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Abstract

We study the problem of designingkinetic data structures (KDS's for short) when event times
cannot be computed exactly and events may be processedin a wrong order. In traditional KDS's
this can lead to major inconsistenciesfrom which the KDS cannot recover. We present more robust
KDS's for the maintenance of two fundamental structures, kinetic sorting and tournament trees,
which overcomethe di�cult y by employing a re�ned event scheduling and processingtechnique. We
prove that the new event scheduling mechanism leads to a KDS that is correct except for �nitely
many short time intervals. We analyze the maximum delay of events and the maximum error
in the structure, and we experimentally compare our approach to the standard event scheduling
mechanism.

1 Intro duction

The recent advancesin sensingand tracking technology have led researchersto investigatethe problem
of maintaining various geometric attributes of a set of moving objects, as evident from a large body
of literature on kinetic geometric algorithms. Basch et al. [6] introduced the kinetic data structure
(KDS) framework for designingand analyzing algorithms for continuously moving objects. The KDS
framework consistsof two parts: a combinatorial description of the attribute, and a set of certi�c ates,
each of which is a predicate, with the property that as long as the certi�cates remain valid, the
maintained attribute remains valid. It is assumedthat each object follows a known tra jectory so that
one can compute the failure time of each certi�cate. Whenever a certi�cate fails|w e call this an
event|the KDS must be updated. This involves updating the attribute and the set of certi�cates.
The KDS then remains valid until the next event has to be processed,and so on.

To be able to processeach event at the right time, a global event queueQ is maintained to process
the events in the right (chronological) order. This is a priorit y queueon the events, with the priorit y of
an event being its failure time. Unfortunately, the event scheduling is not aseasyas it seems.Suppose
that a new certi�cate arisesdue to someevent. When the failure time of the certi�cate lies in the
past we should not schedule it, and when it lies in the future we should. But what if the event time
is equal to the current time tcurr? In such a degeneratesituation one has to be very careful to avoid
an in�nite loop. A more seriousproblem ariseswhen the event times are not computed exactly. This
will indeed be the caseif the tra jectories are polynomials of high degreeor more complex curves. As
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a result, events may be processedin a wrong order, or we may fail to schedule an event becausewe
think it has already taken place. This in turn may not only lead to seriouserrors in the geometric
attribute the KDS is maintaining but also causethe algorithm to crash.

As a concreteexample,consider the kinetic sorting problem: maintain the sorted order of a set S
of points moving on the real line. We store S in a sorted array A[1..n]. For each 1 ≤ i < n
there is a certi�cate

[

A[i] < A[i + 1]
]

. Whenever A[j] = A[j + 1], we have a certi�cate failure.
At such an event we swap A[j] and A[j + 1]. Furthermore, at most three new certi�cates arise:
[

A[j − 1] < A[j]
]

,
[

A[j] < A[j + 1]
]

, and
[

A[j + 1] < A[j + 2]
]

. We compute the failure time of
each of them, basedon our knowledgeof their current motions, and insert the failure times that are
not in the past into the event queueQ. Somecerti�cates may also disappear becausethe two points
involved are no longer neighbors; they have to be deleted from Q. Now supposethat due to errors
in the computed failure times the di�erence betweenthe exact and the computed failure time of each
certi�cate can be as large as ε, for someε > 0. Consider three moving points x1, x2 and x3 whose
tra jectories in the tx-plane are depicted in Figure 1. Table (i) shows what happens when we can
compute the exact failure times. Table (ii) shows what happenswhen the computed failure times of
the certi�cates

[

x1 < x2

]

,
[

x1 < x3

]

, and
[

x2 < x3

]

are t0 + ε, t0 + 3
2ε, and t0 respectively: the KDS

is not just temporarily incorrect, but gets into an incorrect state from which it never recovers.

t0 t0 +
1

2
ε t0 + ε

t

x1

x3

x2

x

tcurr List Certificates Failure Time

0 x1, x2, x3

[x1 < x2]
[x2 < x3]

t0
t0 + ε

t0 x2, x1, x3 [x1 < x3] t0 + 1

2
ε

t0 + 1

2
ε x2, x3, x1 [x2 < x3] t0 + ε

t0 + ε x3, x2, x1

(i) without error

tcurr List Certificates Failure Time

0 x1, x2, x3

[x1 < x2]
[x2 < x3]

t0 + ε

t0

t0 x1, x3, x2 [x1 < x3] t0 + 3

2
ε

t0 + 3

2
ε x3, x1, x2

(ii) with error

Figure 1. An examplethat numericalerrors in the event times may causefatal errors in the KDS. Left: the trajectories of the
points. Right: the status of the KDS at various times of execution.

This is a seriousproblem for the applicabilit y of the KDS framework in practice. The goal of our
paper is to addressthis issue: is it possibleto do the event scheduling and processingin such a way
that the KDS is more robust under errors in the computation of event times? The KDS may process
the events in a wrong order and thus may maintain a wrong geometric attribute from time to time,
but we would like the KDS to detect theseerrors and �x them quickly.

Related work. The KDS framework [6] is a widely used algorithmic method for modeling motion.
It has beenapplied to maintain a variety of geometric attributes of moving objects, including convex
hull [5, 6], closestpair [6, 7], range searching structures [1, 2], extent measures[3, 4], and much more.
Seethe survey by Guibas [13] and the referencestherein. There has been much work on modeling
motion in many other �elds as well, including computer graphics, spatial databases,robotics, and
sensornetworks.

There is a largebody of work on robust computations in geometricalgorithms [11, 20, 21], including
geometric software libraries [8, 10]. The goal there is to implement various geometric primitiv es in a
robust manner, including predicates, which test the signof an arithmetic expression(e.g.,Orient ation
and InCir cle predicates), and constructions, which compute the value of an arithmetic expression
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(e.g., computing the intersection of two lines). There are two broad paradigms. The �rst approach,
exact computation, performscomputation with enoughprecisionto ensurepredicatescan be evaluated
correctly. This has been the main paradigm in computational geometry. Many methods have been
proposed to remove degeneracies(e.g., simulation of simplicit y) and to speedup the computation
by adaptively changing the precision (e.g., 
oating point �lters). The secondapproach focuseson
performing computation with �nite precision and computing an output as closeto the correct one as
possible.

