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Abstract

We study the problem of designingkinetic data structures (KDS's for short) when event times
cannot be computed exactly and events may be processedn a wrong order. In traditional KDS's
this canleadto major inconsistenciesfrom which the KDS cannot recover. We presert more robust
KDS's for the maintenance of two fundamental structures, kinetic sorting and tournament trees,
which overcomethe di cult y by employing are ned event scheduling and processingtechnique. We
prove that the new event scheduling mechanism leadsto a KDS that is correct except for nitely
many short time intervals. We analyze the maximum delay of events and the maximum error
in the structure, and we experimentally compare our approach to the standard evernt scheduling
medanism.

1 Intro duction

The recert advancesin sensingand tracking technology have led researtiersto investigatethe problem
of maintaining various geometric attributes of a set of moving objects, as evidert from a large body
of literature on kinetic geometric algorithms. Basd et al. [6] introduced the kinetic data structure
(KDS) framework for designingand analyzing algorithms for cortin uously moving objects. The KDS
framework consistsof two parts: a combinatorial description of the attribute, and a set of certi ¢ ates
eah of which is a predicate, with the property that as long as the certi cates remain valid, the
maintained attribute remainsvalid. It is assumedthat ead object follows a known trajectory sothat
one can compute the failure time of ead certi cate. Whenewer a certi cate failsjw e call this an
eventthe KDS must be updated. This involves updating the attribute and the set of certi cates.
The KDS then remainsvalid until the next evert hasto be processedand so on.

To beableto processead event at the right time, a global event queue( is maintained to process
the events in the right (chronological) order. This is a priorit y queueon the everts, with the priorit y of
an ewvert beingits failure time. Unfortunately, the event scheduling is not aseasyasit seems.Suppose
that a new certi cate arisesdue to someewert. When the failure time of the certi cate lies in the
past we should not schedule it, and when it lies in the future we should. But what if the event time
is equal to the current time t¢.,.,? In such a degeneratesituation one hasto be very careful to avoid
an in nite loop. A more seriousproblem ariseswhen the event times are not computed exactly. This
will indeed be the caseif the trajectories are polynomials of high degreeor more complex curves. As
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a result, events may be processedn a wrong order, or we may fail to schedule an event becausewe
think it has already taken place. This in turn may not only lead to seriouserrors in the geometric
attribute the KDS is maintaining but also causethe algorithm to crash.

As a concrete example, considerthe kinetic sorting problem: maintain the sorted order of a set .S
of points moving on the real line. We store S in a sorted array A[l.n]. For eathh 1 < i < n
there is a certicate [A[i] < A[i + 1]]. Whenewer A[j] = A[j + 1], we have a certicate failure.
At sudh an evert we swap A[j] and A[j + 1]. Furthermore, at most three new certi cates arise:
[Alj — 1] < A[7]], [Alj] < A[j + 1]], and [A[j + 1] < A[j + 2]]. We compute the failure time of
ead of them, basedon our knowledge of their current motions, and insert the failure times that are
not in the past into the event queue(). Somecerti cates may also disappear becausethe two points
involved are no longer neighbors; they have to be deleted from ). Now supposethat due to errors
in the computed failure times the di erence betweenthe exact and the computed failure time of eat
certi cate can be aslarge as ¢, for somee > 0. Consider three moving points x1, x2 and x3 whose
trajectories in the tz-plane are depicted in Figure 1. Table (i) shows what happens when we can
compute the exact failure times. Table (ii) shavs what happenswhen the computed failure times of
the certicates [z1 < z2], [z1 < 23], and [z2 < z3] arety + ¢, to + 3¢, and ¢, respectively: the KDS
is not just temporarily incorrect, but getsinto an incorrect state from which it never recovers.

[ tar | List | Certificates | Failure Time |
x [z1 < 22] to
0 T1,T2,T3 [z < 23] to + ¢
to T2, 21,3 [v1 < @3] to + 3¢
to+ 2e | 2,73,71 [x2 < x3] to+¢
lo+e¢ x3,%2,%1

(i) without error

[ tar | List | Certificates | Failure Time |
[z1 < @2] to+e
0 1,2, 3 [ < 23] to
t to 1,3, T2 [z1 < 23] to + 3¢

3
to+35e | z3,71,%2
(ii) with error

Figure 1. An examplethat numericalerrars in the eventtimes may causefatal errars in the KDS. Left: the trajectories of the
points. Right: the status of the KDS at various times of execution.

This is a seriousproblem for the applicability of the KDS framework in practice. The goal of our
paper is to addressthis issue: is it possibleto do the event scheduling and processingin sud a way
that the KDS is more robust under errors in the computation of evert times? The KDS may process
the ewerts in a wrong order and thus may maintain a wrong geometric attribute from time to time,
but we would like the KDS to detect theseerrorsand x them quickly.

Related work. The KDS framework [6] is a widely used algorithmic method for modeling motion.
It hasbeenapplied to maintain a variety of geometric attributes of moving objects, including corvex
hull [5, 6], closestpair [6, 7], range searting structures [1, 2], extent measured3, 4], and much more.
Seethe survey by Guibas [13] and the referencestherein. There has been much work on modeling
motion in many other elds as well, including computer graphics, spatial databases,robotics, and
sensornetworks.

Thereis a large body of work on robust computations in geometricalgorithms [11, 20, 21], including
geometric software libraries [8, 10]. The goal there is to implement various geometric primitiv esin a
robust manner, including predicates which test the sign of an arithmetic expression(e.g., Orient ation
and InCir cle predicates), and constructions, which compute the value of an arithmetic expression

2



(e.g., computing the intersection of two lines). There are two broad paradigms. The rst approad,
exact computation, performscomputation with enoughprecisionto ensurepredicatescanbe evaluated
correctly. This has beenthe main paradigm in computational geometry Many methods have been
proposedto remove degeneracies(e.g., simulation of simplicity) and to speedup the computation
by adaptively changing the precision (e.g., oating point lters). The secondapproad focuseson
performing computation with nite precisionand computing an output as closeto the correct one as
possible.

