenan edgegetstoo shortwe contractit, and
whena trianglegetstoo largewe inserta point nearits cir-
cumcenter. Botheventscanberecognizedby �nding rootsof
fairly involvedfunctions.Schedulingedgecontractionsand
vertex insertionsthusbecomesabottleneck,bothin termsof
therobustnessandtherunningtimeof thealgorithm.

Result. In thispaper, westudyhow fastedgesandtriangles
vary their size,andwe usethatknowledgeto schedulethese
elementsin a relaxedfashion.In otherwords,we donot de-
terminewhenexactlyanelementviolatesits sizeconstraint,
but we catchit beforetheviolation happens.Of course,the
dangeris now that we either updateperfectly well-shaped
elementsor we wastetime by checkingelementsunneces-
sarily often. To avoid the former, we introduceintervalsor
gray zonesin which the shapesof the elementsareneither
goodnorunacceptablybad.To avoid unnecessarilyfrequent
checking,we prove lower boundson how long an element



staysin the gray zonebeforeits shapebecomesunaccept-
ably bad. Theseboundsaredifferentfor edgesandfor tri-
angles.Consider�rst an edge ��� . Let

�����

�	�
�

����


be
its half-lengthand �

�������	�����

��������� � �!�"��# thesmallerra-
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The middle interval is whatwe calledthegrayzoneabove.
Assuming��� is acceptable,we proveit will not becomeun-
acceptablewithin a time interval of duration 243
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. Considernext a
triangle ���KJ . Let
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be the radiusof its circumcircle,and
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tureat its vertices.We call �O�PJ
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Assuming �O�PJ is acceptable,we prove it will not become
unacceptablewithin a time interval of duration 283
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. It
seemsthat trianglescangetout of shapeabouttwice asfast
asedges,but we do not know whetherthis is really thecase
becauseourboundsarenot tight.

Outline. Section 2 reviews skin surfaces and the dy-
namictriangulationalgorithm. Section3 introducesrelaxed
schedulingas a paradigmto keep track of moving or de-
forming data.Section4 analyzesthe local distortionwithin
the meshand derives the formulasneededfor the relaxed
schedulingparadigm.Section5 concludesthepaper.

2 Preliminaries
In this section,we introducethenecessarybackgroundfrom
[5], whereskin surfaceswereoriginally de�ned, and from
[1], wherethe meshingalgorithm for deformingskin sur-
faceswasdescribed.

Skin surfaces. We write Y[Z

�

�!\�Z]�_^�Z`� for thespherewith
center \6Zba � �

and radius ^WZ and think of it as the zero-
setof the weightedsquaredistancefunction c Z8d � �fe �

de�ned by c Z ��gh�

�E�

gi�j\ Z

�

	

�k^ 	

Z

. The squareradiusis
a real numberand the radius is either a non-negative real
or a non-negativemultiple of the imaginaryunit. We know
how to addfunctionsandhow to multiply themby scalars.
For example,if we havea �nite collectionof spheresY Z and
scalarslnmoZ

�E�

then lpm"Z`c6Z is againa weightedsquare
distancefunction,andwe denoteby Y

�

l

moZ=Y�Z thesphere
that de�nes it. The convex hull of the Y Z is the setof such
spheresobtainedusingonly non-negativescalars:

q � r�s
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We alsoshrink spheresandwrite | Y
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�=\��_^
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� , which
is the zero-setof




c}�>ch�!\"� . The skin surfacede�ned by
the Y Z is then the envelope of the spheresin the convex
hull, all scaleddown by a factor
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, and we write this
as ~

�€•H•"‚

|

q

. Equivalently, it is thezero-setof thepoint-
wiseminimumoverall functions




cƒ�„c��=\P� , overall Y…a

q

,
where c is theweightedsquaredistancefunctionde�ned by

Y . At �rst glance,this might seemlike anunwieldysurface,
but wecancompletelydescribeit asacollectionof quadratic
patchesobtainedby decomposingthesurfacewith whatwe
call the mixed complex. Its cells are Minkowski sumsof
Voronoi vertices,edges,polygonsandpolyhedrawith their
dually correspondingDelaunaytetrahedra,triangles,edges
and vertices,all scaleddown by a factor