Despitemuch work on robust geometriccomputation, little hasbeendoneon addressingrobustness
issuesin KDS's. One could use exact computation but, as noticed by several researchers [14, 16],
in practice a signi�cant portion of the running time of a KDS is spent on computing certi�cate
failure times. Expensive exact root comparisonswill only make this worse and, hence,may lead to
unacceptableperformance in practice. See[15] for a comparison of various exact root computation
techniques in the context of kinetic data structures. Guibas and Karavelas [14] described a method
to speedup exact root comparisonsby grouping the roots into intervals that are re�ned adaptively.
However, like other exact methods, the performanceof the algorithm deteriorates when many events
are very closeto each other.

An alternative is to apply controlled perturbation [17] to the KDS. In this method, we perturb the
initial positions of the moving objects by someamount δ so that with high probabilit y the roots of all
pertinent functions areat least � far away from each other. This meansonecancompareany two roots
exactly as long asevery root is computed within a precisionof � /2. While controlled perturbation has
beensuccessfulon a number of static problems [12, 17], it doesnot seemto work well on kinetic data
structures becausethe large number of events in the KDS makes the required perturbation bound δ
fairly large.

Recently, Milenkovic and Sacks [19] studied the computation of arrangements of x-monotonecurves
in the plane using a plane sweep algorithm, under the assumption that intersection points of curves
cannot becomputed exactly. For in�nite curvesthis boils down to the kinetic sorting problem, because
one has to maintain the sorted order of the curves along the sweep line. In fact, our KDS for the
kinetic sorting problem is very similar to their algorithm. The di�erence is in the subroutine to
compute intersection points of curves which we assumeto have available; this subroutine is stronger
than the subroutine they assume|see Section 2 for details. This allows us to ensurethat we never
processmore events than the number of actual crossings,whereasMilenkovic and Sacks may process
a quadratic number of events in the worst caseeven when there is only a linear number of crossings.
The main di�erence betweenour and their papers, however, lies in the di�eren t view on the problem:
sincewe are looking at the problem from a KDS perspective, we are especially interested in the delay
of events and the error in the output for each snapshotof the motion, somethingthat werenot studied
in [19]. Moreover, we study other KDS problems as well.

Our results. The main problem we face when event times are not computed exactly is that events
may be processedin a wrong order. We present KDS's that are robust against this out-of-order
processing,including kinetic sorting and kinetic tournaments. Our algorithms are quasi-robust in the
sensethat the maintained attribute of the moving objects will be correct for most of the time, and
when it is incorrect, it will not be far from the correct attribute. For the kinetic sorting problem, we
obtain the following results:

• We prove that the KDS can only be incorrect when the current time lies inside an event interval.

• We prove that an event may be processedtoo late, but not by more than O(nε) time. This
bound is tight in the worst case.
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• We prove boundson the geometricerror of the structure|the maximum distancebetweenthe i-
th point in the maintained list and the i-th point in the correct list|that dependon the velocities
of the points.

We obtain similar results for kinetic tournaments. As a by-product of our approach, degeneracyprob-
lems(how to dealwith multiple events occurring simultaneously) arising in traditional KDS algorithms
naturally disappear, becauseour KDS no longer caresabout in which order thesesimultaneousevents
are processed.

We have implemented the robust sorting and tournament KDS algorithms and tested them on a
number of inputs, including highly degenerateones. Our sorting algorithm works very well on these
inputs: of courseit does not get stuck and the �nal list is always correct (after all, this is what we
proved), but the maximum delay of an event is usually much lessthan the worst-casebound suggests
(namely O(ε) instead of �( nε)). This is in contrast to the classicalKDS, which either falls into an
in�nite loop or missesmany kinetic events along the way and maintains a list that deviates far from
the true sorted list both geometrically and combinatorially . Our kinetic tournament algorithm is also
robust and reducesthe geometric error by orders of magnitude.

The paper is organized as follows. We begin by describing our model in Section 2. We then
study the robust KDS for kinetic sorting in Section 3 and for kinetic tournament in Section 4. The
experimental results are reported in Section 6. We concludein Section 7.

2 Our Mo del

In this sectionwe describe our model for computing the event times of certi�cates. In a standard KDS,
each certi�cate c is a predicate, and there is a characteristic function χc : R → {1, 0,−1} associated
with c so that χc(t) = 1 if c is true at time t, −1 if c is false at time t, and 0 if c is switching from
being true to false,or vice-versa,at time t. The valuesof t at which χc is 0 are the event times of c. In
our applications, χc(t) = sign(ϕc, t) for somecontinuous function ϕc. For example, if x(t) and y(t) are
two points, each moving in R

1, then ϕc(t) := y(t)−x(t) for the certi�cate c := [x < y]. For simplicit y,
we assumethat sign(ϕc, t) = 0 for a �nite number, s, of valuesof t.

We assumethat the tra jectory of each object is explicitly described by a function of time, which
meansin our applications that the function ϕc is alsoexplicitly described, and that event times can be
computed by computing the roots of the function ϕc. Theseare standard assumptionsin traditional
KDS's. In order to model the inaccuracy in computing event times, we �x a parameter ε > 0, which
will determine the accuracy of the root computation. We assumethere is a subroutine, denoted
by cr op

(

f (t)
)

, to compute the roots of a function f (t), whoseoutput is as follows:

(i) a set of disjoint, open intervals U1, · · · , Um, where |Ui| ≤ ε for each i, that cover all roots of f (t).

(ii) the sign of f (t) betweenany two consecutive intervals;

For polynomial functions, Descartes'sign rule [9] and Sturm sequences[18] are standard approaches
to implement cr op. We assumethat cr op is deterministic: it always returns the sameresult when
run on the samefunction. Observe that if f (t) doesnot have any roots, then cr op

(

f (t)
)

will tell us
so. This is where our subroutine is more powerful than the subroutine of Milenkovic and Sacks [19],
and this is why we can ensurethat we only handle events if there is a real crossingof tra jectories.