Despite much work on robust geometriccomputation, little hasbeendoneon addressingrobustness
issuesin KDS's. One could use exact computation but, as noticed by seeral researters [14, 16],
in practice a signi cant portion of the running time of a KDS is spent on computing certi cate
failure times. Expensiwe exact root comparisonswill only make this worse and, hence, may lead to
unacceptable performancein practice. See[15] for a comparison of various exact root computation
techniques in the cortext of kinetic data structures. Guibas and Karavelas[14] described a method
to speedup exact root comparisonsby grouping the roots into intervals that are re ned adaptively.
Howewer, like other exact methods, the performanceof the algorithm deteriorates when many everts
are very closeto ead other.

An alternative is to apply controlled perturbation [17] to the KDS. In this method, we perturb the
initial positions of the moving objects by someamount ¢ sothat with high probability the roots of all
pertinent functions areat least far away from ead other. This meansonecancompareany two roots
exactly aslong asevery root is computed within a precisionof /2. While cortrolled perturbation has
beensuccessfubn a number of static problems[12, 17], it doesnot seemto work well on kinetic data
structures becausethe large number of everts in the KDS makesthe required perturbation bound ¢
fairly large.

Recerly, Milenkovic and Sads [19] studied the computation of arrangemens of xz-monotonecurves
in the plane using a plane sweep algorithm, under the assumption that intersection points of curves
cannot be computed exactly. For in nite curvesthis boils down to the kinetic sorting problem, because
one has to maintain the sorted order of the curves along the sweepline. In fact, our KDS for the
kinetic sorting problem is very similar to their algorithm. The dierence is in the subroutine to
compute intersection points of curveswhich we assumeto have available; this subroutine is stronger
than the subroutine they assume|see Section 2 for details. This allows us to ensurethat we never
processmore events than the number of actual crossings,whereasMilenkovic and Sadks may process
a quadratic number of ewerts in the worst caseeven when there is only a linear number of crossings.
The main di erence betweenour and their papers, howewer, liesin the di erent view on the problem:
sincewe are looking at the problem from a KDS perspective, we are especially interestedin the delay
of events and the error in the output for ead snapshotof the motion, somethingthat werenot studied
in [19]. Moreover, we study other KDS problems as well.

Our results. The main problem we face when evert times are not computed exactly is that evens
may be processedin a wrong order. We presert KDS's that are robust against this out-of-order
processing,including kinetic sorting and kinetic tournaments. Our algorithms are quasi-robustin the
sensethat the maintained attribute of the moving objects will be correct for most of the time, and
when it is incorrect, it will not be far from the correct attribute. For the kinetic sorting problem, we
obtain the following results:

e We prove that the KDS canonly beincorrect when the current time liesinside an event interval.

e We prove that an evernt may be processedtoo late, but not by more than O(ne) time. This
bound is tight in the worst case.



e We prove boundson the geometricerror of the structure|the maximum distance betweenthe i-
th point in the maintained list and the i-th point in the correctlist[that dependon the velocities
of the points.

We obtain similar results for kinetic tournaments. As a by-product of our approadc, degeneracyprob-
lems(how to dealwith multiple events occurring simultaneously) arising in traditional KDS algorithms
naturally disappear, becauseour KDS no longer caresabout in which order thesesimultaneous everts
are processed.

We have implemented the robust sorting and tournament KDS algorithms and tested them on a
number of inputs, including highly degenerateones. Our sorting algorithm works very well on these
inputs: of courseit doesnot get stuck and the nal list is always correct (after all, this is what we
proved), but the maximum delay of an event is usually much lessthan the worst-casebound suggests
(namely O(¢) instead of ( ne)). This is in cortrast to the classicalKDS, which either falls into an
in nite loop or missesmany kinetic ewerts along the way and maintains a list that deviatesfar from
the true sorted list both geometrically and combinatorially. Our kinetic tournament algorithm is also
robust and reducesthe geometric error by orders of magnitude.

The paper is organized as follows. We begin by describing our model in Section 2. We then
study the robust KDS for kinetic sorting in Section 3 and for kinetic tournament in Section4. The
experimental results are reported in Section 6. We concludein Section7.

2 Our Model

In this sectionwe describe our model for computing the evert times of certi cates. In a standard KDS,
ead certi cate c is a predicate, and there is a characteristic function y.: R — {1,0,—1} assaiated
with ¢ sothat y.(t) = 1if cistrue at time ¢, —1if c is falseat time ¢, and O if ¢ is switching from
beingtrue to false,or vice-versa,at time ¢. The valuesof ¢ at which . is 0 are the evert times of c. In
our applications, x.(t) = sign(p.,t) for somecortinuous function .. For example,if z(t) and y(t) are
two points, eadh moving in R!, then ¢.(t) := y(t) — x(t) for the certi cate c:= [z < y]. For simplicity,
we assumethat sign(e.,t) = 0 for a nite number, s, of valuesof ¢.