���A


. Insteadof
formally describingthis construction,we illustrateit with a
two-dimensionalexamplein Figure2. Dependingon thedi-

Figure2: Themixed complex decomposesthe skin curve andthe
areait bounds.

mensionof thecontributingDelaunaysimplex, wehavefour
typesof mixed cells. Becauseof symmetry, we have only
two typesof surfacepatches,namelypiecesof spheresand
of hyperboloidsof revolution, which we frequentlyput in
StandardForm: †
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wherethe plus sign givesthe one-sheetedhyperboloidand
theminussigngivesthetwo-sheetedhyperboloid.

Meshing. Themeshingalgorithmtriangulatestheskinsur-
faceusingedgesandtriangleswhosesizesadaptto thelocal
curvature. Let us be morespeci�c. At any point g a ~ ,
let ����gh� bethemaximumnormalcurvatureat g . In contrast
to othernotionsof curvature, � is continuousover the skin
surfaceandthusamenableto controllingthelocalsizeof the
mesh.Call �o��gh�

�����

� �!g�� the local lengthscaleat g . The
verticesof themesharepointson thesurface. For an edge

��� , let
�
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�i�
�
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behalf its length,andfor atriangle
���KJ , let

�

����� be the radiusof its circumcircle. The algo-
rithm obeys theLower andUpperSizeBoundsthat require
edgesnotbetooshortandtrianglesnotbetoo large:

[L]
�

���

�

�

���

;

�

�

$ for everyedge��� , and
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. �&$ for every triangle ���KJ ,

where �

��� is the largerof �o����� and �o���o� , �

����� is themini-
mumof �"�!�h� , �o���o� and �o��JN� , and � and $ arejudiciously
chosenpositiveconstants.

The particularalgorithmwe considerin this paperis dy-
namic,in thesensethat it maintainsthemeshwhile thesur-
facedeforms.We canusethis algorithmto constructa mesh
by startingwith the empty surfaceandgrowing it into the
desiredshape. This is preciselythe scenarioin which our
resultsapply. To model the growth process,we usea time
parameterandlet Y

Z
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3]� be the z -th sphere
attime 3 a � . Westartat 3

�

�

� , atwhichtimeall radii are
imaginaryandthesurfaceis empty, andwe endat 3

�L?

, at
which timethesurfacehasthedesiredshape.Thisparticular
growth modelis amenableto ef�cient computationbecause
it doesnot affect themixedcomplex, which staysthesame
at all times. Eachpatchof thesurfacesweepsout its mixed
cell. At any moment,we have a collectionof pointssam-
pledon thesurface,andthemeshis therestrictedDelaunay
triangulationof thesepoints,asde�ned in [4, 7]. Giventhe
surfaceandthe points, this triangulationis unique. As the
surfacedeforms,we move thepointswith it andupdatethe
meshasrequired.Fromglobalandlessfrequentto localand
morefrequenttheseoperationsare:

1. topologychangesthat affect the local andglobal con-
nectivity of thesurfaceandthemesh,

2. edgecontractionsandvertex insertionsthat locally re-
moveor addpointsto coarsenor re�ne themesh,and

3. edge�ips thatlocally adjustthemeshwithoutaffecting
thepoint distributionor thesurfacetopology.

For theparticulargrowth modelintroducedabove,thetopol-
ogy changesareeasilypredictedusingthe�ltration of alpha
complexesasdescribedin [6]. To predictwhereandwhen
we needto coarsenor re�ne themeshis moredif�cult and
dependsonhow thepointsmoveto follow thedeformingsur-
face.This is thetopic of this paperandwill bediscussedin

detail in thesubsequentsections.Finally, edge�ips arerel-
atively robustoperations,which canbeperformedin a lazy
manner, without any sophisticatedschedulingmechanism.