Among the intervals returned by cr op
(

f (t)
)

, we call an interval whose two endpoints have the
same sign a turbulent interval, and an interval whose two endpoints have di�eren t signs an event
interval. Let Rf denote the union of all the turbulent and event intervals. In our applications, we can
ignore turbulent intervals (intuitiv ely, we can pretend that the sign of f (t) does not change during
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a turbulent interval). We will use I = 〈I1, . . . Ik〉 to denote the set of remaining event intervals, and
ask cr op to only output theseintervals. Let λj (resp. ρj) denote the left (resp. right) endpoint of Ij ,
i.e., Ij = (λj , ρj). As we will seebelow, we will always schedule events at the right endpoints of event
intervals (intuitiv ely, we can pretend that the sign of f (t) within an event interval is the sameas at
its left endpoint and that it changesat its right endpoint).

Weusetcurr to denotethe current time of the KDS, which is the maximum computedevent time over
all processedevents. We assumethat tests as to whether tcurr lies inside an event interval computed by
cr op are exact. In the actual implementation, this can be achieved by enforcingall interval endpoints
(and consequently, tcurr) to be rationals and using exact arithmetic to comparebetweenrationals. The
pseudo-code for computing the failure time of a certi�cate c at time tcurr is given below.

Algorithm EventTime (c)
1. I := 〈I1 = (λ1, ρ1), . . . , Ik = (λk, ρk)〉 ← cr op (ϕc)
2. ρ0 ← −∞; ρk+1 ← +∞
3. last ←number of intervals in I to the left of tcurr

4. if χc(ρlast) = −1
5. then return ρlast

6. else return ρlast+1

Note that if χc(ρlast) = −1, then the event time returned by EventTime( c) (i.e., ρlast) is in the
past. As we will seein the next section,when we handle an event in the past, we do not reset tcurr: the
time tcurr will always be the maximum of the computed event times over all processedevents. Finally,
note that the above procedurehas the following properties: If it returns a �nite value ρi, then

(I1) ρi is the right endpoint of an event interval;

(I2) the certi�cate c is valid at λi and invalid at ρi, i.e., χc(λi) = 1 and χc(ρi) = −1. In fact, c is
valid at all times in [ρi−1, ρi] \ Rχc

, and is invalid at all times in [ρi, ρi+1] \ Rχc
.

Lemma 1 Suppose EventTime (c) returns a value ρi. For any t ∈ R, if (i) t ∈ [ρi−1, ρi] and c is
invalid at time t, or (ii) t ∈ [ρi, ρi+1] and c is valid at time t, then t ∈ Rχc

and χc(γ) = 0 for some
γ ∈ (t− ε, t).

Proof: We only prove case(i) ascase(ii) is similar. By assumption(i) and (I2), it is clear that t ∈ Rχc
.

As such, a turbulent or event interval (λ, ρ) of c contains t. Note that λ ∈ [ρi−1, ρi], and therefore c
is invalid at time λ by (I2). However, c is valid at time t by our assumption. This implies that there
exists a value γ ∈ (λ, t) such that χc(γ) = 0. Finally, observe that (λ, t) ⊆ (t− ε, t). 2

3 Kinetic Sorting

Let S be a set of n points moving continuously on the real line. The value of a point x ∈ S is
a continuous function of time t, which we denote by x(t). Let S(t) = {x(t) : x ∈ S} denote the
con�guration of S at time t. For simplicit y, we write S and x instead of S(t) and x(t), respectively,
provided that no confusion arises. In the kinetic sorting problem, we want to maintain the sorted
order of S during the motion.

The algorithm. As in the standard algorithm, we maintain an array A that stores the points in S.
The events are stored in a priorit y queueQ, called global event queue. The certi�cates are standard
as well: the certi�cate c :=

[

x < y
]

belongs to the current certi�cate set of the KDS if x = A[k]
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and y = A[k + 1] for some1≤ k ≤ n−1. We call thesen−1 certi�cates active. We needthe following
notation regarding the failure times.

tcp(x, y) : the computed failure time1 of certi�cate
[

x < y
]

tpr(x, y) : the time at which the failure of
[

x < y
]

is actually processed
tex(x, y) : the exact time at which the certi�cate

[

x < y
]

fails

For the exact failure time, more formally, tex(x, y) := argmaxt<tcp(x,y) x(t) = y(t). Note that tex(x, y) <
tcp(x, y) ≤ tpr(x, y).

The new kinetic sorting algorithm is described below. The major di�erence with the standard
algorithm is that we usethe algorithm EventTime to compute the failure time of a certi�cate.

Algorithm KineticSor ting
1. tcurr ← −∞; Initialize A and Q.
2. while Q 6= ∅
3. do c :

[

x < y
]

← DeleteMin (Q)
4. tcurr ← max{tcurr, tcp(x, y)}
5. Swap x and y (which are adjacent in A).
6. Remove from Q all certi�cates that becomeinactive.
7. C← set of new certi�cates that becomeactive.
8. for each c :

[

a < b
]

∈ C

9. do tcp(a, b) ← EventTime (c)
10. if tcp(a, b) 6= ∞
11. then Insert

[

a < b
]

into Q, with tcp(a, b) as failure time.

Note that in lines 10{11, even in the casetcp(a, b) < tcurr for somecerti�cate
[

a < b
]

∈ C (i.e., the
event lies in the past), we still insert this event into the queuebecausethe certi�cate

[

a < b
]

is not
valid at tcurr and thus the combinatorial structure of the KDS is not correct. Apparently we missedan
event, which we must still handle. As such, unlike the standard algorithm, our algorithm may process
events in the past. Note that tcurr is not a�ected when this happens(seeline 4).

Basic properties. The status of the KDS at time t is de�ned asthe status of the KDS after all events
whoseprocessingtimes are at most t have beenprocessed.In the kinetic sorting problem, the status
refers to the maintained array A. We say that a point x precedes a point y in the maintained array A
if x = A[k] and y = A[l] for somek < l. If k = l − 1, then x immediately precedes y.