We assumethat the trajectory of ead object is explicitly described by a function of time, which
meansin our applications that the function .. is alsoexplicitly described, and that event times canbe
computed by computing the roots of the function .. These are standard assumptionsin traditional
KDS's. In order to model the inaccuracy in computing evernt times, we x a parameter e > 0, which
will determine the accuracy of the root computation. We assumethere is a subroutine, denoted
by cr op(f(t)), to compute the roots of a function f(¢), whoseoutput is as follows:

(i) asetofdisjoint, openintervals Uy, --- ,U,,, where|U;| < ¢ for ead i, that cover all roots of f(¢).
(i) the signof f(t) betweenany two consecutie intervals;

For polynomial functions, Descartes'sign rule [9] and Sturm sequencegl18] are standard approades
to implement cr op. We assumethat cr op is deterministic: it always returns the sameresult when
run on the samefunction. Obsene that if f(¢) doesnot have any roots, then cr op (f(t)) will tell us
so. This is where our subroutine is more powerful than the subroutine of Milenkovic and Sadks [19],
and this is why we can ensurethat we only handle evens if there is a real crossingof trajectories.
Among the intervals returned by cr op (f(t)), we call an interval whosetwo endpoints have the
same sign a turbulent interval, and an interval whose two endpoints have dierent signs an event
interval. Let R; denotethe union of all the turbulent and evert intervals. In our applications, we can
ignore turbulent intervals (intuitiv ely, we can pretend that the sign of f(t) doesnot change during
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a turbulent interval). We will useJ = (I,...Ix) to denote the set of remaining evert intervals, and
askcr op to only output theseintervals. Let \; (resp. p;) denotethe left (resp. right) endpoint of I;,
i.e., I; = (A, p;). As we will seebelov, we will always schedule everts at the right endpoints of evert
intervals (intuitiv ely, we can pretend that the sign of f(¢) within an event interval is the sameas at
its left endpoint and that it changesat its right endpoint).

We uset., to denotethe current time of the KDS, which is the maximum computed evert time over
all processecevents. We assumethat tests asto whether ¢, liesinside an event interval computed by
cr op are exact. In the actual implementation, this can be achieved by enforcingall interval endpoints
(and consequetly, t..) to berationals and using exact arithmetic to comparebetweenrationals. The
pseudo-cale for computing the failure time of a certi cate ¢ at time ¢, is given below.

Algorithm EventTime (¢)
=L = (A\,p1),-- - Ik = Mk, pi)) < Crop (¢c)
PO — —O0; Ppy1 < T 00
last «—number of intervalsin J to the left of t.,.,
if Xc(PIast) =-1

then return pjs:

else return ppast+1

ok wbdE

Note that if x.(past) = —1, then the event time returned by EventTime( c¢) (i.e., piast) iS in the
past. As we will seein the next section,whenwe handle an event in the past, we do not resett,,: the
time .. Will always be the maximum of the computed event times over all processedevents. Finally,
note that the above procedure hasthe following properties: If it returns a nite value p;, then

(11) p; is the right endpoint of an evert interval;

(12) the certicate c is valid at \; and invalid at p;, i.e., x.(\;) = 1 and x.(p;) = —1. In fact, cis
valid at all times in [p;—1, p;i] \ R,., and is invalid at all times in [p;, pi+1] \ Ry..

Lemma 1 Supmse EventTime (c¢) returns a value p;. For any t € R, if (i) t € [p;_1,p:] @and c is
invalid at time ¢, or (ii) ¢t € [p;, pi+1] and c is valid at time ¢, thent € R, and x.(v) = 0 for some
v € (t —e,t).

Proof: We only prove case(i) ascase(ii) is similar. By assumption (i) and (12), it isclearthat t € R ..
As sud, a turbulent or evert interval (), p) of ¢ contains t. Note that X\ € [p;_1, p;], and therefore ¢
is invalid at time X by (12). Howewer, ¢ is valid at time ¢ by our assumption. This implies that there
exists a value v € (A, t) sud that x.(v) = 0. Finally, obsene that (\,t) C (¢t — ¢, t). O

3 Kinetic Sorting

Let S be a set of n points moving cortinuously on the real line. The value of a point z € S is
a continuous function of time ¢, which we denote by z(t). Let S(¢) = {z(¢) : * € S} denote the
con guration of S at time ¢. For simplicity, we write S and x instead of S(¢) and z(t), respectively,
provided that no confusion arises. In the kinetic sorting problem, we want to maintain the sorted
order of S during the motion.

The algorithm. As in the standard algorithm, we maintain an array A that storesthe points in S.

The events are stored in a priority queue(, called global event queue. The certi cates are standard
as well: the certicate ¢ := [:n < y] belongsto the current certi cate set of the KDS if x = A[k]
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andy = A[k+ 1] for somel < k <n—1. We call thesen — 1 certi cates active. We needthe following
notation regarding the failure times.

tep(z,y) 1 the computed failure time! of certi cate [z < y]
tor(z,y) ©  the time at which the failure of [ac < y] is actually processed
tex(z,y) :  the exacttime at which the certi cate [z < y] fails

For the exactfailure time, more formally, tex(x,y) = argmax;«;., () () = y(t). Note that te(x,y) <

tep(7,9) < tpr(z,9).
The new kinetic sorting algorithm is described below. The major di erence with the standard
algorithm is that we usethe algorithm EventTime to compute the failure time of a certi cate.

Algorithm KineticSor ting

1. teur < —oc; Initialize A and Q.

2. while Q% 0

3. do c: [z <y| « DeleteMin (Q)

4. 75curr — max{tcurra 75cp($a y)}

5. Swap z and y (which are adjacert in A).

6. Remove from @ all certi cates that becomeinactive.
7. C « set of new certi cates that becomeactive.

8. for ead ¢ : [a <b] €€

9. do tc(a,b) «— EventTime (c)

10. if tep(a,b) 7 oo

11. then Insert [a < b] into Q, with ¢,(a,b) asfailure time.

Note that in lines 10{11, even in the caset.,(a,b) < tc.r for somecerti cate [a < b] € C (i.e., the
ewert liesin the past), we still insert this evert into the queuebecausethe certicate [a < b] is not
valid at ¢, and thus the combinatorial structure of the KDS is not correct. Apparently we missedan
event, which we must still handle. As sud, unlike the standard algorithm, our algorithm may process
events in the past. Note that ¢, is not a ected when this happens(seeline 4).