Point motion. To describethe motion of the pointssam-
pledon theskin surface,it is convenientto considerthetra-
jectoryof thesurfaceover time. Notethat the z -th sphereat
time 3 is Y�Z]�!3]�

�

c

�

�

Z

�!3]� . Similarly, the convex combina-
tion de�ned by coef�cients m Z at time 3 is Y �!3]�

�

c

�

�6��3]� ,
where c

�

l moZ c6Z . We can representthe skin surfacein
the samemannerby introducingthe function 	 d � �je �

de�ned as the point-wise minimum of the functions rep-
resentingthe shrunken spheres. More formally, 	���g��

�
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 •��6


c �!g�� �€c �!\"�7# , wherethe minimum is taken over all
spheresY a

q

and \ is the centerof Y . The skin surface
at time 3 is then ~	��3]�

�

	

�

����3]� , so it is appropriateto call
thegraphof 	 thetrajectoryof theskin surface.We seethat
growing thesurfacein time is equivalentto sweepingout its
trajectorywith athree-dimensionalspacethatmovesthrough
time. It is naturalto let thepointssampledon ~	��3]� movenor-
mal to thesurface.For a point g
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. Thepoint g movesin the
directionof the gradientwith a speedthat is inverselypro-
portionalto thelength.In otherwords,thevelocityvectorat
a point g is
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Thespeedof g is therefore
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� . Theimplemen-
tationof therelaxedschedulingparadigmcrucially depends
on the propertiesof this motion. We usethe remainderof
this sectionto describea symmetrypropertyof the veloc-
ity vectorsthat is instrumentalin theanalysisof themotion.
Considertwo mixed cells that sharea commonface. The
StandardForms of the two correspondingsurfacepatches
differ by a single sign, andso do the gradients. If we re-
�ect pointsin onecell acrosstheplaneof thecommonface
into the othercell thenwe preserve the velocity vector, as
illustratedin Figure3. We usethis observationaboutadja-
cent mixed cells to relatethe velocity vectorsof points in
possiblynon-adjacentcells. Considerpoints � and � andlet

g

�

�]g
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�]g�� betheintersectionpointswith facesof mixed
cells encounteredaswe travel alongthe edgefrom � to � .
Startingat z

���

, we work backwardandre�ect theportion
of theedgebeyond g�Z acrossthefacethatcontainsghZ . In the
generalcase,this portionis a polygonalpaththatleadsfrom

g
Z to thepossiblymultiply re�ectedimage� of � . After

�

re-
�ections wehaveapolygonalpathfrom � to the�nal � . The
lengthof the path is equalto the lengthof the initial edge,
andhence

�

�i� �

�

0

�

� �„�

�

. Wenotethat � doesnotnec-
essarilylie in themixedcell of � , but its velocity vector—
whichis thesameasthatof � — is consistentwith thefamily
of spheresor hyperboloidsthat sweepsout that mixedcell.
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Figure3: Velocity vectorsof a shrinkingcircle on theleft andof a
hyperbolaon theright. Theright portionof theedge��� is re¯ected
acrossfacesharedby thetwo mixedcells.

In otherwords,themotion of � and � is determinedby the
samequadraticfunction.

3 RelaxedScheduling
In this section, we introduce relaxed scheduling as a
paradigmfor maintainingmoving or deformingdata. It is
designedto copewith situationsin which the precisemo-
mentfor an updateis eithernot known or too expensive to
compute.