Sinceevents may be processedin a wrong order, the above KDS could perhapsget into an in�nite
loop. However, if a certi�cate c is processedby the algorithm (line 5) at time t0 and c becomesactive
again at time t0, then EventTime ensuresthat the failure time of c is in the future. This implies
that the algorithm doesnot get into an in�nite loop. We next show the KDS almost always maintains
a correctly sorted list in A.

Lemma 2 If x immediately precedes y in A at time tcurr, then either (i) x(tcurr) ≤ y(tcurr), which
means the order is correct, or (ii) x(γ) = y(γ) for someγ ∈ (tcurr − ε, tcurr).

1This is a slight abuse of notation, because points can swap more than once, so the same certificates can fail multiple
times. It will be convenient to treat these certificates as different. Formally we should write tcp((x, y), tcurr) for the failure
time of the certificate

ˆ

x < y
˜

computed by the KDS at time tcurr. Since this is always clear from the context we omit
the time parameter.
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Proof: Let t∗ be the last time lessthan or equal to tcurr at which x becomesimmediately precedingy.
(Note that t∗ may be equal to −∞, referring to the time of initialization of the KDS; seelines 1 of
KineticSor ting .) Let c =

[

x < y
]

, and let tcp(x, y) be the time returned by EventTime (c) at time
t∗. Sincex and y are always adjacent between time t∗ and tcurr, either tcp(x, y) = ∞, in which case
the certi�cate failure is not scheduled (line 10), or tcurr < tcp(x, y) < ∞, in which casethe certi�cate
failure is scheduled but not yet handled by the KDS. In either case,tcp(x, y) > tcurr. Now assume
case(i) is not true, i.e., the certi�cate c is invalid at time tcurr. By Lemma 1 (i), there exists a
value γ ∈ (tcurr − ε, tcurr) such that x(γ) − y(γ) = 0, which is case(ii), as desired. 2

The following theorem shows when the ordering maintained by the kinetic sorting algorithm is correct.

Theorem 1 (Correctness). The ordering maintained by the kinetic sorting algorithm is correct except
during at most E time intervals of length at most ε, where E is the number of collisions of points in S
over the entire motion.

Proof: Let t ∈ R be a time such that no two points of S collide within time (t− ε, t). We claim that
the ordering maintained by the KDS at time t must be correct. The theorem then follows sincethere
are only E collisions of points in S.

Supposeat time t there exist two points x, y ∈ S that are adjacent in A but in incorrect order.
By Lemma 2 applied to x and y at time t, we have x(γ) = y(γ) for someγ ∈ (t − ε, t). But this
contradicts with our assumptionthat no two points collide within the time interval (t−ε, t). Therefore
all adjacent pairs of points in the maintained list A are in correct order, implying that the list A itself
must also be correct. 2

Delay of events. Theorem 1 shows that the ordering may be incorrect only near collision times,
but many collisions may \cascade" and thus an event may not be processedfor a long time, thereby
resulting in a wrong ordering in the KDS for a long time. Speci�cally , when the failure of a certi�cate
[

x < y
]

is handled by the KDS, we de�ne its delay by tpr(x, y) − tex(x, y). Next we bound the
maximum delay of an event. The bound holds when every pair of points swap at most s times for
someparameter s > 0.

Theorem 2 (Delay). Suppose that the trajectories of every pair of points in S intersect at most s
times. Then an event can be delayed by at most nsε time.

Proof: Consider a certi�cate c =
[

x < y
]

that fails at the exact time tex(x, y) and is handled by the
KDS at time tpr(x, y). Let t be a time such that tex(x, y) ≤ t and t + ε < tpr(x, y). We claim and
will prove later that there is at least one point p ∈ S whosetra jectory intersects the tra jectory of x
during (t, t + ε]. Let k be an integer such that tpr(x, y) − tex(x, y) = kε + δ where δ < ε. We split the
interval [tex(x, y), tpr(x, y)] into k intervals, each of width ε, and one interval (the last one) of width δ.
Now we can charge each of the �rst k intervals to an intersection point of the tra jectory of x and the
tra jectory of a point p ∈ S. Sinceany two tra jectories intersect at most s times, k is at most (n−1)s,
implying that tpr(x, y) − tex(x, y) ≤ (n− 1)s · ε + δ < nsε.

It remains to prove the claim. Assumefor the sake of contradiction that no point collides with x
during (t, t + ε]. In particular, the tra jectory of y always lies below or always lies above the tra jectory
of x during (t, t + ε].

We show that the tra jectory of y cannnot always lie above the tra jectory of x during (t, t + ε].
Otherwise the certi�cate c is valid over (t, t + ε]. By Lemma 1 (ii), this implies (t, t + ε] ⊆ Rχc

, which
is impossible as Rχc

is the union of a �nite number of open intervals, each of length at most ε; a
contradiction.

7



h�� � ; x; z1; � � � ; zm−1; y; � � �i

B

t + "ttex(x; y)

x

y

tpr(x; y)

Figure 2. Illustration for the proof of Theorem 2.

Therefore, the tra jectory of y always lies below the tra jectory of x during (t, t + ε]. Let the
maintained list A at time t + ε be 〈· · · , x = z0, z1, · · · , zm = y, · · · 〉. Let B ⊆ {z0, · · · , zm} be the
subset of points whosetra jectories are below the tra jectory of x in (t, t + ε]. Note that z0 /∈ B and
zm ∈ B. Let i > 0 be the smallest index such that zi ∈ B. Becausezi ∈ B and zi−1 6∈ B, the tra jectory
of zi doesnot intersect the tra jectory of zi−1 in the interval (t, t+ ε], and zi is always smaller than zi−1

in this interval. However, this contradicts with Lemma 2 since zi−1 immediately precedeszi in A at
time t + ε. Therefore, there exists a point p ∈ S whose tra jectory intersects the tra jectory of x at
sometime in (t, t + ε]. 2

The following theorem shows the above bound on the delay is tight in the worst case.

Theorem 3 For any n, there is a set S of n points suchthat the trajectories of any two points intersect
at most s times and tpr(x, y) − tex(x, y) ≥ (n− 2)s · ε for somepair x, y ∈ S.