Basic properties. The status of the KDS at time ¢ is de ned asthe status of the KDS after all events
whoseprocessingtimes are at most ¢ have beenprocessed.In the kinetic sorting problem, the status
refersto the maintained array A. We say that a point x precedes a point y in the maintained array A
if = A[k] and y = A[l] for somek < [. If k= [— 1, then x immediately precedes y.

Sinceevents may be processedn a wrong order, the above KDS could perhapsgetinto an in nite
loop. Howeer, if a certi cate c is processedoy the algorithm (line 5) at time ¢, and ¢ becomesactive
again at time ¢y, then EventTime ensuresthat the failure time of ¢ is in the future. This implies
that the algorithm doesnot getinto anin nite loop. We next shav the KDS almost always maintains
a correctly sorted list in A.

Lemma 2 If x immediately precedesy in A at time t.,.,, then either () x(tcurr) < y(tcurr), Which
means the order is correct, or (i) z(v) = y(v) for some~y € (tcurr — &, teurr)-

!This is a slight abuse of notation, because points can swap more than once, so the same certificates can fail multiple
times. It will be convenient to treat these certificates as different. Formally we should write tcp((2,y), teurr) for the failure
time of the certificate [:c < y] computed by the KDS at time tcur. Since this is always clear from the context we omit
the time parameter.



Proof: Let t* bethe last time lessthan or equalto ¢, at which x becomesmmediately precedingy.
(Note that ¢t* may be equalto —oco, referring to the time of initialization of the KDS; seelines 1 of
KineticSor ting .) Let ¢ = [m < y], and let t.,(x, y) bethe time returned by EventTime (c) at time
t*. Sincex and y are always adjacert betweentime ¢* and tc., either t,(z,y) = oo, in which case
the certi cate failure is not scheduled (line 10), or tcur < tep(x,y) < 0o, In Which casethe certi cate
failure is scheduled but not yet handled by the KDS. In either case,tc,(x,y) > tcurr. NOw assume
case(i) is not true, i.e., the certicate c is invalid at time t.,,. By Lemma 1 (i), there exists a
value v € (teurr — €, teurr) SUd that z(y) — y(y) = 0, which is case(ii), asdesired. O

The following theorem shows when the ordering maintained by the kinetic sorting algorithm is correct.

Theorem 1 (Correctness). The ordering maintained by the kinetic sorting algorithm is correct exept
during at most F time intervals of length at most ¢, where E' is the number of collisions of points in S
over the entire motion.

Proof: Let ¢t € R be a time suc that no two points of S collide within time (¢t — ¢,t). We claim that
the ordering maintained by the KDS at time ¢ must be correct. The theorem then follows sincethere
are only F collisions of points in S.

Supposeat time ¢ there exist two points z,y € S that are adjacert in A but in incorrect order.
By Lemma 2 applied to x and y at time ¢, we have xz(v) = y(y) for some~ € (¢t — ¢,t). But this
contradicts with our assumptionthat no two points collide within the time interval (t —e,t). Therefore
all adjacert pairs of points in the maintained list A arein correct order, implying that the list A itself
must also be correct. O

Delay of events. Theorem 1 shows that the ordering may be incorrect only near collision times,
but many collisions may \cascade" and thus an evernt may not be processedor a long time, thereby
resulting in a wrong ordering in the KDS for a long time. Speci cally, when the failure of a certi cate
[z < y| is handled by the KDS, we de ne its delay by ¢, (z,y) — tex(z,y). Next we bound the
maximum delay of an event. The bound holds when every pair of points swap at most s times for
someparameter s > 0.

Theorem 2 (Delay). Supmse that the trajectories of every pair of points in S intersect at most s
times. Then an eventcan be delayal by at most nse time.

Proof: Considera certi cate ¢ = [ac < y] that fails at the exact time t.(z,y) and is handled by the
KDS at time ¢y (x,y). Let t be a time sud that te(xz,y) < tandt+ e < ty(x,y). We claim and
will prove later that there is at least one point p € S whosetrajectory intersectsthe trajectory of x
during (¢,t + €]. Let k be an integer suc that tp.(x,y) — tex(z,y) = ke + d whered < . We split the
interval [tex(z,y), tpr(z,y)] into k intervals, eat of width ¢, and oneinterval (the last one) of width 4.
Now we can charge ead of the rst k intervals to an intersection point of the trajectory of x and the
trajectory of a point p € S. Sinceany two trajectories intersect at most s times, & is at most (n — 1)s,
implying that ¢p(z,y) — tex(z,y) < (n —1)s-e+ 0 < nse.

It remainsto prove the claim. Assumefor the sake of cortradiction that no point collideswith x
during (¢,t+ ¢]. In particular, the trajectory of y always lies below or always lies above the trajectory
of z during (¢,t + ¢].

We shaw that the trajectory of y cannnot always lie above the trajectory of x during (¢,t + ¢].
Otherwise the certi cate c is valid over (¢,¢+ ¢]. By Lemma 1 (ii), this implies (¢,¢+ ¢] C R, which
is impossibleas R, is the union of a nite number of open intervals, ead of length at most ¢; a
contradiction.



Figure 2. lllustration for the proof of Theorem 2.

Therefore, the trajectory of y always lies below the trajectory of = during (¢,¢t + ¢]. Let the
maintained list A at time t+ ¢ be (--- ,x = 29,21, ,2m = y,---). Let B C {z0,- -,z } bethe
subsetof points whosetra jectories are below the trajectory of = in (¢,¢ + ]. Note that zy ¢ B and
zm € B. Let ¢ > 0 bethe smallestindex sud that z; € B. Becausez; € B and z;_; ¢ B, the trajectory
of z; doesnot intersectthe trajectory of z; i in the interval (¢,t+ €], and z; is always smallerthan z;
in this interval. Howewer, this cortradicts with Lemma 2 since z;_; immediately precedesz; in A at
time t + . Therefore, there exists a point p € S whosetrajectory intersects the trajectory of = at
sometime in (t,t + €]. O

The following theorem shows the above bound on the delay is tight in the worst case.