Corr ectnessconstraints. In thecontext of maintainingthe
trianglemeshof askinsurface,weuserelaxedschedulingto
determinewhento contractanedgeandwhento insertanew
vertex. Sincedeterminingwhenthesizeof anedgeor trian-
gle stopsto beacceptableis expensive,we introducea gray
zonebetweenacceptabilityandunacceptabilityandupdate
anelementwhenwe catchit insidethatgrayzone.Thatthis
courseof actionis evenconceivableis basedon thecorrect-
nessproof of thedynamicskin triangulationalgorithmfor a
rangeof its controllingparameters.The�rst threeconditions
de�ning thatrangereferto � , � and $ . Wehaveseenthelat-
ter two beforein theformulationof thetwo SizeBounds[L]
and[U]: � controlshow well themeshapproximatesthesur-
face,and $ controlsthequalityof themesh.Botharerelated
to � , whichquanti�esthesamplingdensity.
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It is computationallyef�cient to selectthe loosestpossible
bound for the samplingdensity: �
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to satisfyConditions(I) to (III). Alternatively,
we may lower � to
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andare then free to pick $ any-
whereinsidethe interval from
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1 C

. The two choices

of parametersaremarkedby a hollow dotanda whitebarin
Figure5. The last two conditionsrefer to � , � and � . All
threeparameterscontrolhow metamorphosesthataddor re-
move a handleareimplemented.Sincethecurvatureblows
upat thepoint andtime of a topologychange,we usea spe-
cial and relatively coarsesamplinginside sphericalneigh-
borhoodsof suchpoints. Assuminga unit radiusof such
neighborhoods,weturn thespecialsamplingstrategy onand
off whentheskinsurfaceentersandleavesthesmallerspher-
ical neighborhoodof radius �f.

�

1

?

. If theskin entersasa
two-sheetedhyperboloidwe triangulateit usingtwo � -sided
pyramidsinside the unit sphereneighborhood.If it enters
asaone-sheetedhyperboloidwetriangulateit asan � -sided
drumwith a waist. Theconditionsarestatedin termsof the

a
w x

b c

u v

Figure4: Thetriangulationof a two-sheetedanda one-sheetedhy-
perboloidinsidea unit neighborhoodspherearoundtheirapices.

edges� � , �"! and J g andthe triangles � �"! and �KJ g , asde-
�ned in Figure4. Theirsizescanall beexpressedin termsof

� , � and � , andwe referto [1, Section10] for theformulas.
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Quality buffer. The key technical insight about the dy-
namicskin triangulationalgorithmis that we can�nd con-
stants � , � , � , � , � and $&%V.E$

�

such that Conditions
(I) to (V) aresatis�ed for all $ a

�

$&%A�7$

� �

. This is illus-
tratedin Figure5, whichshows thefeasibleregionof points

� �ƒ�7$/� assuming�x ed valuesfor � , � , � and � . Insteadof
�xing $ and contractingan edgewhen its size-scaleratio
reaches�

�

$ , we suggestto contractthe edgeany time its
ratio is in the interval � �

�

$

�

� �

�

$
%

�

. After theratio enters
this interval at �

�

$
% it caneither leave againat �

�

$
% or

it canget contracted,but it is not allowed to reach �

�

$

�

.
Vertex insertionsare treatedsymmetrically. Speci�cally, a
triangle is removed by addinga vertex nearits circumcen-
ter, and this canhappenat any momentits size-scaleratio
is in

�

�&$
%

� �&$

�

� . The ratio canenterandleave the inter-
val at �&$

% , but it is not allowed to reach �&$

�

. We call
� �

�

$

�

� �

�

$-%

�

and
�

�&$-%K� �&$

�

� the lower and uppersize
buffers. The quality of the meshis guaranteedbecauseall
edgesandtrianglessatisfythetwo SizeBounds[L] and[U]
for $

�

$

�

. Symmetrically, the correctnessof the trian-
gulationis guaranteedbecauseedgecontractionsandvertex
insertionsareexecutedonly if thesameboundsareviolated
for $

�

$
% .
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���� ��� this
region containsthe interval ��� �"!

� �

�$#

� �&% . The boundingcurves
arelabeledby thecorrespondingconstraints.Redundantconstraints
arenotshown.