Proof: We �rst describe a lower bound example for linear motion. Let S = {x1, · · · , xn}. The
tra jectory `i of xi in tx-plane, for 1 ≤ i ≤ n, is de�ned as follows: For i = 0, we set `i to be the
line x = 0. for i > 0, `i is a line passing through the points (i(δ + µ)/2, 0) and (iµ, xi−1(iµ) + 1),
where ((n − 1)/n) · ε < δ < µ < ((n − 1)/n + 1/n2) · ε (see Figure 3). For any pair i < j, it is
straightforward to show that jδ ≤ tex(xj , xi) < jµ.

x

t

`1

.

.

.

`i

`2

`i−1

i(δ+µ)
2

iµiδ

Figure 3. The lower-bound example.

Now, assumecr op (x0(t)−xi(t)) = (iδ, iδ + ε) and cr op (xi(t)−xj(t)) = (jµ− ε, jµ) for any 0 <
i < j. Using induction, we prove that the status of the maintained list at time iµ (i = 0, · · · , n − 1)
is 〈xn−1, · · · , xi+2, xi+1, x1, x2, · · · , xi, x0〉.

8



Sincethe maintained list at −∞ is 〈xn−1, · · · , x1, x0〉 and the right endpoints of all returned inter-
vals by cr op is greater than zero, the maintained list at time 0 is 〈xn−1, · · · , x1, x0〉, which meansthe
casei = 0 is true. Now assumethe maintained list at time iµ is 〈xn−1, · · · , xi+2, xi+1, x1, x2, · · · , xi, x0〉.
Wehave to show that the maintained list at time (i+1) µ is 〈xn−1, · · · , xi+3, xi+2, x1, x2, · · · , xi, xi+1, x0〉.

We know that tcp(xi+1, xj) = (i+ 1)µ (1 ≤ j ≤ i). The computed failure times of the other relevant
certi�cates in the interval time (iµ, (i + 1)µ] are as follows:

• tcp(xi, x0) = iδ + ε.

• tcp(xi+1, x0) = (i + 1)δ + ε.

• tcp(xi+2, x1) = (i + 2)µ.

• tcp(xj+1, xj) = (j + 1)µ (i + 1≤ j ≤ n− 1).

It is clear that thesecerti�cates fail after (i + 1)µ. Therefore, at time (i + 1)µ the point xi+1 swaps
with the points x1, · · · , xi but will not swap with x0, which implies the maintained list at time (i+ 1)µ
is 〈xn−1, · · · , xi+3, xi+2, x1, x2, · · · , xi, xi+1, x0〉.

Now consider the time (n − 1)µ at which the maintained list is 〈x1, · · · , xn−1, x0〉. The only
certi�cate failure scheduledin the KDS is for [xn−1 < x0], with failure time (n−1)δ+ ε. After processing
this certi�cate failure at time (n − 1)δ + ε, we realize, sequentially , that the certi�cates [xi < x0]
for i = n − 2, · · · , 1, fail in the past. All these events are processedat time (n − 1)δ + ε. This
implies tpr(x1, x0) = (n− 1)δ + ε. Therefore, tpr(x1, x0) − tex(x1, x0) > (n− 1)δ + ε− µ > (n− 2)ε.

We can usethe above description to construct n tra jectories such that the tra jectories of any two
points intersect at most s times and tpr(x, y) − tex(x, y) ≥ (n− 2)s · ε for somepair x, y ∈ S. Notice
that the main point in the above construction is �nding a pair µ and δ such that (i + 1)µ < iδ + ε
and (i − 1)ε < iµ < iε for i = 1, · · · , n − 1. In the general casethese inequalities must hold for i =
1, · · · , (n− 2)s. If µ and δ are chosensuch that ((sn− 1)/sn) · ε < δ < µ < ((sn− 1)/sn + 1/s2n2) · ε,
it can be shown that both inequalities are true for i = 1, · · · , (n− 2)s. 2

Error bounds. We turn our attention to the \error" in the array A. Combinatorially , Lemma2 implies
that if there are k event intervals containing tcurr, then the array A at time tcurr can be decomposed
into at most k + 1 (contiguous) subarrays, each of which is in sorted order. Next we discusshow far
the maintained order can be from the correct order geometrically. In particular, we present a bound
on the maximum distance between two points that are in the wrong order in the array and on how
far away the k-th point in the maintained order|that is, the point A[k]|can be from the true point
of rank k.

Theorem 4 (Geometric error). Let 〈y1, · · · , yn〉 and 〈z1, · · · , zn〉 be the sequence maintained by the
algorithm and the correctly sorted sequence at some given time tcurr, respectively. Let Vmax be the
maximum velocity of any point in S over the time interval [tcurr−ε, tcurr]. Then for any 1≤ i < j ≤ n,

(i) yi(tcurr) − yj(tcurr) ≤ (j − i + 1)ε · Vmax, and

(ii) |yi(tcurr) − zi(tcurr)| ≤ nε · Vmax.

Proof:

(i) For simplicit y we write t = tcurr. For any 1≤ k < n, if yk and yk+1 are in the correct order in the
maintained list, then yk(t) ≤ yk+1(t). If they are in the incorrect order, then by Lemma 2 (ii),
there exists a time γ ∈ (t− ε, t) such that yk(γ) = yk+1(γ). Hence,

yk(t) − yk+1(t) = (yk(t) − yk(γ)) + (yk(γ) − yk+1(γ)) + (yk+1(γ) − yk+1(t)) ≤ 2εVmax.
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Thereforewealways haveyk(t)−yk+1(t) ≤ 2εVmax, which immediately implies that yi(t)−yj(t) =
∑j−1

`=i (y`(t)−y`+1(t)) ≤ 2(j−i)ε·Vmax for any 1≤ i < j ≤ n. To further prove the promisedupper
bound, let us considerbounding yk(t) − yk+2(t). If either yk(t) ≤ yk+1(t) or yk+1(t) ≤ yk+2(t),
then we immediately have

yk(t) − yk+2(t) = (yk(t) − yk+1(t)) + (yk+1(t) − yk+2(t)) ≤ 2εVmax.