Theorem 3 For any n, there is a set.S of n points suchthat the trajectories of any two points intersect
at most s times and ¢y (2, y) — tex(z,y) > (n — 2)s - ¢ for somepair z,y € S.

Proof: We rst describe a lower bound example for linear motion. Let S = {zy,---,z,}. The
trajectory ¢; of x; in tz-plane, for 1 < ¢ < n, is de ned as follows: For i = 0, we set ¢; to be the
line z = 0. for i > 0, ¢; is a line passingthrough the points (i(6 + 1)/2,0) and (i, z;—1(in) + 1),
where (n — 1)/n) -e < 6 < pu < ((n —1)/n + 1/n?) - ¢ (seeFigure 3). For any pair i < j, it is
straightforward to shaw that jé < tec(z;,z;) < jp.

xT

Figure 3. The lower-bound example.

Now, assumecr op (zo(t) —zi(t)) = (id,i0 + €) and cr op (x;(t) — x;(t)) = (jpu—e,jp) forany 0 <
1 < j. Using induction, we prove that the status of the maintained list at time iu (i = 0,--- ,n — 1)
iS <l'n—17 3 Tg42, Lj415 L1, T2, 0 00 7$Z'7x0>'



Sincethe maintained list at —oo is (z,,—1,--- , 21, x0) and the right endpoints of all returned inter-
vals by cr op is greater than zero, the maintained list at time 0is (x,,_1,--- , 1, o), which meansthe
casei = Oistrue. Now assumethe maintained list at time ip iS (x,—1,- -+ , Tit2, Tit1, L1, T2, -+ , Ti, T0)-
We haveto show that the maintained list at time (i+1) piS (xy—1, -+ , Tit3, Tit2, T1, T2, + Ty Tit1, T0)-

We know that tep(zi11,25) = (¢+ 1)p (1 < j <14). The computedfailure times of the other relevant
certi cates in the interval time (iu, (¢ + 1)u] are as follows:

tep(Ti, o) = 10 + €.

tep(wig1,x0) = (i+ 1)d + e,

tep(Tiv2, 71) = (i + 2)p.

tep(@jp1,25) = G+ Dp (i+1<j<n-1).

It is clear that thesecerti cates fail after (¢ + 1)u. Therefore, at time (i + 1)u the point z;; swaps

with the points z1,--- , z; but will not swap with xq, which implies the maintained list at time (i+ 1)u
iS (Tp—1,"" ", Tiy3, Tiz2, T1, T2, , T4, Tit1, T0)-
Now consider the time (n — 1)u at which the maintained list is (xq,--- ,z,—1,20). The only

certi cate failure stheduledin the KDS isfor [z,,_1 < z], with failure time (n—1)d+ . After processing
this certi cate failure at time (n — 1)J + ¢, we realize, sequetially, that the certi cates [r; < x¢]
fori = n—2---,1, fail in the past. All these ewvenis are processedat time (n — 1)§ + . This
implies tp (21, 20) = (n — 1)0 + . Therefore, tp (1, 20) — tex(z1,20) > (R —1)0 + € — pp > (n — 2)e.
We can usethe above description to construct n trajectories suc that the trajectories of any two
points intersect at most s times and ¢, (z,y) — tex(x,y) > (n — 2)s - € for somepair z,y € S. Notice
that the main point in the above construction is nding a pair p and § such that (i + L)p < id + ¢

and (i — 1)e <ip < ie fori= 1,--- 'n— 1. In the general casethese inequalities must hold for i =
1,---,(n—2)s. If uand g are chosensud that ((sn—1)/sn)-e <6 < p < ((sn—1)/sn+ 1/s*n?) ¢,
it can be shavn that both inequalities are true for i = 1,--- ,(n — 2)s. O

Error bounds. Weturn our attention to the \error" in the array A. Combinatorially, Lemma2 implies
that if there are k event intervals cortaining t..., then the array A at time t.,, can be decomposed
into at most £ + 1 (contiguous) subarrays, eat of which is in sorted order. Next we discusshow far
the maintained order can be from the correct order geometrically. In particular, we present a bound
on the maximum distance betweentwo points that are in the wrong order in the array and on how
far away the k-th point in the maintained order|that is, the point A[k]lcan be from the true point
of rank k.

Theorem 4 (Geometric error). Let (y1,---,y,) and (z1,--- ,z,) be the sgguen@ maintained by the
algorithm and the correctly sorted sequen® at some given time t.,., respctively. Let V.« be the
maximum velaity of any point in .S over the time interval [ty — €, teure]- Thenfor any 1 <i < j <mn,

() yi(tcur) — yj(tcurr) <(j—i+ 1)e - Vimax, and
(”) ’yi(tcurr) - Zi(tcurr)‘ < ne - Vinax.

Proof:

(i) For simplicity we write ¢ = t.,.,. For any 1 < k < n, if y; and y,. 1 arein the correct order in the
maintained list, then yi(t) < yr11(t). If they are in the incorrect order, then by Lemma 2 (ii),
there exists a time v € (¢t — ¢,t) sud that yi(y) = yrr1(7). Hence,

Uk(t) — Y1) = () — ye(0) + (We(Y) — Ye+1(M) + Wr1(7) — Yr1(1)) < 2eVinax.
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(ii)

Therefore we always have y;,(t) —yi+1(t) < 2c6Vimax, Which immediately implies that y;(t) —y;(t) =
SN ye(t) —ye1 (1)) < 2(j—i)e-Vimax for any 1 < i < j < n. Tofurther provethe promisedupper
bound, let us considerbounding y(t) — yrio(t). If either yi(?) < yrr1(f) or yr11(t) < yrao(t),
then we immediately have

Yk(t) — Yrr2() = (Yr(®) — yrs1 (D) + (Yra1(t) — yra2(t)) < 2eViax-

Now assumey(t) > yr+1(t) and yr1(t) > yr+2(t), which meansthat the relative order of y;
and yx.1, as well as the relative order of y;.1 and yx.o are incorrect in the maintained list.