Early warning. Recall that an edgeis borderlineif f its
size-scaleratio is containedin the lower sizebuffer, andit
becomesunacceptableat themomentit reaches�

�

$

�

. Sim-
ilarly, a triangle is borderlineif f its size-scaleratio is con-
tained in the uppersize buffer, and it becomesunaccept-
ableat themomentit reaches�&$

�

. Therelaxedscheduling
paradigmdependsonanearlywarningalgorithmthatreports
anelementbeforeit becomesunacceptable.Thatalgorithm
might err andproducefalsepositives,but it maynot let any
elementslip by andbecomeunacceptable.Falsepositives
costtimebut donotcauseany harm,while unacceptableele-
mentscompromisethecorrectnessof themeshingalgorithm.
In Figure6, falsepositivesaremarked by hollow dotsand
deletionsaremarkedby �lled blackdots. All falsepositive

0

CQ
1

1
C/Q

C/Q
0

CQ

time

ratio

Figure6: The two buffers areshadedandthe two curvesarepos-
sibledevelopmentsof size-scaleratiosfor an edge(dashed)anda
triangle(dotted).Thedotsindicatemomentsat which theelements
aretestedand®nally removed.

testsof edgesarerepresentedby dotsabove the lower size
buffer. To getacorrectearlywarningalgorithmwejustneed
to testeachedgeoftenenoughsothatits size-scaleratiocan-
notcrosstheentirelowersizebufferbetweentwo contiguous
tests.Thesymmetricruleappliesto triangles.Boundsonthe
amountof time it takesto crossthesizebufferswill begiven
in Section4.

Notethatwehaveselectedtheparametersto obtainafairly
long interval

�

$&%A�7$

� �

. It is not clearwhetheror not this is a
goodideaor whethera shorterinterval would leadto amore
ef�cient algorithm. An argumentfor a long interval is that
theimplied largesizebufferslet usgetby with lessfrequent
and thereforefewer tests. An argumentagainst a long in-
terval is that large sizebuffers aremorelikely to causethe
deletionof elementsthat are on their way to betterhealth
but did not recover fastenoughandget caughtbeforethey
could leave the buffers. It might be useful to optimize the
lengthof theintervalsthroughexperimentationsafterimple-
mentingtherelaxedscheduleaspartof theskin triangulation
algorithm.

4 Analysis
In this section,we derive lower boundson the amountof
time it takes for an edgeor triangle to changeits size by
morethansomethresholdvalue. Fromthesewe will derive
lowerboundson thetime it takesanelementto passthrough
theentiresizebuffer. We begin by studyingthemotionof a
singlepoint.

Traveling point. We recall that thespeedof a point � on
theskin surfaceis
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� , assumingwe write the
patchthat containsit in StandardForm. The distancetrav-
eledby � in asmalltimeinterval is thereforemaximizedif it
headsstraighttowardtheorigin, which for examplehappens
if � lies on a shrinkingsphere.Startingthemotion at point
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% , which is thepoint � at time 3
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sowe seethat � reachestheorigin at time 3
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More generally, we reachthe point �
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	 . Sincetheabove analysisassumesthe
fastestway � canpossiblytravel, this impliesthatwithin an
interval of duration 283

�

3

�

�„3 % , thepoint �h% cannottravel
further than a distance

5

�"�!��%�� . We use
5

as a convenient
intermediatequantitythatgivesusindirectaccessto theim-
portantquantity, which is 283 .

Recallfrom theCurvatureVariationLemmaof [1] thatthe
differencein lengthscalebetweentwo pointsis at mostthe
Euclideandistance.If thatdistanceis

�

�
%

�„�

�

�

0

5

�o���
%

�

thenthelengthscaleat �

�

is between
�

�

5

and
�

9

5

timesthe

5



lengthscaleat � % . It follows that if we travel for a duration
283
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�5

�
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	W�7� 	K�!� % � , we canchangethelengthscaleonly
by a factor

�

�

5

0

�o���

�

�

�o����%W�

.