Now assumeyk(t) > yk+1(t) and yk+1(t) > yk+2(t), which meansthat the relative order of yk

and yk+1, as well as the relative order of yk+1 and yk+2 are incorrect in the maintained list.
As such, there exist γ1, γ2 ∈ (t − ε, t) such that yk(γ1) = yk+1(γ1) and yk+1(γ2) = yk+2(γ2). It
follows that

yk(t) − yk+2(t) = (yk(t) − yk(γ1)) + (yk(γ1) − yk+1(γ1)) + (yk+1(γ1) − yk+1(γ2))

+( yk+1(γ2) − yk+2(γ2)) + (yk+2(γ2) − yk+2(t))

≤ |t− γ1| · Vmax + 0 + |γ1 − γ2| · Vmax + 0 + |t− γ2| · Vmax

≤ 2εVmax.

Hence we always have yk(t) − yk+2(t) ≤ 2εVmax. Now, for any 1 ≤ i < j ≤ n, one can
prove yi(t) − yj(t) ≤ (j − i + 1)εVmax by a simple induction on j − i (the basecasej − i = 1 has
beenproved above):

yi(t) − yj(t) = (yi(t) − yi+2(t)) + (yi+2(t) − yj(t))

≤ 2εVmax + (j − (i + 2) + 1)εVmax

≤ (j − i + 1)εVmax.

(ii) We consierthe casezi 6= yi; otherwise the claim is trivially true. Supposezi = yj for somej > i;
the other casej < i is symmetric. Also supposeyi = zk for some1≤ k ≤ n. We have two cases.
If k > i, then sinceyj(tcurr) = zi(tcurr) ≤ zk(tcurr) = yi(tcurr), we can write

|zi(tcurr) − yi(tcurr)| = yi(tcurr) − yj(tcurr) ≤ nε · Vmax,

by (i). Otherwise if k < i, there must exist r and ` with r < i < `, such that z` = yr. Then

|zi(tcurr) − yi(tcurr)| = zi(tcurr) − zk(tcurr) ≤ z`(tcurr) − zk(tcurr)

= yr(tcurr) − yi(tcurr) ≤ nε · Vmax,

by (i), thus proving the theorem.

2

4 Kinetic Tournaments

A kinetic tournament [6] is a KDS that maintains the maximum of a set S of moving points in R by
maintaining a tournament tree T over S. Each interior nodeu of T hasa certi�cate of the form

[

x < y
]

,
where x, y ∈ S are the two points stored at the children of u, and y is also currently stored at u. To
handle events, we needa subroutine that comparestwo points at time tcurr in a way that is consistent
with EventTime .

Algorithm ComputeMax (x, y)
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1. I := 〈I1 = (λ1, ρ1), . . . , Ik = (λk, ρk)〉 ← cr op (x(t) − y(t))
2. ρ0 ← −∞
3. last ←number of intervals in I to the left of tcurr

4. if sign(x(ρlast) − y(ρlast)) = 1
5. then return x
6. else return y

In the algorithm below, the point storedat a nodeu ∈ T is denotedby pu, and weassumeparent (root ) =
nil.

Algorithm KineticTournament
1. tcurr ← −∞; Initialize T and Q.
2. while Q 6= ∅
3. do c :

[

x < y
]

← DeleteMin (Q)
4. tcurr ← max{tcurr, tcp(x, y)}
5. u← the node at which the certi�cate c fails.
6. while u 6= nil

7. do Let z1 and z2 be the points stored at u's children.
8. pu ←ComputeMax (z1, z2); u← parent( u)
9. Remove from Q all certi�cates that becomeinactive.
10. C← set of new certi�cates that becomeactive.
11. for each c :

[

a < b
]

∈ C

12. do tcp(a, b) ←EventTime (c)
13. if tcp(a, b) 6= ∞
14. then Insert

[

a < b
]

into Q, with tcp(a, b) as failure time.

The set C in line 10 consistsof certi�cates that correspond the nodesalong the path from the node
where the event occurs to the root. In lines 5{8, the algorithm has usedComputeMax to make sure
that each certi�cate c ∈ C is valid at the right endpoint of the last event interval of c beforetime tcurr.
Since ComputeMax (line 8) and EventTime (line 12) base their decisionson the order of event
intervals at the sametime, we obtain the following lemma.

Lemma 3 In line 12, the computed event time tcp(a, b) is always in the future (i.e., tcp(a, b) > tcurr).

The lemma suggeststhat we never schedule an event in the past and, in fact, never schedule an
event at the current time either. Hence,the algorithm doesnot get into an in�nite loop.

Lemma 4 After an event has been processed at time tcurr, the point pu stored at a node u is always
one of the points stored at its children. Moreover, either pu is the correct current maximum of the
two children, or the trajectories of points stored at the two children intersect during the period (tcurr −
ε, tcurr).

Proof: It is obvious that the �rst part of the lemma is true. The proof of the secondpart is similar to
Lemma 2. Assumethere is a node u with children u1 and u2, and assumewithout loss of generality
that pu = pu1

while in fact pu2
(tcurr) > pu1

(tcurr). Let t∗ be the last time at which pu1
and pu2

were
compared. Thus ComputeMax (pu1

, pu2
) executedat time t∗ returns pu1

. But then, sincepu2
(tcurr) >

pu1
(tcurr), an event must have beenscheduled for the certi�cate c = [pu2

< pu1
], and the failure time t′

of this certi�cate must have satis�ed t′ > t∗ by Lemma 3. We cannot have t′ < tcurr, becausethat
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contradicts the de�nition of t∗. Hence t′ ≥ tcurr. Since c is invalid at time tcurr, by Lemma 1 (i), it
follows that that the tra jectories of pu1

and pu2
must intersect during the period (tcurr − ε, tcurr). 2

Following standard KDS terminology, we call an event external if the attribute to be maintained
changesdue to the event; for a kinetic tournament this means an event where the maximum of S
changes.Other events are internal .

Lemma 5 If there is no external eventduring the period (tcurr−ε, tcurr), then the maximum maintained
by the algorithm is correct at time tcurr.