As sudh, there exist 71,72 € (t — &,t) sudh that yi(v1) = yr+1(71) and yr+1(72) = yrra(r2). It
follows that

Uk(t) —yr2(®) = (ye(?) —ye()) + (Ye(n) — ye+1(0)) + (Wrs1(71) — Ykr1(72)
H(Ye+1(72) — Yk+2(12)) + (Yr+2(72) — Yr42(0))

‘t - ’Yl‘ < Viax + 0+ "Yl - 72’ < Vinax + 0+ ’t - 72’ * Vinax
26Vimax-

IA A

Hence we always have yi(t) — yr12(t) < 2cViax. Now, for any 1 < ¢ < j < n, one can
prove y;(t) — y;(t) < (5 —i+ 1)eVmax by asimple induction on j — ¢ (the basecasej —¢ = 1 has
beenproved above):

yi(t) — y;(1) (yi(t) — yira(t)) + (yira(t) — y;(1)
2eVimax + ( — (1 + 2) + D)eVinax

<
S (] —i+ l)EVmax-

We consierthe casez; 7 y;; otherwisethe claim is trivially true. Supposez; = y; for some; > i;
the other casej < i is symmetric. Also supposey; = z; for somel < k < n. We have two cases.
If k>4, then sincey;(tcurr) = 2i(tcurr) < 2i(teurr) = Yi(teurr), We can write

‘Zi(tcurr) - yi(tcurr)’ = yi(teurr) — yj(tcurr) < ne - Viax,
by (i). Otherwise if k < ¢, there must exist » and ¢ with r < i < ¢, such that z, = y,.. Then

’Zi(tcurr) - yi(tcurr)‘ = Zi(tcurr) - Zk(tcurr) < Zf(tcurr) - Zk(tcurr)
yr(tcurr) - yi(tcurr) < ne - Vimax,

by (i), thus proving the theorem.

4 Kinetic Tournaments

A kinetic tournament [6] is a KDS that maintains the maximum of a set.S of moving points in R by
maintaining a tournament tree T over S. Eacd interior node u of T hasa certi cate of the form [az < y]
where z,y € S are the two points stored at the children of «, and y is also currently stored at w. To
handle everts, we needa subroutine that comparestwo points at time ¢, in a way that is consisten

with EventTime .

Algorithm ComputeMax (x,v)
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1 J:= <I1 = ()‘17101)7 IS ()‘kapk)> «— Crop (.’E(t) - y(t))
2. po —00

3. last «—number of intervals in J to the left of ¢ty

4. if Sign(x(plast) - y(plast)) =1

5 then return x

6 else return y

In the algorithm below, the point storedat anodew € T is denotedby p,,, and we assumeparent (root) =
nil.

Algorithm KineticTournament

1. teur «— —o0; Initialize T and Q.

2. while Q% 0

3. do c: [z <y| « DeleteMin (Q)

4. teurr < MaX{teurr, tep(, y) }

5. u < the node at which the certi cate c fails.

6. while wu 7 nil

7. do Let z; and 25 be the points stored at u's children.
8. pu —ComputeMax (z1, z2); u « parent(u)

9. Remove from @ all certi cates that becomeinactive.
10. C « set of new certi cates that becomeactive.

11. for ead ¢ : [a <b] € C

12. do tcp(a,b) —EventTime (c)

13. if tep(a,b) 7 oo

14. then Insert [a < b] into Q, with tcp(a,b) asfailure time.

The set € in line 10 consistsof certi cates that correspond the nodesalong the path from the node
wherethe evert occursto the root. In lines 5{8, the algorithm hasused ComputeMax to make sure
that ead certi cate ¢ € C isvalid at the right endpoint of the last evert interval of ¢ beforetime t,.
Since ComputeMax (line 8) and EventTime (line 12) basetheir decisionson the order of ewvent
intervals at the sametime, we obtain the following lemma.

Lemma 3 In line 12, the computed eventtime t.,(a,b) is alwaysin the future (i.e., tcp(a,b) > teurr).

The lemma suggeststhat we never schedule an ewvert in the past and, in fact, never schedule an
event at the current time either. Hence,the algorithm doesnot get into an in nite loop.

Lemma 4 After an eventhas been processe at time ¢, the point p, stored at a node « is always
one of the points stored at its children. Moreover, either p, is the correct current maximum of the
two children, or the trajectories of points stored at the two children intersect during the period (¢ curr —
6775curr)-

Proof: It is obvious that the rst part of the lemmais true. The proof of the secondpart is similar to
Lemma 2. Assumethere is a node u with children u; and us, and assumewithout loss of generality
that p, = p,, while in fact py,(tcurr) > pu,(tcurr). Let t* be the last time at which p,, and p,, were
compared. Thus ComputeMax (p.,,pu,) €xecutedat time t* returns p,,,. But then, sincep,, (tcurr) >
Pu, (teurr), @n evert must have beensceduled for the certi cate ¢ = [p,, < py,], and the failure time ¢/
of this certi cate must have satised ¢’ > t* by Lemma 3. We cannot have t’ < t,., becausethat
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contradicts the de nition of t*. Hencet’ > t.,,. Sincec is invalid at time ¢, by Lemma 1 (i), it
follows that that the trajectories of p,,, and p,, must intersect during the period (tcurr — €, tcurr). O

Following standard KDS terminology, we call an evert external if the attribute to be maintained
changesdue to the evert; for a kinetic tournament this meansan event where the maximum of S
changes. Other events are internal.