�

9

5

1

(4)

The lower boundis tight, and the upperboundcannotbe
reachedbecausethe distance

5

� 	A�!� % � from � % canonly be
achieved if the lengthscaleshrinks. We will alsobe inter-
estedin theintegralof

�6�

�


O�

�

�

	

� , whichis againmaximized
if � movesstraighttowardtheorigin:
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Denotingthe above integral by 
 andchoosing3

�

� 3
%

�

�


�5

�

5

	��

�

�
%

�

	 , asbefore,we have
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�
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(5)

Edge length variation. Considertwo points � and � on
the skin surfaceduring a time interval

�

3]%A�_3

� �

. We assume
thatbothpointsfollow their trajectoriesundisturbedby any
meshmaintenanceoperations.Let ��% and �

�

bethepoint �

attimes3
% and3

�

and,similarly, let �
% and�

�

bethepoint � at
thesetwo moments.Weprovethatif thetimeinterval is short
relative to the length scaleof the points then the distance
betweenthemcannotshrinkor grow by much.

LENGTH LEMMA . Let �6%

� ��
 •��

�"�!�O%����H�"�!�6%���# and 283
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PROOF. Thederivativeof thedistancebetweenpoints � and
� with respectto time is
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For exampleif � and � lie on a commonspherepatchthen
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�
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We provebelow thatin thegeneralcase,thedistancederiva-
tivestaysbetweenthesetwo extremes:
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where �

� � 
 •��

�"�!�h�M�M�o���o�7# . To getthe�nal resultfrom (6),
wedivideby
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, multiply by � 3 , anduse� �
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to get
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Next we integrateover
�

3 % �]3

� �

andexponentiateto eliminate
thenaturallogarithm:
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� 0
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Theclaimedpairof inequalitiesfollowsfrom (5) andtheob-
servationthattheupperboundfor 
 cannotberealizedwhen
the distancederivative is positive. To prove (7) for general
points � and � , it suf�ces to show that the lengthof

�

� �

�

�

is at most
�

�i�
�

���
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� 	�� . We haveseenthatthis is trueif �

and � belongto a commonspherepatch. It is alsotrue if �

and � belongto acommonhyperboloidpatchbecause
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wheretheprimedandunprimedvectorsarethesame,except
that they have a differentsign in the third coordinate. We
needa slightly moreelaborateargumentif � and � do not
belongto thesamemixedcell. We thenre�ect � acrossthe
facesof mixedcellsthatintersecttheedge��� . As described
in Section2, sucha sequenceof re�ections doesnot affect
the velocity vector. The distancebetween� andthe image

� of � underthe compositionof re�ections is at most that
between� and � . Hence,

�

�

�	�

�

�

� � �

�

�	�

�

�

�

0

�

�	�
�




�
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asrequired.

The lower boundin the LengthLemmais tight andreal-
izedby points � and � ona commonspherepatch.

Shrinking edge. Consideran edge��� , whosehalf-length
attime 3y% is

�

% . Asbeforewewrite ��% and�6% for thepoints�

and� attime 3
% . Let �

%

� � 
 •��

�"�!�
%

���M�o���
%

�7# . Wefollow the
two pointsduringthetime interval
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3
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�]3

�
�

, whosedurationis
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. TheLengthLemmaimplies
thatat time 3
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, thelengthof theedgesatis�es
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Ourgoal is to choose
5

suchthattheedgeat time 3

�

is guar-
anteedto satisfytheLower SizeBoundfor $

�

$

�

. Using
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��� % from (4), we
notethat
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is impliedby �
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. In otherwords,
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� �8��%
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� 9
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is suf�ciently small. The correspondingtime interval dur-
ing which we canbesurethat theedge��� doesnot become
unacceptablyshorthasduration 243

�

�
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. To get
a betterfeeling for what theseresultsmean,let uswrite the
half-lengthof � % � % asa multiple of the lower boundin [L]
for $

�

$ % :
�

%

���

�8� %

�
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��; �

1

?