Proof: By assumption,the true maximum of S during (tcurr−ε, tcurr) is a unique point, x. In particular,
x doesnot crossany other point in S during this time period. Supposefor the sake of contradiction
that x is not the maximum maintained by the algorithm at time tcurr. Then at time tcurr, the algorithm
stores x at an internal node v of the tournament tree, and stores another point y ∈ S in the sibling
and the parent u of v. Applying Lemma 4 to the node u, we obtain that the tra jectories of x and y
intersect at sometime in (tcurr − ε, tcurr), a contradiction. 2

The following two results are immediate consequencesof Lemma 5.

Theorem 5 (Correctness). The maximum maintained by the kinetic tournament is correct except
during at most E time intervals of length at most ε, where E is the number of external events.

Theorem 6 (Delay). If a point x ∈ S becomes the true maximum at time t (i.e., an external event
at time t), then either x becomes the maintained maximum by time t + ε (i.e., the external event is
delayed by at most ε), or another external event occurs before time t + ε (i.e., the old external event
becomesobsolete).

We now turn our attention to the geometric error of our KDS|the di�erence in value between
the point stored in the root of the kinetic tournament tree and the true maximum|as a function of
the maximum velocity. Interestingly, the geometric error is much smaller than in the sorting KDS,
becauseit now dependson the depth of the tournament tree, which is dlogne. The following theorem
makesthis precise.

Theorem 7 (Geometric error). Let x denotethe point stored in the root of the kinetic tournament tree
at some time tcurr, and let y denote the point with the maximum value at time tcurr. Then x(tcurr) ≥
y(tcurr) − (dlogne + 1)ε · Vmax, where Vmax is the maximum velocity of any point in S over the time
interval [tcurr − ε, tcurr].

Proof: Consider a node v (other than the root) and its parent u. We claim that

pv(tcurr) − pu(tcurr) ≤ 2εVmax. (1)

If pv(tcurr) ≤ pu(tcurr), (1) is trivially true. Otherwise, by Lemma 4, the tra jectories of pv and pu

intersect at some time in (tcurr − ε, tcurr). Arguing as in Theorem 4 (i), we can then obtain (1).
Summing up (1) for all consecutive nodesalong the path from the node storing the true maximum y
to the root, we obtain y(tcurr) − x(tcurr) ≤ 2hε · Vmax, where h ≤ dlogne is the length of the path. The
inequality can be further improved to y(tcurr) − x(tcurr) ≤ (h + 1)ε · Vmax by using the sameargument
as in Theorem 4 (i), thus completing the proof. 2
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5 Kinetic Range Trees

Our robust kinetic sorting algorithm can be applied directly to maintaining the standard kinetic range
trees [7] of a set S of moving points in R

d for orthogonal range searching. Following properties of the
robust kinetic sorting algorithm, we immediately know that the robust kinetic range tree is correct
except for at most E time intervals of length at most ε, where E is the total number of swaps of the
input points along each axis, and that the delay of each event is at most O(nε).

We can also prove bounds on the geometric error. For a d-dimensional (axis-aligned) box R =
� d

i=1[ai, bi] and a parameter � > 0, let R−
∆ = � d

i=1[ai + � , bi− �] and R+
∆ = � d

i=1[ai− � , bi + �]. We
call a subsetQ ⊆ S a � -approximation to S ∩R if

S ∩R−
∆ ⊆ Q ⊆ S ∩R+

∆.

In other words, points at L∞-distance at most � to the boundary of R may or may not be included
in Q, but other points are in Q if and only if they are in R. The next theorem shows that the kinetic
range tree, when using our robust kinetic sorting algorithm, always returns a �-appro ximation to the
true answer of an orthogonal range query, for an appropriate value of �. This follows more or less
from Theorem 4. (The fact that the maintained tree is not necessarilya correct search tree doesnot
imposeany di�cult y upon a standard binary searching on the tree.)

Theorem 8 For any time t and any d-dimensional (axis-aligned) box R ⊆ R
d, the subsetQ(t) ⊆ S(t)

returned by queryingR on the maintained kinetic rangetree at time t is a � -approximation to S(t)∩R,
where � = nεVmax and Vmax is the maximum speed of a point in S over the time interval [t− ε, t].

Proof: We proceedby induction on d. Let us �rst consider the one-dimensionalcase,where a range
tree of S is simply a binary search tree of S. Let 〈y1(t), y2(t), · · · , yn(t)〉 be the sequencemaintained
by the algorithm; also let y0 = −∞ and yn+1 = +∞. Suppose for a query range R = [a, b] the
maintained tree returns Q(t) = 〈yi, yi+1, · · · , yj〉. Observe that although the maintained binary search
tree is not necessarilycorrect, we still have yi−1 < a ≤ yi and yj ≤ b < yj+1. By Theorem 4, for each
i ≤ ` ≤ j, y` ≥ yi − � ≥ a − � and y` ≤ yj + � ≤ b + �. Thus Q(t) ⊆ S(t) ∩ R+

∆. On the other
hand, for each ` < i, y` ≤ yi−1 + � < a + �, and for each ` > j, y` ≥ yj+1 − � > b− �. This implies
S(t) ∩R−

∆ ⊆ Q(t). HenceQ(t) is a �-appro ximation to S(t) ∩ [a, b].
In R

d, to perform a query R = � d
i=1[ai, bi] on the maintained d-dimensional range tree, one

�rst performs the query [a1, b1] on the primary range tree, and then performs the query � d
i=2[ai, bi]

recursively into appropriate secondaryrange trees. Let S ′ ⊆ S be the subsetof points stored in those
queried secondarytrees. It follows from the above analysis that

S(t) ∩
(

[a1 + � , b1 − �] × R
d−1

)

⊆ S′(t) ⊆ S(t) ∩
(

[a1 − � , b1 + �] × R
d−1

)

. (2)

Furthermore, by the induction hypothesis,

S′(t) ∩
(

R× � d
i=2[ai + � , bi − �]

)

⊆ Q(t) ⊆ S′(t) ∩
(

R× � d
i=2[ai − � , bi + �]

)

. (3)

Putting (2) and (3) together, we obtain S(t) ∩R−
∆ ⊆ Q(t) ⊆ S(t) ∩R+

∆, as desired. 2

6 Experiments

We have implemented our robust kinetic sorting and kinetic tournament algorithms to test the ef-
fectivenessof our technique for handling out-of-order event processing.The programs are written in

13



Grids Parabola

RandDc RandCr

Figure 4. Datasets used in the experiments. The �gures depict trajectories of the moving points in tx-plane, after an
appropriate scaling.