Lemma 5 If thereis no external eventduring the period (tcur —¢, teurr), then the maximum maintained
by the algorithm is correct at time ¢c.

Proof: By assumption,the true maximum of S during (¢curr—¢, teurr) IS @ Unique point, z. In particular,
x doesnot crossany other point in S during this time period. Supposefor the sake of cortradiction
that x is not the maximum maintained by the algorithm at time ¢.,,. Then at time ¢, the algorithm
storesx at an internal node v of the tournament tree, and stores another point y € S in the sibling
and the parernt u of v. Applying Lemma 4 to the node u, we obtain that the trajectories of z and y
intersect at sometime in (tcur — €, teurr), @ cortradiction. O

The following two results are immediate consequencesf Lemma 5.

Theorem 5 (Correctness). The maximum maintained by the kinetic tournament is correct exept
during at most E time intervals of length at most ¢, where F is the number of external events.

Theorem 6 (Delay). If a point z € S becomesthe true maximum at time ¢ (i.e., an external event
at time t), then either x becomesthe maintained maximum by time ¢ + ¢ (i.e., the external eventis
delayal by at most £), or another external event occurs before time ¢ + ¢ (i.e., the old external event
becomesobsolete).

We now turn our attention to the geometric error of our KDSJthe dierence in value between
the point stored in the root of the kinetic tournament tree and the true maximumj|as a function of
the maximum velocity. Interestingly, the geometric error is much smaller than in the sorting KDS,
becauseit now dependson the depth of the tournament tree, which is [logn|. The following theorem
makesthis precise.

Theorem 7 (Geometric error). Let z denotethe point stored in the root of the kinetic tournament tree
at sometime t.,r, and let y denote the point with the maximum value at time tc,,. Then x(tcur) >
Y(teurr) — ([logn] + 1)e - Vinax, Wher Viax is the maximum velaity of any point in S over the time
interval [teurr — €, teurrl-

Proof: Considera node v (other than the root) and its parent . We claim that

pv(tcurr) _pu(tcurr) S 25Vmax- (1)

If py(teurr) < pulteurr), (1) is trivially true. Otherwise, by Lemma 4, the trajectories of p, and p,
intersect at sometime in (tcur — €,tcurr). Arguing asin Theorem 4 (i), we can then obtain (1).
Summing up (1) for all consecutive nodesalong the path from the node storing the true maximum y
to the root, we obtain y(tcurr) — z(tcurr) < 2he - Vinax, Where h < [logn] is the length of the path. The
inequality can be further improved to y(tcurr) — (tcurr) < (R + 1)e - Vinax by using the sameargumert
asin Theorem 4 (i), thus completing the proof. O
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5 Kinetic Range Trees

Our robust kinetic sorting algorithm canbe applied directly to maintaining the standard kinetic range
trees[7] of a set S of moving points in R? for orthogonal range searding. Following properties of the
robust kinetic sorting algorithm, we immediately know that the robust kinetic range tree is correct
exceptfor at most F time intervals of length at most ¢, where E' is the total number of swaps of the
input points along eat axis, and that the delay of eat event is at most O(ne).
We can also prove bounds on the geometric error. For a d-dimensional (axis-aligned) box R =
¢ [ai,b;] and a parameter >0, let Ry = ¢ [a;+ ,b;—] and R{= & [a;— ,bi+ ] We
call asubset@ C S a -approximation to SN R if

SNR,CQCSNRL.

In other words, points at L..-distance at most to the boundary of R may or may not be included
in @, but other points are in @ if and only if they arein R. The next theorem shows that the kinetic
range tree, when using our robust kinetic sorting algorithm, always returns a -appro ximation to the
true answer of an orthogonal range query, for an appropriate value of . This follows more or less
from Theorem 4. (The fact that the maintained tree is not necessarilya correct seart tree doesnot
imposeany di cult y upon a standard binary seardiing on the tree.)

Theorem 8 For any time ¢ and any d-dimensional (axis-aligned) box R C R¢, the subsetQ(t) C S(t)
returned by querying R on the maintained kinetic rangetree at time ¢ isa -approximation to S(¢)NR,
wher = neVmax and Viay is the maximum speed of a point in S over the time interval [t — ¢, ¢].

Proof: We proceedby induction on d. Let us rst considerthe one-dimensionalcase,where a range
tree of S is simply a binary seard tree of S. Let (y1(t),y2(t),- - ,yn(t)) be the sequencemaintained
by the algorithm; also let yg = —c0 and y,11 = +o00. Supposefor a query range R = [a,b] the
maintained tree returns Q(t) = (vi,yi+1,--- ,y;). Obsenethat although the maintained binary seart
tree is not necessarilycorrect, we still have y;,_1 < a <y; and y; <b < y;41. By Theorem 4, for eah
i<l<j,y>yi— >a— andy <y;+ <b+ . ThusQ(t) C S(t) N R{. On the other
hand, foreah ¢ <4, yy <y;—1+ <a+ , andforeah ¢ >j,yp>yj41— >b— . This implies
S(t) N R,y € Q(t). HenceQ(t) is a -appro ximation to S(t) N|a, b].

In RY, to perform a query R = ¢ [a;,b;] on the maintained d-dimensional range tree, one
rst performs the query [a1,b1] on the primary range tree, and then performs the query Zd:g[az,bi]
recursively into appropriate secondaryrangetrees. Let S’ C S be the subsetof points stored in those
gueried secondarytrees. It follows from the above analysisthat

SON(la+ =1 xR W CSON (I~ b+ ] xR, )
Furthermore, by the induction hypothesis,

SON(Rx Lo+ bi-1)cQmcs®n(Rx Llai— b+ 1). @

Putting (2) and (3) together, we obtain S(t) N R, € Q(t) € S(t) N R, asdesired. O

6 Experiments

We have implemented our robust kinetic sorting and kinetic tournament algorithms to test the ef-
fectivenessof our technique for handling out-of-order evernt processing. The programs are written in
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Figure 4. Datasets used in the experiments. The gures depict trajectories of the moving points in tz-plane, after an
appropriate scaling.