. We thenget
5k�

�

�

$
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�j$ % �
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$

�:9

$ % � and 283 from
5

asbefore.
Table1 showsthevaluesof

5

and 283 for a few valuesof
�
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Table1: For edges,thevaluesof � and ��� for �
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anda few typical valuesof � .

Height variation. Considera triangle ���KJ during a time
interval

�

3 %P�]3

� �

. We assumethatall threepointsfollow their
trajectoriesundisturbedby any meshmaintenanceopera-
tions. Eachvertex hasa distanceto the line spannedby the
other two vertices,and the height 	 of �O�PJ is the small-
est of the threedistances. If �O� is the longestedgethen

	

� �

Jk�„J

�

�

, where J

�

is the orthogonalprojectionof
J onto �O� . Weprovethatif thetime interval is shortrelative
to thelengthscaleat thepointsthentheheightcannotshrink
or grow by much.To statetheclaim we useindices0 and1
for pointsandheightsat times 3]% and 3

�

.
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PROOF. We prove that (7) is also true if we substitutethe
height 	 for thelengthof theedge��� :
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where �

�L��
 •��

�o�������H�"�!�"�M�M�o��JN��# . Theclaimedpair of in-
equalitiesfollows as explainedin the proof of the Length
Lemma.To see(10) note�rst that theheightof thetriangle
is alwaysdeterminedby a vertex anda point on the oppo-
site edge,eg. 	
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J€�
J
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. Let J
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If � and � belong to the samemixed cell then ��	
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� becausethe gradientvarieslinearly.
Along a moving line segment �O� the velocity vectorsvary
linearly, hence
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� . Sincethegradientsand
thevelocity vectorsat � and � point in thesamedirections,
they do thesameat J

�

. The lengthof thevelocity vectorat
J

�

is at mostthatof thelongervelocity vectorat � and � . If
J belongsto thesamemixedcell as J

�

, this implies
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0
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from which (10) follows. If � , � and J do not belongto the
samemixedcell thenwe performre�ections,asin theproof
of the LengthLemma,andget (10) becausere�ections do
notaffectvelocityvectors.

In the following, we only needthe lower bound in the
HeightLemma,which is tight andis realizedpoints � , � and

J ona commonspherepatch.

Expanding triangle. We useboththeLengthLemmaand
theHeightLemmato derive a lower boundon the lengthof
timeduringwhicha trianglethatinitially satis�edtheUpper
SizeBound[U] for $

�

$
% is guaranteedto satisfythesame

for $

�

$

�

. We begin by establishinga relationbetween
thecircumradius

�V� �

����� of a triangle �O�PJ andits height
andedgelengths.Referringto Figure7, we let \ denotethe
centerof the circumcircle. Assuming �O� is the longestof
the threeedges,the height is 	

� �

J€�„J

�

�

and � and \

lie on the sameside of the line passingthrough � and J .
Let \

�

be themidpointof ��J andnotethat theangleat \ is
twice thatat � : � �h\AJ
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� \
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that the triangles J J
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. It followsthatthecircumradius
of �O�PJ is

� �

�

�i�
J

�ƒ�

�/�
J

�




	

1

Therearethreewaysto write twice the areaasthe product
of an edgelengthandthe distanceof the third vertex from
the line of that edge:
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For the remainderof this section,we useindices0 and1
for points,heightsandradii at times 3]% and 3

�

. The above
equationsfor thecircumradiusimply
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Figure 7: The triangle � ��� is similar to ���
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� , which implies a
relationbetweentheheight

�

andthecircumradius� .

LengthLemmato boundthe �rst two ratiosandtheHeight
Lemmato boundthethird to get
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We now choose
5

suchthat a triangle that satis�es [U] for
$
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$
% at time 3

% is guaranteedto satisfy [U] for $
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is suf�ciently small. It is convenientto write the circum-
radius of the triangle ��%H�6%�J % as a fraction of the upper
bound in [U]:
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Table2: For triangles,thevaluesof � and ��� for �
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� � anda few typical valuesof � .