C++ and run in the Linux 2.4.20 environment. We also implemented these two algorithms using
the traditional KDS event-scheduling approach and comparedthem with their robust counterparts by
testing the errors in the output.

Input data. We usedthe following synthetic datasets in our experiments, as illustrated in Figure 4.
The inputs are low-degreemotions becausewehavenot yet implemented a full-
edged cr op procedure,
and it becomeseasierfor us to compute delays of the events. Nonetheless,theseinputs already cause
trouble to traditional KDS's and are su�cien t to illustrate the e�ectiv enessof our algorithms.

• Grids : a set of linear tra jectories whosedual points form a uniform grid;

• Parabola : a set of congruent parabolic tra jectories with apexessitting on a grid in tx-plane;

• RandDc : a set of linear tra jectories whosedual points are randomly distributed in a disk;

• RandCr : a set of linear tra jectories whosedual points are randomly distributed on a circle.

Kinetic sorting. We tested the kinetic sorting algorithms on the �rst three typesof input data. All
experiments were run on inputs of size900. We measurethe error of the sorting KDS's at time t by

err(t) = max
i
|yi(t) − zi(t)|,

where 〈y1, · · · , yn〉 and 〈z1, · · · , zn〉 are the sequencemaintained by the KDS and the correctly sorted
sequenceat time t respectively. In Figures 5-7 we plot err(t) as t varies, by measuring err(t) every
other 10−7 seconds.Note the di�eren t scaleson the vertical axis in these�gures.
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Figure 5. Maximum error of kinetic sorting on a Grid input of size900; scaleson the vertical axis are di�erent.

We �rst observed the behavior of the traditional kinetic sorting algorithm, which uses
oating point
arithmetic. In a few instances,the algorithm went into an in�nite loop becauseof simultaneousevents.
Although this problem could be �xed in general, a more careful implementation of the traditional
KDS is required. As for the geometric error in the maintained structures, the traditional KDS was
very fragile: it quickly ran into noticeable errors and was unable to recover from these errors (see
Figures 5 (1), 6 (1), and 7 (1)). The reasonis that someevents that should have beenscheduled into
the global queuewere discardedby the KDS becausetheir computed event times happened to lie in
the past becauseof numerical error.

We now turn our attention to the geometric error in the structures maintained by our robust
kinetic sorting algorithm, under di�eren t precisionsε in the cr op procedure. As can be seen,while
the traditional KDS quickly ran into seriouserrors and was never able to recover, our robust KDS
maintained a rather small error all the time. Observe that the error of the robust KDS reducesas the
precisionof the cr op procedureincreases.We also tested the algorithm on a number of larger inputs,
and the error remained roughly the same.

We also studied how long an event could be delayed beforeit is eventually processedin the robust
kinetic sorting algorithm|see Table 1. It can be seenthat the RMS of the delays are always very
small for all inputs. As for the maximum delay, we only observed one instance in the �rst two types
of inputs in which someevents are delayed by about 2ε; in all other cases,the maximum delay never
exceedsε, which is far below the rather contriv ed worst-casebound in Theorem 3.

Kinetic tournament. We tested the kinetic tournament algorithms on the RandCr data as this
input tends to have a large number of external events. The geometric error is measuredby err(t) =
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Figure 6. Maximum error of kinetic sorting on a Parabola input of size900; scaleson the vertical axis are di�erent.
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Figure 7. Maximum error of kinetic sorting on a RandDc input of size900; scaleson the vertical axis are di�erent.

16



Precision Grids Parabola RandDc
of cr op RMS Max RMS Max RMS Max
ε = 10−6 0.48× ε 2.00× ε 0.37× ε 1.00× ε 0.42× ε 1.00× ε

ε = 10−7 0.43× ε 1.00× ε 0.37× ε 1.00× ε 0.42× ε 1.00× ε

ε = 10−8 0.42× ε 1.00× ε 0.39× ε 1.00× ε 0.41× ε 1.00× ε

Table 1. Delay of eventsin kinetic sorting.
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Figure 8. Geometricerror of the kinetic tournament on a RandCr input of size10000;scaleson the vertical axisare di�erent.

|y(t)−z(t)|, wherey and z are the maximum maintained by the KDS and the true maximum at time t
respectively. Sincekinetic tournaments are lesssensitive to simultaneous events than kinetic sorting,
we arti�cially lowered the precision in computing the event times so as to causenoticeable geometric
errors in the tested algorithms. Speci�cally , in the traditional KDS we round the event times to the
precision of 10−5, and in the robust KDS we vary the precision ε in cr op from 10−3 to 10−5.

We �rst noticed that the traditional kinetic tournament algorithm did not go into an in�nite loop;
this is becauseevents are always \pushed" up in the tournament tree. However, as for the geometric
error, onecan seefrom Figure 8 (1) that the KDS maintains a rather inaccurate maximum over time.
In contrast, the geometricerrors in our robust KDS are smaller by orders of magnitudes, even though
the event time computation is lessprecisethan in the traditional KDS.

7 Conclusions

In this paper we studied the problem of designing kinetic data structures that are robust against
out-of-order event processingdue to numerical errors in computing event times. We showed that
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the proposedrobust kinetic sorting and kinetic tournament algorithms have several nice properties,
including guaranteed correctnessfor all but a �nite number of small time intervals, short delays in
event processing,and small geometric errors over time. Combining the resulting kinetic range tree
and kinetic tournament, we can also maintain the closest-pairof a set of moving points robustly [7].
It is interesting to seewhether similar results can be obtained for other more complex kinetic data
structures as well. In particular, so far we have been unable to extend our techniques to kinetic
Delaunay triangulations. The main di�cult y there is that we cannot arguethe algorithm doesnot get
into an in�nite loop of edge
ips. We leave it as an interesting open question for future research.
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