C++ and run in the Linux 2.4.20 ervironment. We also implemened these two algorithms using
the traditional KDS ewvent-scheduling approadc and comparedthem with their robust counterparts by
testing the errors in the output.

Input data. We usedthe following synthetic datasetsin our experimerts, asillustrated in Figure 4.
The inputs are low-degreemotions becausave have not yet implemented a full- edged cr op procedure,
and it becomeseasierfor us to compute delays of the events. Nonethelesstheseinputs already cause
trouble to traditional KDS's and are su cien t to illustrate the e ectiv enessof our algorithms.

Grids : a set of linear trajectories whosedual points form a uniform grid;

Parabola : a set of congruert parabolic trajectories with apexessitting on a grid in tz-plane;
RandDc : a set of linear trajectories whosedual points are randomly distributed in a disk;
RandCr : a set of linear tra jectories whosedual points are randomly distributed on a circle.

Kinetic soting. We tested the kinetic sorting algorithms on the rst three typesof input data. All
experimens were run on inputs of size900. We measurethe error of the sorting KDS's at time ¢ by

err(t) = max|yi(f) — zi(?)].
where (y1,--- ,y,) and (z1,- -+ , z,,) are the sequencemaintained by the KDS and the correctly sorted

sequenceat time t respectively. In Figures 5-7 we plot err(t) ast varies, by measuring err(t) every
other 10~7 seconds.Note the di erent scaleson the vertical axis in these gures.
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Figure 5. Maximum error of kinetic sating on a GRID input of size 900; scaleson the vertical axis are di erent.

We rst obsenedthe behavior of the traditional kinetic sorting algorithm, which uses oating point
arithmetic. In afew instances,the algorithm went into an in nite loop becauseof simultaneousevens.
Although this problem could be xed in general, a more careful implemenrtation of the traditional
KDS is required. As for the geometric error in the maintained structures, the traditional KDS was
very fragile: it quickly ran into noticeable errors and was unable to recover from these errors (see
Figures 5 (1), 6 (1), and 7 (1)). The reasonis that someewenis that should have beensdeduledinto
the global queuewere discarded by the KDS becausetheir computed event times happenedto lie in
the past becauseof numerical error.

We now turn our attention to the geometric error in the structures maintained by our robust
kinetic sorting algorithm, under di erent precisionse in the cr op procedure. As can be seen,while
the traditional KDS quickly ran into seriouserrors and was never able to recover, our robust KDS
maintained a rather small error all the time. Obserwe that the error of the robust KDS reducesasthe
precisionof the cr op procedureincreases.We alsotested the algorithm on a number of larger inputs,
and the error remained roughly the same.

We also studied how long an evert could be delayed beforeit is evertually processedn the robust
kinetic sorting algorithm|see Table 1. It can be seenthat the RMS of the delays are always very
small for all inputs. As for the maximum delay, we only obsened one instancein the rst two types
of inputs in which someewerts are delayed by about 2¢; in all other casesthe maximum delay never
exceedse, which is far below the rather contriv ed worst-casebound in Theorem 3.

Kinetic tournament. We tested the kinetic tournament algorithms on the RandCr data as this
input tends to have a large number of external events. The geometric error is measuredby err(t) =
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Precision Grids Parabola RandDc

of cr op RMS Max RMS Max RMS Max
£e=100 [ 048x¢e|200xe |[037xe |100xe |042xe |100xe
e=107 [ 043xe | 100xe | 037xe | 1.00xe | 042xe | 1.00x ¢
e=10°% [ 042xe | 1.00xe [ 039xe [ 1.00xe [ 041xe | 1.00x ¢

Table 1. Delay of eventsin kinetic sating.
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Figure 8. Geometricerror of the kinetic tournament on a RANDCR input of size10000; scaleson the vertical axisare di erent.

ly(t) — z(t)|, wherey and z are the maximum maintained by the KDS and the true maximum at time ¢
respectively. Sincekinetic tournaments are lesssensitive to simultaneous events than kinetic sorting,
we arti cially lowered the precisionin computing the event times so asto causenoticeable geometric
errors in the tested algorithms. Speci cally, in the traditional KDS we round the ewert times to the
precision of 10~°, and in the robust KDS we vary the precisione in cr op from 103 to 107°.

We rst noticed that the traditional kinetic tournament algorithm did not gointo an in nite loop;
this is becauseevens are always \pushed" up in the tournament tree. Howewer, as for the geometric
error, one can seefrom Figure 8 (1) that the KDS maintains a rather inaccurate maximum over time.
In contrast, the geometricerrorsin our robust KDS are smaller by orders of magnitudes, even though
the event time computation is lessprecisethan in the traditional KDS.

7 Conclusions

In this paper we studied the problem of designing kinetic data structures that are robust against
out-of-order event processingdue to numerical errors in computing evernt times. We showed that
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the proposedrobust kinetic sorting and kinetic tournament algorithms have seeral nice properties,
including guararteed correctnessfor all but a nite number of small time intervals, short delays in
event processing,and small geometric errors over time. Combining the resulting kinetic range tree
and kinetic tournament, we can also maintain the closest-pairof a set of moving points robustly [7].
It is interesting to seewhether similar results can be obtained for other more complex kinetic data
structures as well. In particular, so far we have been unable to extend our techniques to kinetic
Delaunay triangulations. The main di cult y there is that we cannot argue the algorithm doesnot get
into an in nite loop of edge ips. We leave it as an interesting open question for future researd.
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