5 Discussion
Themaincontributionof this paperis theintroductionof re-
laxed schedulingasa paradigmfor maintainingmoving or
deformingdata,and the demonstrationsof its applicability
to schedulingedgecontractionsandvertex insertionsmain-
tainingskin surfaces.

Algorithm design. We view the dynamicskin triangula-
tion algorithm,of which relaxedschedulingis now apart,as
aninterestingexercisein rationalalgorithmdesign.Whatare
the limits for proving meshingalgorithmscorrect?This de-
signexercisegivesusa glimpseon how complicatedmesh-
ing problemscanbe.Perhapsmoreimportantly, it illustrates
whatit mighttaketo proveothermeshingalgorithmscorrect.
Weespeciallyhighlighttheroleof constantparametersin the
algorithmandhow they control thealgorithmaswell asthe
constructedmesh.In ourexample,theimportantparameters
are � , which controlshow closely the meshapproximates
the surface,and $ , which controlsthequality of the mesh.
Theeffort of proving thevariouspiecesof thealgorithmcor-
rect haslead to inequalitiesfor theseparameters.In other
words,we have identi�ed a feasibleregion which is neces-
saryfor our proofsandsuf�cient for the correctnessof the
algorithm. The detailedknowledgeof this feasibleregion
hasinspiredthe ideaof relaxedscheduling,andit wasnec-
essaryto formulateit in detail andto prove its correctness.
Many meshingalgorithmsarebasedon parametersthat are
�ne-tunedin theexperimentalphaseof softwaredesign.We
suggestthat in theabsenceof detailedknowledgeof limits,
�ne-tuning is a necessaryactivity thatgropesfor a placein
thefeasibleregion wherecorrectnessis implied. Of course,
it might happenthat this region is empty, but this is usually
dif�cult to determine.

Futur e work. It is not our intention to criticize work in
meshgenerationfor the lack of correctnessproofs. Indeed,
it would be moreappropriateto criticize our own work for
the lack of generality. Although we laid out a completeal-
gorithm for maintainingthe meshof a deformingsurface,
we area far cry from beingableto prove its correctnessfor
any surfaceotherthantheskinsurfaceintroducedin [5]. We
have alsonot beenableto extendthe algorithmbeyond the
deformationsimplied by growing thespheresthatde�ne the
surface. For example,it would bedesirableto maintainthe
meshfor deformationsusedfor morphingasdescribedin [3].
Generalizingthe algorithm to include this applicationand
proving it correctmaybewithin reach.

Anotherworthwhiletaskis theimplementationof relaxed
schedulingaspart of the dynamicskin algorithm. Are our
lower boundsfor the necessary283 suf�cient to eliminate
edgecontractionsandvertex insertionsasabottleneckof the
algorithm?Cantheselower boundsbeimprovedin any sig-
ni�cant manner?Canwe improve theperformanceby �ne-
tuningtheparameters,in particular$/% and $

�

, while staying
within theprovedfeasibleregion?
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Appendix

c6Z d � � e � weighted(square)distancefunction
Y Z

�

�=\ Z �_^ Z � zero-setof c Z ,
spherewith center\ Z andradiuŝ Z

q

convex hull of spheresY Z

~

�€•H•"‚

|

q

skinsurface
�[�H�

�v�6�

� maximumcurvature,lengthscale
$ % 0 $ 0€$

�

constantcontrollingquality
�"� �ƒ��� � ����� additionalconstants

	 d � � e � point-wisemin of the



ci� c �!\"�

~	��3]�

�

	

�

�6��3]� skinsurfaceat time 3

3��

5

timeparameter, rel. travel distance
�

3 % �]3

� �

time interval
243

�

3

�

�„3 % duration
���_�

�

� � point,projection,re�ection
��	

�

�

�

� gradient,velocityvector
�O���]���KJ4� 	 �

�

edge,triangle,height,radius

Table3: Notationfor importantgeometricconcepts,functions,vari-
ables,andconstants.
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